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Preface

Thinking about the future perspectives of general algebra development
A.G. Kurosh [84] wrote in his book: ... between the theory of universal alge-
bras and classical parts of general algebra there exists a great uncultivated gap.
The explorations began only in some places, isolated even, but between these
places there are some, whose exploration is by all means necessary. It should
be expected that just in this gap “belonging to no one” the main interests of
the general algebra will transfer during the coming decade.

In accordance with general tendencies of modern science, for example, physics,
new objects of study, new theories will appear not with the flow of decades,
but more often and often. It is impossible to stop this process, and trying to
do this would be unreasonable. This process can only be directed. In such an
axiomatic science as general algebra a great mind is not needed to create new
objects of study. It is more difficult to justify them. It is not even enough
to indicate the important ones among the introduced notions. The notion of
group is not justified by the existence of symmetrical groups on the arbitrary
sets, but by the fact that all the groups are exhausted by symmetrical groups
and their subgroups exactly up to an isomorphism.”

The exploration of this gap, which has been mentioned above, began with the
attempts to transfer the results known for classical algebras (in particular for the
groups) to the n-ary case. Therefore, first of all, it is necessary to mark the work
by E. L. Post [144], with whose appearance the birth and further development
of the theory of n-ary groups are connected. The development of this theory
is connected with the publishing of the article of S. A. Tchounikhine [210] and
finds its continuation in the works of V. A. Artamonov [4], S. A. Rusakov
[154], G. Cupona [16], W. A. Dudek [26,31] and D. Dimovski [21]. Works
simultaneously appeared summarizing the semigroup and quasigroup results in
the n-ary case. The development of the polyadic semigroups theory and the
theory of n-ary quasigroup began with the work of L. M. Gluskin [56] and
V. D. Belousov [6], which are studied nowadays by many algebraists.

Every group is known to be isomorphic to some group of set substitutions
and any semigroup is isomorphic to some semigroup of set transformations
[14,84,105,107]. Therefore, group theory (respectively semigroup theory) can
be considered as an abstract study about groups of substitutions (respectively
semigroups substitutions). Such an approach to these theories is justified, first
of all, by their multiple applications in geometry, functional analysis, quantum
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mechanics, etc. Although group theory and semigroup theory deal in particular
only with functions of one argument, the wider, but not less important, class of
functions remains outside their attention — the functions of many arguments
(in other words — the class of multiplace functions). Multiplace functions are
known to find various applications not only in mathematics itself, for example,
in mathematical analysis, but are also widely used in the theory of multi-valued
logics [79,108|, cybernetics [50,145], and general systems theory [24,25]. On
many multiplace functions, various natural operations are considered, first of
all, the superposition operation, i.e., the operation of forming new functions
as a result of substitution of one functions into others instead of their argu-
ments. However, the algebraic theory of superpositions of multiplace functions
has not been developed during a long period of time. K. Menger paid atten-
tion to the abnormality of this state in the mid-1940s of the previous century.
He stated, in particular, that the superposition operation of n-place functions
(n is a fixed natural number) has a property resembling the associativity, which
K. Menger called superassociativity [112-119]. As it has been proved later, this
property appeared to be fundamental in the fact that every set with a superas-
sociative (n + 1)-operation can be isomorphically presented as a set of n-place
functions with the operation of superposition. This fact was first proved by
R. M. Dicker [20] in 1963, and the particular case of the given theorem was
showed by H. Whitlock [258] in 1964.

The theory of algebras of multiplace functions, which was called Menger al-
gebras (in the case of fixed arity functions) and Menger systems (the arity of
functions is arbitrary), continued its development in the works by V. A. Ar-
tamonov [3], M. I. Burtman [11, 12|, F. A. Gadzhiev [42, 44|, L. M. Gluskin
[51-56], F. A. Ismailov [75-78|, F. Kh. Muradov [125-131], L. G. Mustafaev,
R. B. Feizullayev [132,133|, E. Redi [147-151], V. S. Trokhimenko [212-244],
J. Henno [57-73], Ja. V. Hion [74], B. M. Schein [172, 189, 244], Ja. N. Yaro-
ker [261,262], W. A. Dudek [29, 30, 32], V. Kafka [80], H. Langer [85-100],
H. Lausch, W. Nébauer, W. Philipp [102,134,136], K. L. Skala [195-197]. Si-
multaneously and independently from algebra theories and Menger systems,
beginning with the work of A. I. Mal’cev [106-108], the theory of iterative
Post, which found its use in polysemantic logics, was being carried out. We no-
tice in these works [42,44] a close connection between Post algebras and Menger
systems.

In solving functional equations, as it was shown by V. D. Belousov [6],
in some cases appears the necessity of inserting on the sets of multiplace
functions some binary operations of superposition and, as it was found, this
can be done in various ways. As a result algebraic constructions, such as
(2, n)-semigroups [199,260], positional algebras [6,200], polycategories, and poly-
cycloides [148-151] made their appearance, the exploration of which have just
began. And at last we have a number of works in which many vector-valued
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functions are studied. First of all there are the publications by M. D. Sandik
[158,159], G. Cupona [16], K. Trencevski and D. Dimovski [211], B. Schweizer,
and A. Sklar [191-193|, and many others.

Working in the sphere of substantiation of differential geometry, V. V. Vagner
in the beginning of the 1960s of the last century came to the conclusion concern-
ing the necessity of an algebraic approach in the study of semigroups of transfor-
mations [251-256]. He formulated problems which deal with the abstract char-
acterization of some classes of semigroups of partial transformations on which,
besides superposition, some additional operations and relations are defined. He
also formulated the task of describing all possible representations of semigroups
with the help of partial transformations. The explorations in this direction be-
ginning with the study of V. V. Vagner [246-256] were continued in the works
of D. A. Bredihin [8-10], V. S. Garvatckii [45-47], V. A. Molchanov [122,123|,
V. N. Salii [155-157], and B. M. Schein [160-187].

The contents of this book is related to the direction that V. V. Vagner fol-
lowed. Sets of multiplace functions are studied in it, on which some naturally
defined operations and relations are introduced. The various classes of algebraic
systems of multiplace functions received in this way are described from the ab-
stract point of view. Besides, the description of all representations of Menger
algebras with the help of multiplace functions are presented in the book, as
well as the formation of each of them.

The book is divided into six chapters. In Chapter 1, the main notions of rela-
tions theory, algebraic systems and operations of closing are considered. Special
attention is paid to Section 1.4, in which the operations of closing are studied
due to their special importance for the next chapters. In Chapter 2, the notion
of Menger algebra is introduced and its special classes are studied. Connections
with some useful semigroups (Section 2.2) are described first, and then these
semigroups are used for the characterization of inverse Menger algebras (Sec-
tion 2.3). Further on, we investigate Menger algebras for which the diagonal
semigroup is a group (Section 2.4) and Menger algebras, which are quasigroups
(Section 2.5). Next, Menger algebras of semiclosure operations defined on an
ordered set (Section 2.6) are described. The chapter ends with the general the-
ory of representations of Menger algebras by relations and multiplace functions
(Section 2.7).

Chapter 3 is devoted to abstract characterization of different classes of Menger
algebras of multiplace functions partially ordered by such natural relations as
inclusion of functions, inclusion of domains, and the nonempty intersection of
domains. In Section 3.6 Menger algebras of n-place functions closed under the
restrictive product of functions are studied, and in Section 3.7 — closed under
the restrictive product of functions and projectors only.
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Studying the concrete class of algebras of functions, it is necessary in many
cases to keep some information about fixed properties of functions, which, as
it is known, are lost during isomorphism. For example, some of the functions
may have stable (fixed) points, others have the same domains or coincide on
the common part of their domains, etc. In order to have these properties of
functions we must introduce the signature of the corresponding algebras of
functions of some relations. Chapter 4 is devoted to the abstract description of
such algebras of multiplace functions. First, we describe the subsets of abstract
Menger algebras, which correspond to the sets of functions having common
stable (fixed) point, next — subsets that correspond to the sets of functions
having at least one stable point. Further on, Menger algebras of multiplace
functions are studied that coincide on the common part of domains (Section 4.4)
or have a nonempty intersection of domains (Section 4.5). The chapter ends
with the abstract characterization of some useful equivalence relations.

In Chapter 5, we describe sets of functions closed under Mann’s compositions
and projection relations on these sets.

In Chapter 6, the sets of functions of various arities are considered. The need
to study such sets appears, for example, in many-valued logics, programming,
and in the algebraic theory of automaton [50,106-108, 145, 153]. The theo-
ries that study these sets of functions are the theory of Menger systems (Sec-
tion 6.1), T-Menger systems (Section 6.2), positional algebras (Section 6.3), as
well as iterative and pre-iterative algebras of multiplace functions (Section 6.4).
In Section 6.5 we describe sets of functions of various arities closed under some
composition; in Section 6.6 the same sets of functions but with one distinguished
projector. The chapter ends (Section 6.7) with the description of algebras of
vector-valued functions, which have many interesting applications in different
branches of mathematics.

Our book does not pretend to be complete considering the various questions
connected with algebras of multiplace functions. Its contents are completely
defined only by the authors’ tastes. For readers interested in future study, we
present quite a wide bibliography on the given subject at the end of the book.

Wroctaw and Vinnytsia, Wiestaw A. Dudek and Valentin S. Trokhimenko
January 2012
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Chapter 1

Main concepts

1.1 Elements of theory of relations

Later on, we shall use the following notations of mathematical logic:

— universal quantifier,
— existential quantifier,
where first operates negation, then conjunction, disjunction, implication, and,

at last, equivalence. Conjunction of a finite number of statements A, A A1 A
n+m

<+« A Aptm will be denoted by A A4;.

~ — denotes negation,
A — conjunction,
vV — disjunction,
— — implication,
+—— — equivalence,
N
3

=N
We shall also use ordinary notations from set theory:

denotes a complement,

N — intersection,
U — union,
\  — difference of sets,
C — inclusion,
@ — the empty set,
PB(A) — the family of all subsets of a set A,
{a|MI(a)} — the set of these elements a which have the property IT(a).
The ordered n-tuple of elements ay,...,a, is denoted by (ay,...,a,), the
Cartesian product of sets A, Ag,..., A, — by A1 X Ay x --- x A,. In the case
Ay = Ay =--- = A, = A, we shall write A". The element (aq,...,a,) of A"
will be also denoted by a or by a™ if all a; will be equal to a. By (al;b) we
denote the element (ai,...,ai—1,b,ai+1,...,an).

Every subset p of the set Ax B is called a binary relation between the elements
of the sets A and B. In the case A = B, the relation p is called homogeneous.
For pC Ax B, a€ A, and H C A, by p(a) and p(H), we denote the subsets
of B defined in the following way:

pla) = {b| (a,b) € p}, p(H) = J{pla)|ac H}.
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If p(H) C H, then H is called a p-saturated subset. We can easily see that
the following conditions are true:

p1C pa < (Va) (pr{a) C pa2(a)),

p1 C p2 — pi(H) C p2(H),
p'(a) = (pla)),
Hy C Hy — p(Hy) C p(H>),

p(UHl) = Up(Hi), P(ﬂHz) C ﬂP(Hi>>

el iel iel
(Uei) ) =Jpim), (Me:) ) < i),
el el el el

For every relation p C A x B, there is the so-called inverse relation p~' defined

p~t={(ba) | (a;b) € p} C B x 4,

which has the following properties:
() =0,
pLCpa— prt Cpyl,
(Ur) =Us’ (N) ="
el il el il

The composition (superposition) of binary relations p C AxB and o C BxC
is a relation o0op C A x C' defined by the equality

ogop=~{(a,c) | (3be B)(a,b) € pA(bc)Eac}

It is clear that the composition of relations is an associative operation and

UO(UM)ZU(UOM), (Uai)OPZU(Uz‘OP)7

el el el el
UO(mpi)Cﬂ(Jopi)a (ﬂUz’)OPCﬂ(Uz‘OP%
el el el el

where p CAX B, pCAXxB, cCBxC, 0, CBxC;
p1 Cp2 N oy Coyg — 010p1 C 020 pa,
where p1,p20 CAX B, 01,00 C BxC;
(cop)t=ptoot, (00 p)(H) = o(p(H)),
where H C A, pC Ax B, c C BxC.
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By the first and the second projection of the relation p C A x B we mean the
subsets pryp and pryp of A and B, respectively, defined in the following way:

prip={a|(3b€ B)(a,b) € p},
prop ={b| (3a € A) (a,d) € p}.

It is clear that

prip=p'(B),  prap=p(A),
pri(o o p) = p~'(pr0) C pryp,
pry(o o p) = o(pryp) C proo.

Let A4 be the identical binary relation on A (in other words: a diagonal of
the set A), i.e.,
Aa={(a,a)|aec A}.

A homogeneous binary relation p C A x A is called

o reflexive, if Ag Cp,

partially reflexive, if Apr , U pr,p C p,

o symmetric, if p=p~!,

e transitive, if pop C p,
e antisymmetric, if p Np~ ! C Ax.

A reflexive and transitive binary relation is called a quasi-order, an antisym-
metric quasi-order is called an order. A reflexive and symmetric binary rela-
tion is a quasi-equivalence, and a symmetric and transitive relation is a partial
equivalence. A reflexive, symmetric, and transitive binary relation is called an
equivalence relation or an equivalence. Fach quasi-order p on A induces on A
an equivalence ¢ = p N p~ L.

Let ¢ C A x A be an equivalence relation, then instead of (a,b) € & we
shall often write a = b(e). For each a € A, the subset e(a) is called an e-class
(an abstract class or a block) containing a. The set of all e-classes is denoted
by A/e and is called a quotient set or a factor set of A with respect to €. One
can show that e-classes form a partition of the set A, i.e.,

(1) U ela) = A,

acA
(2) e(a) Ne(b) =@ for any a,b € A, where a # b.
Clearly a =b(e) if and only if e(a) = (b).
An n-ary relation (or n-relation) between elements of the sets Aj, Aa, ..., A,

is a subset p of the Cartesian product A; X Ay x -+ x A,. If Ay = Ay = -+
= A,, then the n-relation p is called homogeneous. Later on, we shall deal with
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(n + 1)-ary relations, i.e., relations of the form p C A} x A x --- x 4, X B.
For convenience, we shall consider such relations as binary relations of the form

n
pC (A1 xAgx---xA,)xB (or pC ( X Ai> x B). In the case of homogeneous
i=1
(n + 1)-ary relations we shall write p C A™ x A.
n
Let p C ( X AZ-> x B be an (n+1)-ary relation, @ = (a1, ..., a,) an element
i=1

of Ay x Ay x -+ x A,, H; C A;, i =1,...,n. Then by p(ai,...,a,) and
p(Hy, ..., Hy,) we denote the subsets, which are defined in the following way:

pla) =A{b € B | (a,b) € p},
p(Hy, ..., Hy) =| J{p(@)|a € H x Hyx - x Hy}.

It is clear that

prip={ae X A;|(3be B)(a,b) € p},
i=1

prop ={b e B|(3a € X A;)(a,b) € p}.
i=1

With every sequence o1,09,...,0,,p of (n+ 1)-relations such that o; C 4
X+ XAy X By, i=1,...,n,and p C By X --+ x B, x C, is connected the
(n 4 1)-ary relation

plog--on] T A x - x Ay x C,
defined as follows:
plor---on] ={(@,c) | (3b) (a,b1) €1 A--- A(@,by) € oy A (b, ) € p},
where b = (by,...,b,) € By X - -+ X B,,. Obviously:
plot--on)(Hy, ..., Hy) C plo1(Hy, ..., Hy)y oo yon(Hy, ..., Hy)),

plor-on]lx, - x.] Cplolx, - x.]onla X

where' x, C A} X+ XAy, x By, 0, CBy x---xB,xC;, it=1,...,nand
pCCyx---xCyxD.

The (n + 1)-operation O : (p,01,...,05) > ploy---0y] defined as above is
called a Menger superposition or a Menger composition of relations.

Let

1

A= {(a,....a)|a € A},

n

Tt is clear that the symbol p[or---ou][x, - X,] must be read as wulx, ---x.,], where
p=plor---onl
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The homogeneous (n + 1)-relation p C A" is called

) n+1
o reflexive, if A 4,C p,

e transitive, if plp---p| C p,
e n-quasi-order, if it is reflexive and transitive.
Let Ay = (H, é)ZEIB be a fixed family of subsets of A uniquely indexed by the

A
elements of the set B. Let p be an (n + 1)-relation on the set A. By Py we
denote the relation called $-derived from p and defined in the following way:

AN
Py C ng x Ag,
(HY)™ ! (HL<) € py «— (Viel) (p(H],....H, ) CH),

where (H7 ) = ((H{ 'S, ..., (H )", b= (bi,...,bn).
The family of subsets 9 is called admissible for the (n+1)-relations o, p1,. ..,
pn C AL if

o Jee BY(Vie H(Vk=1,...,n
(1) (Vz‘e[)(g[pl...pn](Hg)CH;)_){( e B")(Vi € I)( )

pr(Hy) € He, A o(HE) C H,
(2) (Viel)(H =H}) — b = by,

where ¢ = (c1,...,¢p).

One can show that for any family $ which is admissible for the (n + 1)-rela-
tions o, p1, - .., pn, We have

# A A A
alpr - pulg=0s P15 - Pg);

where the relation used on the left side is $-derived from o[p; - - - py].

1.2 Functions and operations

A binary relation p C A x B is called one-valued (or a function) if
(Va S A)(Vbl,bQ S B) ( (a, bl) SH72VAN (a,bg) €Ep — b= bg)

For a function p instead of p C A x B we write p: A — B.

The relation p is a function if and only if for each a € pryp the set pla)
contains only one element (denoted by p(a)). A function f: A — B, where
pry f = A, is called full (or a mapping A into B).? If additionally pr, = B,

2 Otherwise, it is called a partial mapping.
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then f is called a mapping of A onto B. A binary relation p C A x B is called
inversely single-valued if its inverse relation p~! is single-valued. The function
f: A— Bis called one-to-one if f~! is a function, too, i.e.,

(Vayr,a2 € pry f) (f(ar) = f(az) — a1 = ag).

For two arbitrary sets A and B by T (A, B), we denote the family of all
mappings from A to B. By F(A, B) we denote the family of all partial mappings
from A to B. The set of all partial mappings A into B, which are one-to-one,
is denoted by R(A, B). It is clear that R(A,B) C F(A,B) and T(A,B) C
F(A, B).

If A = B, then the above sets are denoted by 7 (A4), F(A) and R(A), respec-
tively. It is easy to see that if f,g € F(A), then fog € F(A). The analogous
statement is true for 7(A) and R(A).

Also it is not difficult to see that for every f € F(A, B) and arbitrary sets
Y1, Y2 € P(B) we have

[Fviuye) = 1) U fH(Ya),
Flvinys) = 1) N fH(Ya),
M\ Ya) =)\ fH(Ya).

Every element of the set F( '>_n<1 A;, B) is called an n-ary (partial) function or

a partial n-operation.* Elements of T (X A;, B) are called full n-ary functions
i=1

or n-operations.” In the case A = A; = --- = A, = B these sets are denoted

by F(A™, A) and T (A", A), respectively. Clearly these sets are closed under

Menger composition of n-place functions.

A function f € ]-"(X A;, B) is called reversive if for any ¢ = 1,...,n the

following condition holds
(Valib1, aliba € pry f) (f(@lib1) = f(aliba) — by = ba),

where (a|;b) denotes (a1, ...,a;—1,b,ait+1,...,a,). The set of all reversive n-place
n

functions is denoted by R(X A;, B). A reversive partial n-place operation is
i=1

3 The elements of 7 (A) are called transformations of the set A, the elements of the other
sets are called partial and one-to-one transformations respectively.

4 In many papers the term “n-ary’ is replaced by “n-place,” i.e., we have n-place functions,
n-place relations, etc.

5 In the case n = 0, we obtain nullary operations, which, in fact, are fixed elements of the
set B.
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also called a partial n-ary quasigroup. The set of all partial n-ary quasigroups is
denoted by R(A™, A). The Menger composition of the reversive n-ary functions

(for n > 2) is not a reversive function in general.
A function I}' € T(A", A) defined by I'(ai,...,a,) = a; for any ay,...,
an € A is called the n-ary projector of the set A.

Let f € .7-"( >< A;, B) be an arbitrary n-ary function and H C >< A;. By f|H
=1

we denote the restriction of the function f to the set H, i.e.,
fIlH = foAp.

Further, we will consider the restrictions of some functions to the domains of
other functions. To study such restrictions, we shall use a binary operation
called a restrictive product of functions > defined as follows:

fg=glpry f=g0lL,

Now let @ be an arbitrary subset of n-ary functions defined on the set A.
We will consider the following relations on ®:

e inclusion
(o ={(p¥) €ePXxD[p TV},
e inclusion of domains

xo = {(¢,9) €D x @ |prip Cpryy },

e cquality of domains

e = {(p,¥) € DX D | pryp = pryy },

e co-definability

Yo = {(p,) € D X D | pripNpriy # S},

e conneclivily
ro = {(p, ) €@ X @ | pN # T},
e semi-compatibility

§o ={(p,¥0) €@ X P | poApry =10lpr,}

An important role in our investigations will play the following subsets of
functions

e a stabilizer of a € A
Hg ={pe®|yp(a...,a)=a},
e a stationary subset

St(®)={pec®|(Jac A epa,...,a)=a}l
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1.3 Algebraic systems

Let o¢ € T(A") be an arbitrary operation and p, € P(A™7) an arbitrary re-
lation defined on the set A. Then n¢ and m,, are called the arity of o¢ and p,, ,
respectively.

By an algebraic system we mean a system of the form

2 = (Avolv"'70p7p17”'7pq)7

where A is a set, o1,...,0, are n;-ary operations on A, pi,...,pq are my-ary
relation on A. The system (o01,...,0p,p1,...,pq) is called the signature of 2.
The system (n1,...,np,m1,...,my) is called the type of A. Each system of the
form (A, o01,...,0,) is called an algebra. An algebra (G, o), where o is a binary
operation, is called a binary groupoid. For binary operations will be reserved
the symbols: -, +, %, A, V, for relations — p, o, x, <, C and so on. An algebra
(G, 0), where o is an n-ary operation, is called an n-ary groupoid.

If 2 = (A 01,...,0p,p1,...,pg) and A = (A',0%,...,00,p7,...,py) are
algebraic systems of the same type, then a mapping P : A — A’ is called
a homomorphism of 2 into 2, if

(1) forall § € {1,...,n} and z1,...,2z,, € A we have
Plog(x1, ... Tne)) = o'g(P(xl), ooy P(an,)),
(2) foralln e {1,...,m} and x1,..., 2y, € A we have
(1, s Tm,) € py & (P(21),. ., P(Tm,)) € piy-

If P is an isomorphism, i.e., P is a one-to-one homomorphism of A onto A’,
then 2 and 2" are isomorphic. This fact is denoted by 2 = 2.

By a semigroup, we mean a binary groupoid (G, -) with an associative oper-
ation, i.e., a groupoid (G, ) satisfying the identity

(zy)z = z(yz).

An element g of a semigroup (G, ) is called regular if grg = g holds for some
x € GG. A semigroup in which all elements are regular is called regular. Two
elements g, g € G are inverse if

999 =9 and ggg=g.

An inverse semigroup is a regular semigroup in which for every element g there
is a uniquely determined element g such that g and g are inverse. An element
g € G is called idempotent if gg = g. One can show that a semigroup is inverse
if and only if it is regular, and any two its idempotents e and f commute, i.e.,



Section 1.3 Algebraic systems 9

ef = fe. By the identity (or the neutral element) of a groupoid (G, -), we mean
an element e € GG such that eg = ge = g for every g € G.

A group is a semigroup (G, -) in which the equations ax = b and ya = b are
solvable for all a,b € G. These solutions are uniquely determined. A group can
be considered as an algebra (G, -, e) of type (2,1,0) satisfying the following
three axioms:

(zy)z = 2(yz),
re =er =,
rz =271z =e.

A semilattice is a binary groupoid (G,x*) in which the following identities
hold:
(zxy)*xz=uxx*(yx*z),

Txxr =1,
TxY =1y *x.

A lattice is an algebra (G,V,A) of type (2,2), where V and A are called,
respectively, join and meet and satisfy for x,y, 2 € G the following laws:

e associativity:

(xVy)Vz=aV(yVz), (@AyYAz=zAYyAz),

e idempotency:
rVr=x, xANx=u,

e commutativity:
rNVy=yVz, cTANy=yAz,

e absorption:
zV(@xAy) =z, zA(xVy) ==z

Note that a lattice may be also characterized as an algebra (G, V, A) of type
(2,2) satisfying identities:

x=(yAz)Vz,
(unv)yANw)Va)Vy=(((vAw)Au)Vy)V ((zVzx)Ax).

Moreover, in any lattice we have
TNVNYy=1y <— rNy=ux.
A lattice (G, V, A) in which
zV(yAz)=(xVyA(xVz), zAYyVz)=(@Ay V(zAz2)

hold for all z,y, z € G is called distributive.
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By a quasi-ordered set, we mean the nonempty set A with a quasi-order w
defined on A. If w is an order, then (A, w) is called an ordered set. An ordered
set (A,w) is linearly ordered if wUw™! = Ax A. Any two elements of a linearly
ordered set are comparable, i.e., for any x,y € A we have zwy or ywa.

The element a of an ordered set (A, <) is called

o [east, if a < x for each x € A,

e greatest, if x < a for each x € A,

<
e minimal, if x < a for z € A implies x = a,
<

o mazimal, if a < x for x € A implies x = a.

Of course, the least element is minimal, the greatest element is maximal. But
an ordered set has at most one least (greatest) element.

If H is a nonempty subset of an ordered set (A, <), then an element a € A
is called an upper bound of H if h < a for all h € H; and similarly a € A is
called a lower bound of H if a < h for all h € H. The upper bound a of H is
called the least upper bound of H if for any upper bound b of H we have a < b.
Analogously, the lower bound a of H is called the greatest lower bound of H if
for any lower bound b of H we have b < a. The greatest lower bound of H is
denoted by A H. By \/ H we denote the least upper bound of H. An ordered
set (4, <) in which any nonempty subset has the greatest lower bound and the
least upper bound is called a complete lattice.

1.4 Closure operations

Let (A, <) be an ordered set. A transformation f: A — A is called
o cutensive, if a < f(a) for any a € A,

e isotone, if a1 < ag implies f(a1) < f(ag) for any aj,as € A,

e idempotent, if fo f=f,

e a semiclosure operation, if it is extensive and isotone,

e a closure operation if it is an idempotent semiclosure operation.

The composition of extensive (isotone) transformations is an extensive (iso-
tone) transformation, too. The analogous statement is true for semiclosure
operations. A composition of two closure operations is not, in general, a clo-
sure operation.

On the set T(A) of all transformations of an ordered set (A, <) we define
a binary relation < putting

f=g+— (Vae€ A)(f(a) <gla))



Section 1.4 Closure operations 11

for all f,g € T(A). Obviously, < is an order which for any f,g,h € T(A)
satisfies the implication

f<g— foh=<goh.
If h is isotone, then also

f<9g— hof<hog.
Thus, for semiclosure operations fi, f2, g1, g2 we have

fi<g AN fa<gs — faofi<g2001.

It is easy to show that the following two propositions are true.

Proposition 1.4.1. Let f be an extensive transformation of an ordered set
(A, <) and g € T(A). Then

(a) if g is an idempotent transformation, then f <g — go f =g,

(b) if g is a closure operation, then f <g «— gof =g,

(¢c) if g is an isotone transformation, then g <go f and g< fog.

Proposition 1.4.2. Let f and g be closure operations of an ordered set (A, <).
Then go f is a closure operation if and only if one of the following conditions
holds:

(a) fog=golf,

(b) gof=fogof,

(c) gof=gofog

It follows that for closure operations f and g the compositions g o f and
f o g are simultaneously closure operations if and only if go f = fog. If f
is an extensive transformation and g is a closure operation, then from f < g,
it follows that f o g is a closure operation. In particular, if f, g are closure
operations, then

f=<g = gof=fog=yg
The composition f, o---0 fao f1 of f1, fo,..., fn € T(A) will be written in
n

the abbreviated form as [] f;.
i=1

Theorem 1.4.3. For closure operations f1, fa,..., fn defined on the same or-
dered set the following conditions are equivalent:

n
(a) TI fi is a closure operation,
i=1

(b) ilj:lfi:fjo <Zl7j1fz) foranyj=1,2,....,n,
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n—1 n
5= (5019
11 fi) o (Z fi) < Zl;[l fis
<zl:[1f) ofy foranyk=1,2,.

©) (o8 o
N = N
s 7 s

— ~
S

2

3

i

Proof. Let H fi be a closure operation, then by Proposition 1.4.1, we have
Hf < fjo (Hf) for all j =1,2,...,n. On the other hand,
i=1

Hlf < flo(l‘[fi) < (fao fi)o (Hf) (ﬁf)(ﬂf)

i=1

Hence, ﬁf,—<(Hf)o(

fi) and, consequently

=}

e (1) < (I19) = (I1) < (1) ({1 ) - T

=1 =1

because f; is isotone. Thus, H fi=1Ffjo (
i=1

The fact that (b) implies (c) is evident.
Now let (c) be true. Then

(:i:[llfz) o (fgfz) =< (?:1:[11]2) o (f[lfz) —Zf[lfi.

This proves (d). Since fi, f,, are isotone, (d) implies

(Hf)(l_[lf)zfﬂ:{lf) (Hf) fi < fuo (Hf)
g fn)o(f[ ) o (fiof) =

b

fz) So, (a) implies (b).

n
So, [] fi is a closure operation. This means that (d) implies (a).
i—1
If (a) is true, then

(ilf[lfi) o fr < (lljlfz) o (i{lfa :ilf[lfi’
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n n n n n
therefore (H fi) ofr <[] fi < (H fi) o fx, hence, ] fi = <H fi) o fi
i=1 i=1 i=1 i=1 i=1
for all & = 1,2,...,n. Thus, (a) implies (e¢). The converse implication is
obvious. m]

Let fi1, fa,..., fn be closure operations on an ordered set. Theorem 1.4.3
n n

shows that if [ f; and [] f,(;, where o is a permutation of the set {1,2,...,n},
i=1 i=1

n n
are closure operations, then [[ f; = [] fo(i)- Moreover, if
i i=1

fj0< ﬁ fi)o(i_l_{lfi):( ﬁ fi)O(ﬁfi)ofj

i=j+1 i=j+1 i=1

n
is valid for every j = 1,2,...,n, then [] f; is a closure operation. This means
i=1

n
that all the products of the form [] Jo(i) are closure operations if and only if
i=1

I fi = II foq) for every o.
i=1 i=1

A subset H of a complete lattice (4, <) is called A-closed, if AN X € H for
every X C H (including X = @). By Hy we denote the set of all elements of
H which are invariant (fixed) with respect to f, i.e.,

Hy = {a € H| f(a) = a}.

For a closure operation f the set Hy is /\-closed. One can show that if f, g are
closure operations, then f < g if and only if H, C Hy.

Let H be an arbitrary A-closed subset of a complete lattice (A, <). By fu
we denote the transformation of the set A defined by the formula

fu(x) = N\{h€ H|z <h}.

It is easy to see that fp is a closure operation and H is the set of all its

fixed (invariant) elements. If fi, fa, ..., f, are closure operations on a complete
n

lattice, then H = (| Hy, is a /\-closed subset. In this case we say that the

=1
operation fy is a closure operation generated by f1, fo, ..., frn and denote it by

{fhf?)"‘yfn}c'
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Theorem 1.4.4. Let fi, fa,..., fn be closure operations on a complete lattice
n

(A, <). If the composition [] fi is a closure operation, then
i=1

{f17f27~~'7fn}c:Hfi~
i=1

n
Proof. Let H = (| Hy,. Then H C Hy, and f; < {f1, f2,..., fu}¢ for every
i=1

1 <i<n Hence f < {fi,fo,...,fn}¢ for f =] fi. But fi < f for
i=1
every 1 < ¢ < n, thus Hy C Hy,, and, consequently, Hy C H. Therefore

{flvf??"'?fn}C{f' Thus, {f17f27-~-7fn}czf' O
Corollary 1.4.5. If fi, fa,..., fn are closure operations on a complete lat-
tice such that all compositions f; o fj, where i,j € {1,2,...,n}, are closure

operations, then
n
{fi, for o fudC = chr(i)
i=1

for every permutation o of the set {1,2,...,n}.

Proof. Let o be an arbitrary permutation of the set {1,2,...,n}. Since for
any 4,j the composition f, ;) o fo(;) is a closure operation, then according to
Proposition 1.4.2, we have

Totiy © fo(j) = foti) © foj) © foti)-

Therefore

I1 fou)
i=1

° fo(2) © fo(1)

.::
by

I
w

Il
/N /N /N /N
=
g
q\s
N——— N——— N——— N———
o
q&s

3) © fo(1) © fo2) © fo(1)

= Hﬁm)Oﬁmoﬁ@OﬁmOﬁ@Oﬁm
= Hﬁm)OhmOﬂQOLQOﬁm
B n n—1 n
= = Jo(1) © o(i)) — = o(i) ) © o(i) )
Mu(ﬁju) (gfu)<gfu>

n n n
By Theorem 1.4.3, [] fo;) is a closure operation. Hence [] fi = [] foq)-
i=1 i=1 i=1

Thus, by Theorem 1.4.4, we have {f1, f2,..., fn}* = [I foq) O
i=1
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Let A be an arbitrary set and PB(A) be the set of all its subsets ordered by
the relation of set-theoretic inclusion.

It is easy to see that (P(A), C) is a complete lattice. Closure operations on
PB(A) are called closure operations of subsets of A. The system (family) C of
subsets of A (i.e., C C P(A)) is called a closure system if it is closed under
intersections, i.e.,

ﬂ D € C for any subsystem D C C.

In particular, taking D = @, we see that A always belongs to C. Since a closure
system admits arbitrary intersections, it follows that it is a complete lattice with
respect to the inclusion. However, it needs not to be a sublattice of ((A), C),
since the cup operation in C is in general different from that of B (A).

Each closure system C of PB(A) induces on PB(A) the closure operation
fo i PB(A) — B(A) defined by

feX) =Y eC|y >X}.

A subset X € P(A) belongs to the closure system C if and only if fo(X) = X.
Such X is called fe-closed. The set fo(X) is called the fe-closure of X. Tt is
the least fe-closed subset of A containing X.

One can show that the following theorem is valid.

Theorem 1.4.6. For every transformation f of B(A) the following conditions
are equivalent:

(1) f is a closure operation of A,

(2) f(f(X)) C f(X) and f(X)UY C f(XUY) forall X,Y € P(A)

(3) X C f(X) and f(f(X)UY)C f(XUY) forall X,Y € PB(A).

A transformation f : P(A) — P(A) is called a U-transformation, if
fFIXUY) = f(X)U f(Y) for any X, Y C A, and a N-transformation, if
fF(XNY) = f(X)n f(Y) for any X, Y C A. Closure operations which are
(N-) U-transformations are called (N-) U-closure operations.

Proposition 1.4.7. If f is a transformation of B(A) such that f({a}) = {a}
for every a € A, then the following conditions are equivalent:
(a) f is a U-closure operation,

(b) F(XUF(Y)) = f(X)UFY) for any X,Y € P(A).

Proof. Let f be a U-closure operation on subsets of A. Since for X,Y € P(A)
we have f(X) C f(XU f(Y)) and f(Y) C f(XU f(Y)), then

FXOUFY) C f(XUfY)) = FX)Uf(FY)) = FX)UF).
Hence f(X U f(Y)) = f(X)U f(Y). So, (a) implies (b).
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Now assume that (b) is true and X C A. If a € X, then f(X U f({a})) =
F(X)U f({a}). But f({a}) = {a} for every a € A implies f(X U{a}) = f(X)
U{a}, ie., f(X) = f(X)U{a}. Thus a € f(X) and, consequently, X C f(X).
Putting X = Y and using the extensiveness of f we obtain f(f(X)) = f(X).
Now let X C Y, then X U f(Y) = f(Y), it follows that f(X U f(Y)) = f(Y),
consequently, f(X) C f(Y). So, f is a closure operation on subsets. By Theo-
rem 1.4.6, XU f(Y) C f(XUY), which gives f(XUf(Y)) C f(XUY). On the
other hand, f(XUY) C f(X U f(Y)), therefore f(XUY) = f(X U f(Y)). So,
FXUY)=f(X)Uf(f(Y)) = f(X)Uf(Y). This proves that f is a U-closure
operation, i.e., (b) implies (a). The proof is complete. O

Proposition 1.4.8. A transformation f :PB(A) — PB(A) is a N-closure ope-
ration if and only if f(X)= f(F)UX for every subset X C A.

Proof. Since f is a N-closure operation, then for every X C A we have f(X) N
(X)) = f(XNX') = f(@). Consequently, (f(X)N f(X')UX = f(o)UX,
which implies (f(X)UX)N(f(X)UX) = f(@)UX, ie., f(X)NA= f(@)UX.
Thus, f(X) = f(@) U X for all X € B(A).

The converse implication is obvious. m|

Corollary 1.4.9. FEvery N-closure operation on subsets is a U-closure opera-
tion.

Let X,H € B(A). By fg, we denote a N-closure operation on subsets of
A, which is defined by the equality fr(X) = H U X. It follows from Proposi-
tion 1.4.8 that a composition of two N-closure operations fg,, fu, is a N-closure
operation and fy, o fu, = fm,un,. Hence, the set of all N-closure operations
on subsets forms an idempotent commutative semigroup.

Theorem 1.4.10. Fvery commutative idempotent semigroup is isomorphic to
a semigroup of the N-closure operations of subsets of some set.

Proof. Let (G,-) be a commutative idempotent semigroup. We consider a bi-
nary relation w C G X G defined by the condition

(91,92) €Ew < g192 = g
It is easy to see that w is an order such that

w(g192) = w(g1) Nw(ga).

To every element g € G' we define a N-closure operation f, on the subsets of G
by putting
fo(X) = (wig)) U X.
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Then, for every X € PB(G) we have:

fo19:(X) = (w(9192))" U X = (w(g1) Nw(ga)) U X
= (w{g1))" U (w{g2))" U X = (w(g2))" U ((w(g1))" U X)
= (w<92>)/ U fg1<X) = fgz(fgl(X)) = fg2 © fgl(X)'

So, by the commutativity of (G, ), we obtain fg,g, = fg, © fg,-

If fg, = fgs, then fy, (@) = fg, (D), therefore (w(g1)) U@ = (w(g2)) U D,
which proves w(g1) = w(g2). Hence g = go. Thus, the mapping ¢ — f, is an
isomorphism. |

Corollary 1.4.11. FEvery commutative idempotent semigroup is isomorphic to
a semigroup of U-closure operations on the subsets of some set.

Corollary 1.4.12. A semigroup (G,-) is isomorphic to a semigroup of closure
operations on an ordered set if and only if it is a semilattice.

Now we shall consider some closure operations on the set P(A x A) of all
binary relations between elements of A. It is easy to verify that the set of all
reflexive binary relations forms a closure system, which by

fr(p) = pUlDa,

where p C A x A, defines the operation fr called the reflexive closure. The set
of all transitive binary relations between the elements of A also forms a closure
system. But this system defines the so-called transitive closure f; such that

ft(p) = U pnv
n=1

where p" = popo---p. The set of all quasi-orders between the elements
———

of A defines the clgsure operation fg, which is called the quasi-order closure.
Since reflexive closure operations and transitive closure operations commute,
ie., ft ofr = fr o ft, their composition is a closure operation, which coincides
with the quasi-order closure. Thus,

falp) = ( G p”) UAa.

n=1

The set of all symmetric binary relations defines the symmetric closure fs, which
is determined by the equality

fs(p)=p Up~".
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Since fsofiofs = frofs, the composition f;ofs is a closure operation. It coincides
with the partially equivalent closure f. expressed by the formula

UpUp”

Similarly, feofr = frofe implies that foofgr is a closure operation. It coincides
with the equivalent closure i defined by

fe(p) = ( G (PU,O_l)n) UAa.

n=1
Let (A,<) be an ordered set. We say that an n-place transformation
feTA™A)is
e extensive, if a; < f(a) forallae A", i=1,...,n,
e idempotent, if f[f"] =/,

e isotone, if for all aj,a0 € A, u€ A", i=1,...,n
a1 < ag — f(tfiar) < f(@liaz),

e an n-ary semiclosure operation, if it is extensive and isotone simultaneously,
e an n-ary closure operation, if it is an idempotent semiclosure operation.

On the set T(A", A) we define a binary order < putting
f =g (va)(f(a) < g(a).

Proposition 1.4.13. Let f,g,g;,u; € T(A™, A), where i = 1,...,n, then the

following statements are valid:

(a) if f is extensive, then g; < flgi-+-gn] for all g1,...,g9n € T(A™, A),
1=1,...,n,

(b) if f is extensive and g is isotone, then g < g[f"],

(c) if f is isotone, then g1 < ga — flaligi] < flalige] for all
91,92 € T(A™, A) and any u € (T(A™, A))", i=1,...,n

(d) if f is ann-ary semiclosure operation, and g is an n-ary closure operation,
then f < g <— g[f"] =g.

Proof. (a) Let f be an extensive n-ary transformation. Then for all @ € A™ and
1 < < n the condition g;(a) < f(g1(a),...,gn(@)) = flg1-- - gnl(a) is satisfied.
Hence, g; < flg1---ga] = f[3)-

(b) It is obvious.

(c) If g1 < g2, then g1(a) < ga2(a) for any @ € A™. Therefore by the isotonicity

of f we have f(@(a)ligi(a)) < f((a)lig2(@)), where @(a) = (w1(a),. .., @n(a)).
Therefore we have f[a|;g1](a) < f[alig2](a@), hence flu|;g1] < f[u|192]
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(d) Let f < g. Then f(a) < g(a) for any a € A™. Hence g[f"](a) < g(a). Since
f is extensive, a; < f(a) for all i = 1,...,n. This implies g(a) < g[f"](a). So,
g(a) = g[f"](a) for all a € A", i.e., g = g[f™]. Thus, we have shown that f < g
implies g[f"] = g.

The converse implication is true by (a). ]

Proposition 1.4.14. If f,q1,...,9n are extensive (isotone) n-ary transfor-
mations of an ordered set, then the n-ary transformation flgi---gn] is also
extensive (isotone).

Proof. Indeed, if f,g1, - ,gn are extensive n-ary transformations of an or-
dered set (A, <), then a; < gx(a) < f(g1(a), -+ ,gn(@)) = flg1 - - gn](a) for all
iwk=1,...,n,a€ A" So, f[g1---gn] is an extensive transformation.

Now, let f,g1,...,gn be isotone n-ary transformations. First, we show that
a1 < by, ...y an < by imply f(a1,...,an) < f(b1,...,b,). From the equality
a1 < by by the isotonicity of f, we obtain f(ai,...,a,) < f(b1,a2,...,a,).
In a similar way from ag < be, we obtain f(b1,...,a,) < f(b1,b2,as,...,ay)
and so on. Finally a,, < b, implies f(b1,...,bn—1,an) < f(b1,...,bp—1,bp).
So we have f(ai,...,a,) < f(bl,...,b ).

Now if ¢1 < ¢9, then gg(alic1) < gi(alic2) for all i,k = 1,...,n and
a € A". Hence f(gl(ﬂhcl)a--wgn(u\m)) < flou(alica), - .., gn(iilic2)), e,
flo1---gn](@lic1) < flg1---gn)(@]ic2). So, f[gi1...gn] is an isotone n-ary transfor-

mation. m|
Proposition 1.4.15. If f,g1,..., gn are n-ary closure operations on an ordered
set, then f[g] is an n-ary closure operation if and only if

gilf"g] = 1]
for every i=1,...,n.

Proof. The extensivity and isotonicity of f[g] can be deduced from Proposi-
tion 1.4.14, hence we have to show that f[g] is idempotent. Suppose that f[g]
is idempotent, then

Flal < gilf1a]- - flall = g:lf"113],
by Proposition 1.4.13.
On the other hand,
gl /"] < flalf"][a] - gnlf"a)) = flal[ flg] - - fla]] = fla).
So, the equality given in Proposition 1.4.15 holds.
Conversely, if this equality is true, then

Flalf1g - flgl) = floals™al - - gnlf113]]
= f1f1gl--- flall = f1"1la) = £lal,

which completes the proof. |
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1.5 Notes on Chapter 1

Except for the properties described in this chapter, one can find many useful
theorems on closure operations in the books [15] and [107]. A more detailed
information about closure operations and their applications to the theory of
binary relations and partial transformations can be found in the series of papers
written by V. V. Vagner, in particular in [253].

Basic properties of semigroups can be found in [14] and [105]. Regular ele-
ments of the semigroup of all binary relations are studied in [184].

Corollary 1.4.5 was first proved by T. Tamura in [209], Corollary 1.4.12 by
V. T. Kulik [83]. An alternative proof of the last three propositions of this chap-
ter can be found in [237] where Menger algebras of multiplace transformations
of ordered sets are investigated.



Chapter 2

Menger algebras of functions

2.1 Definitions and fundamental notions

An (n + 1)-ary groupoid (G, o), i.e., a nonempty set G with one (n + 1)-ary
operation o : G"*' — G, is called a Menger algebra of rank n if it satisfies the
following identity (called the superassociativity):

o(o(Z, Y1y -y Yn)s 215y 2n) = 0(2,0(Y1, 215 - oy Zn)s ooy O(Yny 215« o« Zn))-

A Menger algebra of rank 1 is a semigroup.

Since a Menger algebra (as we see later) can be interpreted as an algebra
of n-place functions with a Menger composition of such functions, we replace
the symbol o(x,y1,...,yn) by z[y1---yn] or by z[g], i.e., these two symbols
will be interpreted as the result of the operation o applied to the elements
TyYls- - Yn € G.

In this convention, the above superassociativity has the form

2l gl za) = alyalen ozl 2

or shortly
z[gl[z] = =y 2] - [‘]]

[
where the left side is read as ( yn]) 21 -
If we define on a Menger algebra (G, 0) t he new blnary operation

x.y:x[y...y]’

we obtain the so-called diagonal semigroup (G,-). An element g € G is called
idempotent, if it is idempotent in the diagonal semigroup of (G,o), i.e.,
if g[¢"] = g. An element e € G is called a left (right) diagonal unit of a Menger
algebra (G,0), if it is a left (right) unit of the diagonal semigroup of (G, o),
, if the identity e[¢"] = g (respectively, g[e"] = g¢) holds for all g € G.
If e is both a left and a right unit, then it is called a diagonal unit. It is clear
that a Menger algebra has at most one diagonal unit. Moreover, if a Menger
algebra has an element that is a left diagonal unit and an element which is a
right diagonal unit, then these elements are equal and no other elements which
are left or right diagonal units.
An (n + 1)-ary groupoid (G, o) with the operation o(xg,...,z,) = xg is
a simple example of a Menger algebra of rank n in which all elements are
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idempotent and right diagonal units. Of course, this algebra has no left units.
In the Menger algebra (G, o,,), where oy, (o, - .., xn) = T, all elements are left
diagonal units, but this algebra has no right diagonal units. The set N of all
nonzero natural numbers with the operation o(xo, . . ., x,) = zo-ged(z1, . . ., Ty),
where ged(- -+ ) means the greatest common divisor, is an example of a Menger
algebra that the diagonal unit. Its diagonal semigroup is commutative, but it
is not a group. On the other hand, as it is easy to see, the set R, of all positive
real numbers with the operation o(xy,...,z,) = xo - /Z1@2 - - Ty is a Menger
algebra for which its diagonal semigroup is a commutative group.

Proposition 2.1.1. If a Menger algebra (G, 0) has a right diagonal unit e, then
every element ¢ € G satisfying the identity e = e[c"] is also a right diagonal
unit.

Proof. Indeed, for every b € G we have

which means that also ¢ is a right diagonal unit. O
It is not difficult to see that the following two lemmas are true.

Lemma 2.1.2. If a Menger algebra (G,0) has a left diagonal unit e and for
every b € G there exists an element b/ € G such that e = V[b"], then the
diagonal semigroup of (G, 0) is a left cancellative, i.e.,

bz"] =bly"] — z =y
forallb,x,y € G.

Lemma 2.1.3. If (G, ") is the diagonal semigroup of a Menger algebra (G, 0)
of rank n, then
(- y)lz] =z - ylZ]
and
zler o zp] y =210 y) - (20 y)]
forall z,y,z1,...,2n € G.

Proposition 2.1.4. If on a semigroup (G,-) one can define an n-ary operation
f such that

(a) f(g,-.-,9) =g forallgeg,
(b) f(g1.92:--,90) 9= f(91-9,92 9, gn-9) forallg,g,....on€G,
then (G,-) is a diagonal semigroup of some Menger algebra of rank n.
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Proof. If all of the above conditions are satisfied, then on G we can define the
(n + 1)-ary operation
0: ($7y1a"'7yn) = x[yl y’l’b]a

putting z[y1 - yn] = x - f(¥1,-..,yn) for z,41,...,yn € G. The operation de-
fined in such a way is superassociative. Indeed, for x,y1,...,Yn, 21,...,2n € G
we have

zlyr - ynller -z = (@ fyr,-un)) - fl21s00 20)
=z (f(y1,---syn) - f(215- -, 20))
=z fly1- f(z1,--y2n)y2  f(Z1,- s 2n)y s Un - (21,00 20))
=z f(yler- - 2], y2lz1- - 2], ynl2n - 20])

= x[yl[zl"'zn] y2[zl"'Zn]"'yn[zl"'zn]]a

which means that (G, 0) is a Menger algebra of rank n.

If (G,x) is its diagonal semigroup, then for any =,y € G we have x xy =
zly---yl=x f(y,...,y) =x-y. Hence (G, x) = (G,-), i.e., (G,-) is a diagonal
semigroup of (G, o). This completes the proof. O

Corollary 2.1.5. A semigroup (G, -) with a left unit is a diagonal semigroup of
some Menger algebra with a left diagonal unit if and only if we can define on G
an n-ary operation satisfying the conditions (a) and (b) of the above proposition.

Proof. 1If (G, ) is a diagonal semigroup of a Menger algebra (G, o) of rank n
with a left diagonal unit e, then an n-ary operation

fo(xy, .o xn) — efxy - xy)
satisfies the conditions (a) and (b). Indeed, for all z,z1,...,z,,y € G, we have
flz,...,z) =el[z"] = x and
flzr, ..o xn) - y=celxy - a,]-y =elxr - x,)[y"]

=e[n1[y"] - zaly"]] = €[(z1 - y) -+ (20 - y)]
=flx1-y,...,xn - y).

On the other hand, if on a semigroup (G,-) with a left unit there is an
n-ary operation f satisfying the conditions (a) and (b), then, according to the
Proposition 2.1.4, this semigroup is a diagonal semigroup of a Menger algebra
with the operation x[y1 - - yn] = - f(y1,. .., yn). A left unit e of this semigroup
is a left diagonal unit of the Menger algebra. Indeed, for any x € G we have

ezl =e- f(z,...,2) = f(z,...,x) =z,

which completes the proof. O
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Note that non-isomorphic Menger algebras may have the same diagonal semi-
group. For this, consider two (n+1)-ary operations o1(zg, 21, - .., Tn) = To+21
and o02(xo,z1,...,2n) = ®o + x2 defined on a nontrivial commutative semi-
group (G,+). Then, as it is easy to see, (G,01) and (G, 02) are an example of
non-isomorphic Menger algebras of rank n with the same diagonal semigroup

(G,+).

Definition 2.1.6. A Menger algebra (G,o0) of the rank n is called unitary,

if there exist elements eq, ..., e, € G, called selectors, such that
xler--ep] = and eilry ] = a
forall z,z1,...,2, € G, i=1,...,n

The set F(A™, A) of all n-place functions (also partial) defined on A is closed
with respect to the Menger composition of n-place functions. So, it forms
a Menger algebra (F(A™, A), O) of rank n, which will be called a Menger algebra
of all n-place functions. Each its subalgebra will be called a Menger algebra
of n-place functions. The symbol (T (A™, A), O) will be reserved for a Menger
algebra of all full n-place functions, i.e., all n-place mappings of A™ into A.
Each subalgebra of this algebra will be called a Menger algebra of full n-place
functions.

Theorem 2.1.7. FEvery unitary Menger algebra (G, 0) of rank n is isomorphic
to some Menger algebra of full n-place functions on some set in this way that
its selectors correspond to the n-place projectors of this set.

Proof. Let (G,0) be a fixed unitary Menger algebra of rank n with selec-
tors e1,...,e,. For every element g € G, we define the full n-place function
Ag € T(G™, G) putting

Ag(@1,. . xn) = glor - ay)
for all z1,...,z, € G.
We shall show, that algebras (A, O) and (G, o), where A = {\;| g € G}, are
isomorphic. Indeed, for all g,g1,...,9n,21,...,T, € G we have
)‘g[g1-~-gn] (1, ,20) = [9 gn] [171 T xn}

[g [ xn}gn[xILUn]]

g

g

91 (1, 0) o g (@1, o, )]
Ag(A g1($1,~-.,xn),...,Agn(acl,...,xn))
A

g[>‘g1 : ](m17"'7$n)7
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which proves that

Aglgi-gn] = Ag [Agi = Agal
for all g, 91,...,9n, € G.
Moreover, if Ay, = Ay, for some g1,92 € G, then also Ay (z1,...,2,) =
Ago(z1, ... xp) for all z1,...,2, € G and, consequently, Ay (e1,...,€e,) =
Ags(€1,...,en). This implies gi[e1 ---ey] = gole1---e,] and g1 = g2. So, we

showed, that the mapping P : g — A4 of the algebra (G, 0) onto the algebra
(A, O) is an isomorphism.
At last, let e; be the ith selector of (G, 0), then

Aei(T1y 00y an) = eilmy - an] = 2
for any z1,...,2, € G. Therefore A\, = I'. This means that selectors are
transformed into projectors. O

The following theorem was first proved by R. Dicker [20].

Theorem 2.1.8. Any Menger algebra of rank n is isomorphic to some Menger
algebra of full n-place functions.

Proof. Let (G,0) be a Menger algebra! of rank n and e, ¢ be two different
elements not belonging to G. Let G’ = GU{e, c}. For every element g € G we
shall define the full n-place function A\j on G by putting

glxy--xy) i x1,...,2, €G,
Mg,y w,) = g if 11=-- =2z, =c¢,
c in all other cases.
We shall prove that
Nlgr--gn] = AalAgy X, (2.1.1)

for any ¢,91,-..,9n € G.
Let x1,...,2, € G. Then, as it was done in the proof of the previous theorem,
we can show that

Nfgrogn) (15 0) = XNy -, 101, ).

Now let 1 = --+ = x,, = e, then according to the definition, we have

!/

)‘g[gl-~~gn](e’ LR 6) = g[gl e gn]

and

AgIAG, - Ap (e, e) = Xg(Ag, (e, - ), A (e,...,e))

= Ag(g1, -+ -5.90) = glg1- - gnl,

! In the general case, the given algebra may not be unitary.
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which implies
/\lg[glmgn](e, co,e) = /\;[)\fql e /\fqn](e’ ).

And at last, let (21,...,2,) € (G \ (G"U{(e,...,e)}), then

A;[gl"‘gn]<zl7 coyZp) =C
and
Al Agy - MG (s zn) = AL (21,5 20)s -5 A (21,400, 20)
=XN(c...,c)=c
Hence
Aglgrgn] (F1s - -5 20) = Ag[XG - A (21, 2n).

This completes the proof of the identity (2.1.1).

If Ay, = Ap,, then Ay (e,...,e) = A}, (e, ..., e) and, consequently g1 = ga. So,

the mapping P : g+ \{ is the isomorphism between the algebra (G, 0) and the
Menger algebra (A’, O) of full n-place functions, where A" = {\{ |g € G}. O

Corollary 2.1.9. Any Menger algebra of rank n is isomorphic to some Menger
algebra of n-place functions.

Let (G, 0) be a Menger algebra of rank n. Let us consider the set T,,(G) of all
expressions, called polynomials, in the alphabet G U {[], 2}, where the square
brackets and x do not belong to G, defined as follows:

(a) = € T,(G),

(b) if 7 € {1,...,71}, a,bl,...,bi_l,bi+1,...,bn (S G, t e Tn(G), then
a[b1 v bz‘,ltbprl, e bn] c Tn(G),

(¢) T»(G) contains precisely those polynomials which are defined according to
(a) and (b).
Every polynomial ¢ € T,(G) defines on (G,0) an elementary translation
t : 2 — t(x). The polynomial and the elementary translation defined by it will
be noted by the same letter.

A subset H of G is called
e stable, if for all g,g1,...,9n € G

9,91, 9n € H — glg1 -+ - gn] € H,
e quasi-stable, if for every g € G

geH —glg---g] € H,
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e [-unitary, if for all g1,90 € G
gilg2- gl € HNgo € H— g1 € H,
e v-unitary, if for all g,g1,...,9, € G
g1, gn €HNglg1---gn) € H — g € H,
e a normal v-complex, if for all g1,92 € G, t € T,(G)
g91,92,t(g91) € H — t(g2) € H,
e strong, if for all g1,g2 € G, t1,t2 € T,(G)
t1(g1), t1(g2), t2(92) € H — t2(g1) € H,
e an l-ideal, if for all x,hy,...,h, € G
(h1,...,hn) € G"\ (G\ H)" — z[hy---hy] € H,
e ani-ideal (1 <i< n), if forall hyu e G, w e G"
h € H— u[w|;h] € H,
e an s-ideal, if for all h,xq,..., 2, € G
he H— hlzy- -z, € H,
e av-ideal, if for all x,hy,...,hy, € G
hi,...,h, € H— x[hy---h,] € H,
e an sl-ideal, if H is both an s-ideal and an [-ideal.

It is clear that H is an [-ideal if and only if it is an ¢-ideal for all i =1, ..., n.

In the Menger algebra (N, 0) of all nonzero natural numbers with the ope-
ration o(xo, ..., %) = x0 - ged(x1, ..., x,), the set of all add natural numbers
is a stable and quasi-stable sl-ideal but it is not [-unitary and v-unitary. The
set of all odd numbers is stable, quasi-stable, [-unitary and v-unitary but it is
neither an s-ideal nor a v-ideal.

Proposition 2.1.10. If H is a normal v-complex, then the quasi-stability of H
implies its stability. Similarly, the l-unitarity of H implies its v-unitarity.

Proof. Indeed, let H be a quasi-stable normal v-complex and let a, by, ..., b,
be elements of H. Since a,by,afaa---a] € H, therefore also albia---a] € H.
But this, together with a,bs € H, implies a[bibsa---a] € H and so on. Hence
albibe ...by) € H, i.e., H is stable.

The second part of the proposition can be proved similarly. |
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A binary relation p C G x G, where (G,0) is a Menger algebra of rank n,
is called

e stable, if for all z,y,x;,y, € G, i=1,...,n
(@,9), (@1, 01), - (T, yn) € p — (@[], y[7]) € p,
o [-reqular, if for any z,y,2;, € G, i=1,...,n
(z,y) € p— (x[Z],yl2]) € p,
o v-reqular, if for all x;,y;,2€ G, i=1,....,n
(@1, 91), - (@0, yn) € p— (2[2], 2[0]) € p,
e s-reqular, if for all x,y,z € G
(y,2) € p— (aly"], 2["]) € p,
e j-reqular, if for any u,x,y € G, w € G"
(z,y) € p — (u[w]iz], ulwliy]) € p,
e v-negative, if for all u,xz,y € G, we G", i=1,....n
(z,ulw]y]) € p— (z,y) € p,
e [-cancellative, if for all x,y € G, z € G"
(@2, ylz]) € p — (z,) € p,
o v-cancellative, if for all z,y,ue G, we G", i=1,...,n
(u[@]iz], ul@]iy]) € p — (z,y) € p
o weakly steady, if for all x,y,z € G, t1,t2 € T,,(G)

(x,y), (Z’tl(x))a <Z7t2(y)) cp— (ZatQ(x)) €

steady, if for all z,y,z € G, t1,t2 € T,(G)

(2, t1(2)), (2, t1(y)); (2, t2(y)) € p — (2,t2(2)) € -

Proposition 2.1.11. If w C Gx G is a quasi-order on a Menger algebra (G, 0)
of rank n, then

(a) w is v-regular if and only if it is i-regular for alli=1,...,n,

(b) w is stable if and only if it is both l-reqular and v-regular,
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(¢) w s v-negative if and only if (x[y1-- ynl,yi) € w for all z,y; € G,
1=1,...,n,
(d) w is v-negative if and only if 6 C w, where

0 ={(91,92) | g1 = t(g2) for some t e T,(G)}.

Proof. Let w be v-regular and (x,y) € w. As a quasi-order w is reflexive,
then (z1,21),. .., (%n, 2n) € w, which, according to the v-regularity of w, gives
(u[Z|ix], u[Z |iy]) € w. So, w is i-regular for every i =1,...,n.

On the other hand, if a quasi-order w is i-regular for every i = 1,...,n
and (z1,y1), (z2,92)s ..., (Tn,Yn) € w, then the l-regularity of w implies
(u[zrmg - - ], u[yrze - - - xy]) € w. Analogously, (z2,y2) € w and the 2-re-
gularity gives (uly1za- - x,], uly1y2 - - ©pn]) € w, and so on. In the nth step,
(Tnsyn) € w and the n-regularity give (u[y1 - Yn—12n), uly1 - Yn-1Yn)) € w.
Applying the transitivity of w, we obtain (u[z1 - 2y], u[y1 - - - yn]) € w, which
means the v-regularity of w. In this way we complete the proof of (a).

By a similar argumentation we can prove (b), (c) and (d). ]

Let (G,0) be a Menger algebra of rank n, X — some set with the same
cardinality as G, eq,...,e, — some pairwise different elements, which do not
belong to X. Let X* = X U{ey,...,e,}. Consider the set Q, of all words in
the alphabet X™* U {(, )}, where the round brackets and coma do not belong
to X*, defined as follows:

(a) if z € X*, then x € Q,,
(b) if w,wi,...,wy € Qp, then w(wy,...,w,) € Qp,
(¢) Q, contains precisely those words which are defined according to (a) and (b).

On the set Q,, we define an (n + 1)-operation O, letting
O(w, w1, ..., ,wy) =w(wi,...,wp)

for arbitrary w, w1, ..., w, € Q,. The algebra (£,,,0) will be called the algebra
of words of rank n over X.

Using a bijection ¢ from G onto X we can introduce on (£,,0) a binary
relation 7 such that

w(wi, .. w) (W], ywh) ~w(wr (Wi, ..y wh)y ey wp (W, ... wh)) (),
w(er, ..., en) ~w(m),
ei(wi,...,wp) ~wi(m) forall i=1,...,n,

v~ y(a1,..,2n)(7), where ™M (z) = (y)le™ (21) 07 (2],

for all w,wj;,w! € Q,, z,y,zi € X, i = 1,...,n, where w1 ~ wa(m) means
(wi,wz) € m. The relation 7 does not comprise other elements, besides those,
which are defined by the given conditions.
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Let € be the minimal congruence on the algebra (Q,,, O) containing the rela-
tion 7 and let (Q,/e,0/¢) be the corresponding factor-algebra. As m C ¢, this
factor-algebra is a unitary Menger algebra of rank n with selectors eq,...,e,.
The mapping P : g — £(p(g)) from G to Q,, /¢ is an isomorphism of (G, 0) into
(Qn/e,0/¢). Indeed,

P(glgr - gn]) = e(@(glgr - - gnl)) = e(e(g9)(@(g1), - -, ©(gn)))

elp(9))(elelgr)), -, e(plgn))) = P(9)(P(91); - -, Plgn))-

Thus, P is an homomorphism.

To prove that it is one-to-one assume that P(g1) = P(g2), i.e., e{o(g1)) =
e{p(ge)) for some g1,92 € G. Let ¥ be an isomorphism between a Menger
algebra (G, 0) and some Menger algebra (@, O) of full n-place functions defined
on some set A. Adjoining to @ all n-place projectors I7,... I} of A, we
obtain a unitary Menger algebra (®*,0) generated by the functions from the
set DU{IT, ..., I}, It is clear that the mapping x : Q, — ®* determined by
the conditions

(a) x(z) = (1 o H)(x) forall x € X,
(b) x(e;) =1 foralli=1,...,n,

I
™

(¢) x(w(wr, .- wn)) = x(w)[x(w1) - x(wy)] for all w,wi, ... ,w, € Qy,

is a homomorphism of the algebra (£,,0) onto a unitary Menger algebra
(®*,0) of full n-place functions. Let €, be the kernel of this homomorphism,
ie., gy = {(wi,w2) | x(w1) = x(w2)}. Obviously €, is a congruence containing
the relation 7. As ¢ is the minimal congruence containing 7, € C €. So, from

©(91) = ¢(g2)(e) we have p(g1) = p(g2)(gy), 1-e., x(¢(91)) = x(¢(g2)). Since
©(g1), ¢(g2) € X, we obtain

X(0(91)) = (Wo o H(p(g1)) = v(e " op(gr)) = ¥(g1)

and x(p(g2)) = ¥(g2) by analogy. So, ¥(g1) = 1¥(g2). But v is one-to-one,
hence g1 = g2, which was to be proved.

This means that a Menger algebra (G, 0) of rank n is isomorphically embed-
dable into a unitary Menger algebra (Q,,/¢,0/¢) of the same rank.

The algebra (Q,,/e,0/¢) will be denoted by (G*,0*) and will be called the
unitary Menger algebra of rank n obtained from (G, 0) by external adjoining the
full set of selectors. Note that the algebra (G*, 0*) is uniquely determined and
any unitary Menger algebra of the same rank containing (G, o) as its subalgebra
with GU{ey,...,e,} as its generating set is a homomorphic image of (G*, 0*).

In this way, we proved the following theorem.
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Theorem 2.1.12. Every Menger algebra (G,o) of rank n can be isomorphi-
cally embedded into a unitary Menger algebra (G*,0*) of the same rank with

selectors eq,...,e, and a generating set G U {eq,...,e,}, where e; & G for
all i=1,....,n. FEvery unitary Menger algebra of rank n generated by
GU{ei,...,en} and containing (G, 0) as its subalgebra is a homomorphic image
of (G*,0").

As a consequence of some general results on Q-systems Ja. Henno obtained
in [63] the following theorem.

Theorem 2.1.13. FEvery finite or countable Menger algebra of rank n > 1 can
be isomorphically embedded into a Menger algebra of the same rank generated
by a single element.

Any stable (respectively, v-regular, I-regular) equivalence relation on a Menger
algebra (G, 0) is called a congruence (respectively, v-congruence, l-congruence)
on (G,0). To any subset H of G we shall associate three binary relations
ev(H), e1(H), ec(H) on G and subsets W, (H), Wi(H), W.(H) of G defined in
the following way:

ev(H) ={(91,92) | (Vt)(t(g1) € H +— t(g2) € H)}, (212)
a(H) = {(91,92) | (VZ)(91[Z] € H +— go[T] € H)}, (2.1.3)
co(H) = {(91,92) | (V)(VZ)(t(1[Z]) € H «— t(g2[T]) € H)},  (2.14)
Wo(H) = {g|(Vt)t(g) & H}, (2.1.5)
Wi(H) = {g]| (VZ)g[z] ¢ H}, (2.1.6)
We(H) = {g| (vt)(VZ)t(g[z]) & H}, (2.1.7)

where t € T,,(G), & € B = G"U{(e1,...,ey)}, and eq,...,e, are selectors
of (G*,0%). Remark that for every subset H of a Menger algebra (G,o0)
of rank n the relation e.(H) (respectively, €,(H), g/(H)) is a congruence (re-
spectively, v-congruence, l-congruence) and the subset W.(H) (respectively,
Wy(H), W;(H)) is an sl-ideal (respectively, I-ideal, s-ideal) of (G*, 0*), which
is a e.(H)-class (respectively, e,(H)-class, ;(H)-class) or is empty. Indeed it
is clear that e.(H) is an equivalence relation. If g1 = ga(e.(H)) and Z, § are
arbitrary elements of B, t € T,,(G), then according to the definition we obtain

tg1lg = x]) € H «— t(ga[y * Z]) € H,
where § * Z denotes the vector (y1[Z],...,yn[Z]) and § = (y1,...,yn). Thus,

(t € To(G))(Z € B) (H(q1[7][7]) € H «— t(g2[gl[Z]) € H),
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ie., q1[9] = 92[9](ec(H)). So, ec.(H) is l-regular. Similarly we show that e.(H)
is i-regular for any ¢ = 1,...,n. Thus it is v-regular, which together with its
l-regularity implies that e.(H) is stable. Now, with the help of arguments given
above, we show that W,(H) is an sl-ideal of (G,0) and an e.(H)-class under
the assumption W.(H) # @.

Let ® be a congruence (v-congruence or [-congruence) on (G, 0). By a simple
verification we can see that the following identities hold:

©= @), ©=[)(®)). ©=)a®y).

geG geG geG

Now we consider some special types of v-congruences on Menger algebras,
which further on will be used in many constructions. So, let us give on a Menger
algebra (G, 0) of rank n the relation of quasi-equivalence p and some subset A
of G. On (G, 0) we define two new relations €(p, A) and e(p, A) putting:

e(p,A)=pNAx AUA x A, (2.1.8)

where A" =G\ A and pN A x A is a transitive closure of pN A x A,

elp,A) = | | em(p, AYU A" x A, (2.1.9)

1Ce

where go(p,A) = pN A x A and (g1,92) € em+1(p,A) if and only if
g1 = u[w|4c] € A, g2 = ufw|,d] € A, (s[t],c], s[v|rd]) € em(p, A) 0 em(p, A) for
some ¢, € {1,...,n}, ue€ GU{es}, s € GU{e }, ¢,d € G, 0,0 € G", where
eq, er are selectors of (G*,0").

It is not difficult to see that these relations are equivalences. Moreover, the
following proposition is true.

Proposition 2.1.14. If a binary relation p on a Menger algebra (G, o) is
i-reqular for any i =1,...,n and A" is an l-ideal of (G,0), then:
(a) e(p, A) is a v-congruence, if the following implication

(a,b) e pha€ ANuw|b] € A — ulw|a] € A (2.1.10)

holds for all i=1,....n, a,b € G, u€ GU{e;}, we G".

(b) e{p, A) is a v-congruence such that e{p,A) N A X A is a v-cancellative,
if forall m=0,1,2,..., i=1,...,n, a,b€ G, v € GU{e;}, € G" the
following condition is satisfied:

(a,b) € em(p, A) N z[7]ib] € A — x[7|;a] € A. (2.1.11)
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Proof. We prove only (b) because the proof of (a) is analogous.

Let g1 = g2(em(p, A)) for some m. If g1 = ga(e(p, A)) and g1, g2 € A, then
(u[w |;g1], u[w |;92]) € A" x A" C e(p, A). As A’ is an l-ideal, then suppose that
(91,92) € em(p, A) for some m. If u[w |;g1] € A, then according to (2.1.11) we
have u[w |;g2] € A and vice versa. Thus, the elements u[w |;g1], u[w |;92] belong
or do not belong to A simultaneously. If these elements belong to A, then
(91,92) € em(p, A)oem(p, A). Thus (u[@d [ig1], u[w |ig2]) € emi1(p, A) C £(p, A).
The case when these elements do not belong to A is obvious. So, in every
case (u[w |ig1], u[w|;g2]) € e(p, A), i.e., e(p, A) is i-regular for all i = 1,... ,n.
So, the given relation is a v-congruence.

Now let (u[@ |ig1], u[@ |iga]) € e(p, A) N A x A. Then (u[® |ig1], u[@ |ige]) €
em(p, A) for some m. Since A’ is an l-ideal, then u[w |;¢1] € A implies g; € A.
Analogously we obtain g2 € A. So, g1=g1€ A, go=g2 € A, (u[w |;¢1], u[w |:g2]) €
em(p, A) o emip, A), ie., (91,92) € ems1{p,A) C e(p,A). This means that
e(p,A) N A x A is a v-cancellative. O

In a similar way, it can be proved that if H is a strong subset of a Menger
algebra (G,0), then the restriction of a v-congruence e,(H) to W/(H) 1is
a v-cancellative relation.

Using mathematical induction, it is not difficult to see that for every
m = 1,2, ... the condition (g1, g2) € em+1(p, A) means that there exist elements
u; € GU {eqi}, s € GU {6”}, w, 0 € G", ¢,d;, fi,zi € G, q,1; € {1, .. ,n}
for which

u[wilg e1] = g1 € A,

u1[Wi]g,di] = g2 € A,

gy [ W2ilW2ilg02] = si[vilr,ei] € A,
A U541 [ 0241 gos i1 C2i41) = U2i[W24] g0, d2i] € A,

i=1
U241 (W2 41| gos 41 d2iv 1] = 8i[Ui]r,di] € A

and

(zi, Si[Oi]r,di]) EpNAXA

i=2m

gt -1 ((Si[@ﬂmcz‘}, z) € pNAX A7>

Let (G, 0) be a Menger algebra of rank n, p — a binary relation on (G, 0),
o — a reflexive binary relation on G. A subset X C G is called p-closed or
p*-closed, if it satisfies respectively:

(a,b) ep N ae X A ulw|b € X — u[wl;a] € X,

(a,b)ep NaeX Nth)eX —tla)eX
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foralli=1,...,n,a,b,u € G, w € G", t € T,(G). It is easy to see that every
p*-closed subset is p-closed. The converse statement generally is not true, but
if p is i-regular for all 4 = 1,...,n and X’ is an [-ideal of the given algebra,
then these conditions are equivalent.

A subset X of G is called (p,0)-closed (respectively, (p,o)*-closed), if it
is o-saturated and p-closed (respectively, p*-closed). The operations of
(p, o)-closure and (p, o)*-closure will be denoted respectively by f(, ») and f(*p,a)'

It is not difficult to see that a subset X will be (p,o)-closed (respectively,
(p,0)*-closed) if and only if it satisfies respectively the conditions

(a,b) € p A (u[w|;al,¢) € 0 A a, u[w]|;b) € X — ¢ € X,

(a,b) € pA (t(a),c) ec Na, t(b) e X — ce X

foralli=1,...,n,a,b,c € G,ue GU{e;}, we G teT,(G).
With any subset X of a Menger algebra (G, 0) of rank n are associated two
sets E(X) and C(X) defined in the following way:

g€ E(X)<+— (a,b) € p A (u[wlia],g) € o A a,u[w];b] € X,

g€ C(X)+— (a,b) €p A (t(a),g) €0 A a,t(b) € X,

for some a,b,9g € G, ue€ GU{e;}, weG", teT,(G), i €{1,...,n}. Ttis
obvious that

EX),  [hnX) =), (2.1.12)
0 n=0

(@

f(p,o‘) (X) =

n

where B (X) = E('E (X)), C(X)=C('C (X)) forn>1, and B (X) =

0
C(X) = X.

The following proposition can be easily proved by induction.

Proposition 2.1.15. The condition g €k (X) (respectively, g eC (X)) is
satisfied if and only if

(a1,b1) € p A (ui[w1|, 1], 9) € 0,

2m—11 (a2i,b2;) € p A (u2i[W2i|ky; a2i], ai) € 0,
A ) ) ,
i=1 (a2i41,b2i41) € p N (U251 [ 02541 | ks r @2i+1], i [Wi]1,0i]) € 0

2m—1
/\ (ai eX A ul[wz\klbz] € X),

j=gm=1
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or, respectively
(a1,b1) € p A (t1(a1),9) € o,

2"7\1—1 ( (agi, b2i) € p A (t2i(a2i), ai) € 0, )

=1\ (a2i41,02i11) € p A (t2ir1(a2ir1), ti(b;)) € 0
om _1
A (a; € X A ti(b) € X),
j—gm—1

where k; € {1,...,n}, u; € GU{ex}, ai,bi € G, w; € G", t; € T,(G),
i=1,2,...,2m 1.

A subset X of a Menger algebra (G, 0) of rank n is called (p, o)-closed, where
p is a binary relation on (G, 0), 0 — a reflexive binary relation on G, if for any
m=0,1,2,..., i=1,...,n, a,b,ce G, x € GU{e}, §€ G" the following
implication is true

(a,b) € em(p, X) N (2[glia],c) € o A z[glib] € X — c€ X.

Every subset X C G determines the family of subsets (F,,(X))men such
that Fo(X) = X and g € F,41(X) if and only if (a,b) € epn(p, Fin(X)),
(z[gl:al,g) € o and x[g|;b] € F,,(X) for some a,b, € G, x € GU{e;}, §€ G,
i€{1,...,n}. Using the equation

k=0 k=0

it can be showed that .
Flooy(X) = | Fr(X), (2.1.14)
k=0

where f, ) is a (p, o)-closure operation. It can be showed by induction that
the condition g € Fy,4+1(X) is equivalent to the fact that for some a;,b; € G,
zi € GU{e,}, g€ G", ki € {1,...,n}, where i =0,1,...,m, we have

zo[Jolkybo] € X,

m—1

‘/:\o ((ai,bi) € ci{p, Fi(X)) A (@ilfilk; ai], i1 [t ki, biva]) € 0),

(@ms bim) € Em{p, Fin(X)) A (Zm[Umlk,,am],g9) € 0.

Thus, with the help of the above formulas by a finite number of steps, we
can always represent the expression (z,y) € €,(p, Fin (X)) by some elementary
m

formula A7, (z,y).
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A
For X C G by X will be denoted the least strong subset of (G,0) con-
taining X, which will be called the strong closure of X. Of course,

A ° m
x=J D),
m=0
0 m m—1
where D (X) = X, D(X) = D( D (X)). By induction we can prove that

g Gln)L (X) if and only if for u;,v; € G, t,t! € T,(GQ), i = 1,...,3n2_1 the
following conditions hold

g1 = tlll(ul)v

gm—1_4

2
‘/\1 (tgm(usm) = ti(ui) A tg(usi) = ti(vi) A t5ipq(usip1) = té’(vz‘)>a
1=

3m—1

A ((w) € X A ti(w) € X A t(v5) € X).

i_3m—l4
L

2.2 Menger semigroups

The close connection between semigroups and Menger algebra was stated al-
ready in 1966 by B. M. Schein in his work [172]|. He found semigroups of special
type, which define Menger algebras. Therefore there is in principle the possi-
bility to study semigroups of such type instead of Menger algebras. But the
study of these semigroups is quite difficult, which is why in many questions it
is more advisable to simply study Menger algebras, rather than to substitute
them with the study of similar semigroups.

Let (G, 0) be a Menger algebra of rank n. Let us consider on the set G™ the
binary operation *, which is defined in the following way:

(T15e s @) % (Y1, Yn) = (@Y1 Ynls - Taly1 - - ynl),

for any (z1,...,2n), (y1,...,yn) € G™. It is evident that the (n + 1)-ary ope-
ration o is superassociative if and only if the operation * is associative. Thus,
to every Menger algebra (G,0) corresponds the semigroup (G™,x) called the
binary comitant of a Menger algebra (G, 0). It is obvious that binary comitants
of isomorphic Menger algebras are isomorphic. Though, as it was mentioned
in [172], in the general case the isomorphism of Menger algebras cannot be
deduced from the isomorphism of the corresponding binary comitants. This fact
leads to the consideration of binary comitants with some additional properties
such that the isomorphism of these structures implies the isomorphism of the
initial Menger algebras.
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L. M. Gluskin observed (see [52] and [53]) that the sets
M|G] ={¢e G" : z[g]lc] = z[g*¢] forall x € G, g€ G"}

and
M[G]={c e G" : z[d][y] = z[cxg] forall x € G, g€ G"}

are either empty or subsemigroups of the binary comitant (G™,x). The set
M;3|G] ={a € G : a[7][y] = a[z * §] for all Z,5€ G"}

is either empty or a Menger subalgebra of (G, o).
Let us define on the binary comitant (G",*) the equivalence relations
T, ...,y letting

(1’1,...,1’”) = (y17~~-7yn)(7ri) X =Y

for all z;,y; € G, i =1,...,n. It is easy to check that these relations have the
following properties:

(a) for any elements Z1,...,Z, € G™ there is an element § € G™ such that
T, =g(m) foralli =1,...,n,

(b) if & = g(m;) for some ¢ =1,...,n, then & = g, where z,5 € G,

(c) relations m; are right regular, i.e.,

for all Z1,Z2, 5 € G", i=1,...,n,

n
(d) Ag is a right ideal of (G™; %), i.e.,
n n
TeENGg NJeEG" — TxjelNg
n
(e) for any i =1,...n every m;-class contains precisely one element from A.

All systems of the form (G™, *, 71, ..., T, Ag) will be called the rigged binary
comitant of a Menger algebra (G, o).

Theorem 2.2.1. Two Menger algebras of the same rank are isomorphic if and
only if their rigged binary comitants are isomorphic.

This theorem is a consequence of a more general result.

Theorem 2.2.2. The system (G, -, e1,...,en, H), where (G,-) is a semigroup,
€1,...,En are binary relations on G and H C G, 1is isomorphic to the rigged
binary comitant of some Menger algebra of rank n if and only if
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(1) for alli = 1,...,n the relations €; are right reqular equivalence relations
and for any (g1,...,9n) € G™ there is exactly one g € G such that

gi =9g(g) forall i=1,...,n, (2.2.1)

(2) H is a right ideal of a semigroup (G,-) and for any i = 1,...,n every
gi-class contains exactly one element of H.

Proof. The fact that the rigged binary comitant satisfies all of the above con-
ditions is obvious. So, we prove only the sufficiency.

Let the system (G, -, e1,...,ep, H) satisfy all the conditions of the theorem.
On H we define an (n + 1)-ary operation

0:(h,hi,...,hy) = hlhy -+ hy),
considering that hlhy---h,] = hg for any h,hq,...,h, € H, where g is
this uniquely determined element of a semigroup (G,-) for which the vector
(hi,. .., hy) satisfies the condition (2.2.1). Obviously hg € H since H is a right
ideal, i.e., HG C H.
The (n 4 1)-operation o defined in such a way is superassociative. Indeed,
if hY,...,hl, € H and ¢’ € G is the element for which the vector (hf,...,h})

satisfies the condition (2.2.1), then, according to the definition of the operation

0, we have
hlhy -+ hol[hy -+ - hy] = (hg)g'.

On the other hand,

BIBIR B - BB < W] = Blhng - hag): (2:22)
Since hq, ..., h,, g satisfy the conditions

h;=g(g;) forall i=1,...,n,
using the right regularity of ; we get
hig = gg'(g;) forall i=1,...,n, (2.2.3)
which, together with (2.2.2) and (2.2.3), gives
hlha [y - W]+ ho[hy - o )] = h(gg').
As (hg)g' = h(gg'), then
hlhy -+ bRy - B ] = hlha[hy - ] - BBy - - B ]

This proves the superassociativity of 0. So, (H,0) is a Menger algebra of rank n.
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To prove that its rigged binary comitant (H™,*,m,..., Ty, KH) is isomor-
phic to (G,-,e1,...,en, H), we consider the mapping P : H" — G, which
every vector (hy,...,hy) € H™ is mapped to the element g € G satisfying the
condition (2.2.1). Since for every i = 1,...,n, the equivalence class ¢;(g) has
only one common element with H, P is one-to-one.

Let (hi,...,hyn), (RY,... hl) € H" and

g=P(h1,...,hy), ¢ =P(hy,....h).

Then, according to the definition of P, h; = g(g;) and h, = ¢'(¢;) for every
i =1,...,n. Since all &; are right regular, h; = g(g;) implies h;g' = g4’ (&;).
Thus

P((h1,... hn) * (B, ... BL)) = P(halhy, .. b, oo halhy, oo B
=P(hg,...,hng") = g9' = P(h1,...,hn) - P(Ry,... h]).

Now let (hi,...,hy) = (h),..., k) (m), ie., by = b}, for some ¢ = 1,...,n.
As h; = g(g;) and hl = ¢'(e;), g = ¢'(ei). On the other hand, if g = ¢/(¢;), then
obviously h;, bl € €;(g). As £;(g) contains exactly one element of H, we have
hi = h, and consequently

(hl,...,hn) = ( /1,,hln)(ﬂ'l) (2.2.4)

So for every i = 1,...,n the condition (2.2.4) is satisfied if and only if
P(hl,...,hn) EP( /1,,]1;1)(51)

And at last, let (h,...,h) €Ay. As h = hie;) forall h € H, i =1,...,n,
we have P(h,...,h) = h. Hence

(h,...,h) €A+ h € H +— P(h,...,h) € H.

In this way, we have proved that P is an isomorphism of the rigged binary

n
comitant (H",*,m1,..., 7, Ay) onto (G,-,€1,...,en, H). O

Further on, a system of the form (G, -, e1,...,e,, H), satisfying all the con-
ditions of the Theorem 2.2.2, will be called a Menger semigroup of rank n.
Of course, a Menger semigroup of rank 1 coincides with the semigroup (G, -).

So the theory of Menger algebras can be completely restricted to the theory
of Menger semigroups. But we do not have to use this information. It is possi-
ble that in some cases it would be advisable to consider Menger algebras, and in
others Menger semigroups. Nevertheless, in our opinion, the study of Menger
semigroups is more complicated than a study of Menger algebras with one
(n + 1)-ary operation because a Menger semigroup, besides one binary opera-
tion, contains n+ 1 relations, which naturally lead to the additional difficulties.
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Let (G, 0) be a Menger algebra of rank n. Let us define on its binary comitant
(G™, %) the unary operations p1, ..., p, such that

i@, ) = (3. 2)

for any z1,...,z, € G, i = 1,...,n. A system (G",*,p1,...,pn) obtained in
such a way will be called the selective binary comitant of Menger algebra (G, 0).

Theorem 2.2.3. For the system (G,-,p1,...,pn), where (G,-) is a semigroup

and pi,...,py are unary operations on it, a necessary and sufficient condition

for this system to be isomorphic to the selective binary comitant of some Menger

algebra of rank n is that the following conditions hold:

(1) pi(x)y =pi(zy) foralli=1,...,n and x,y € G,

(2) piopj=pj foralli,j=1,...,n,

(3) for every vector (x1,...,x,) € G™ there is exactly only one g € G such that
pi(zi) = pi(g) for alli=1,...,n.

Proof. Since the necessity is easily checked, we prove only the sufficiency. So,
let all the conditions of this theorem be satisfied. As p; o p; = p; for all
i,j=1,...,n,s0

prypj = pry (pi 0 pj) C prypi.

Hence, as a consequence, we obtain pryp; = pryp; for all 4,5 =1,...,n. Let H
be the intersection of all pryp; and let o : (h, hi,...,hy) — h[h1---hy] be an
(n+1)-ary operation defined on H by h[hq - - - hy,] = hg, where g is the uniquely
determined element of G for which p;(h;) = p;(g) hold for every i = 1,...,n.

We shall prove that if (H,o0) is a Menger algebra of rank n, its selective bi-
nary comitant is isomorphic to (G,-,p1,...,pn). For this, let (h1,...,hy),
(hY,...,hl,) € H" and g, g’ be two elements of G such that p;(h;) = p;(g) and
pi(h}) = pi(¢’) foralli = 1,...,n. For these elements we have p;(h;g") = pi(99’)
foralli=1,...,n, and

hlhy -« hp) [Py - - - By = (hg) (R - - by = (hg)g' = h(gg')

=
= hlhag' -+ hug) = BB ) ol 1)

So, the operation o is superassociative, i.e., (H,0) is a Menger algebra.

Now let us consider the mapping ¢ : H" — G, which maps every vec-
tor (hi,...,hy) € H™ to an element g € G such that p;(h;) = pi(g) for all
i =1,...,n. Of course, there exists only one vector (p1(g),...,pn(g)) € H"

such that 1 (hi,...,hy,) = g, because p;(pi(g)) = pi o pi(g9) = pi(g) for every
t=1,...,n. This means that 1 is a one-to-one mapping.



Section 2.2 Menger semigroups 41

It is also a homomorphism because for (hy,...,hy), (h},...,hl) € H" and
g=v(h1,...,hy), ¢ =¢(hY, ... kL), we have

((hay. .. hy)* (B, ... hD)) = (halhy, ... BL), .o kR, RL])
=Y(hig, ... hng') = g9 = W(h1, ..., hy) - (K}, ... ).

As pi(h) = p;y(h) for all h € H and i = 1,...,n, so ¢(h,...,h) = h. This,
together with the fact that p; o p; = p; implies p;(h) = h, gives

V(pi(h, ... hn)) = U(hi, ... hi) = hy
= pi(hi) = pi(g) = pi(Y(h1, ... hy)).

Hence 1 is an isomorphism between the selective binary comitant of the
Menger algebra (H,o0) and the system (G, -, p1,...,Dn). O

As a simple consequence of the above theorem we obtain

Corollary 2.2.4. The binary comitant of a Menger algebra is a group if and
only if the algebra is a group of rank 1 or the algebra is a singleton.

Proof. Indeed, if (G, o) is a group, its binary comitant coincides with it, and if
G is a singleton, then its binary comitant is a trivial group.

Conversely, let the binary comitant of (G, 0) be a group. If the rank of (G, 0)
is 1, then (G, o) coincides with its binary comitant and (G, o) is a group. Let
the rank of (G,0) be n > 1. Suppose that (G™, x, p1,...,pn) is the selective
semigroup corresponding to (G,0). Since (G™,x) is a group, all its idempo-
tent translations are merely the identity transformations of G". Since for all
Jis---, g, € G™ there exists a unique g € G™ such that p;(g;) = p(7), it follows
that (g); = g for all i = 1,...,n. Therefore the order of G" is 1. Hence G is
a singleton. |

Further all systems (G, -, p1,...,py,) satisfying the conditions of our Theo-
rem 2.2.3 will be called selective semigroups of rank n.

The proved theorem gives the possibility to reduce the theory of Menger al-
gebras to the theory of selective semigroups. In this way, we received three
independent methods for the study of superposition of multiplace functions:
Menger algebras, Menger semigroups and selective semigroups. A great num-
ber of papers dedicated to the study of Menger algebras have been released
lately, but unfortunately the same cannot be said about Menger semigroups
and selective semigroups.



42 Chapter 2 Menger algebras of functions

2.3 w-regular Menger algebras

A vector g = (g1,...,9n) € G™ is called
e idempotent, if it satisfies the equality ¢;[g] = g; for everyi=1,...,n,

e v-reqular, if the system of equalities

g1[z"][g] = ¢

g2[z"][g] = g2

gnlz"][9] = gn
is true for some =" = (z,...,z) € G™.

A Menger algebra (G, 0) in which all vectors (g1, ..., gn) of G" are v-regular is
called v-regular. Obviously, the diagonal semigroup of such Menger algebra is
regular in the sense of [14,105], and [186].

Two vectors Z, § € G" are pseudo-commutative if

g[z][y] = glyllz]
holds for any g € G. An element = € G is called an inverse for the vector
g € G", if it satisfies the following equalities:

n]:x’

(][
gi[z"][g] = g; for every i=1,...,n.

Proposition 2.3.1. FEvery v-regular vector of a Menger algebra of rank n has
an inverse element.

Proof. Let § = (g1,-..,9n) be a v-regular vector of a Menger algebra (G, o)
of rank n. There exists © € G such that g;[z"][g] = ¢i, i« = 1,...,n. Then
y = z[g][z"] is inverse for the vector §. Indeed,

ylally"] = (z[g][="])[g)[(«[g][z"]) - - - (2[g][z"]) ]
= z[(g1[z"][g]) - - - (gn[z"][g] )] [([g][z"]) - - - (2[g][=z"])]
= z[g][(2[g][z"]) -~ (2[g][z"])] = =[(gr[z"][3]) - - - (gnlz"][g] )][2"]
= z[gllz"] =y
So, y[g][y"] = y. Finally we obtain

foralli=1,...,n. |
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Proposition 2.3.2. If in a Menger algebra (G,0) of rank n an element g
is an inverse for the vector g, then g[g] is an idempotent of this algebra and
(1[g™], - - -, gnlg™]) is its idempotent vector.

Proof. Indeed,
9lgllglal - - - 9lgl] = 9lgllg"g] = 9lal,

and so the element ¢[g] is idempotent.
Furthermore,

9il9"lg11g"] - - - gnlg"]] = gilg"[3llg"] = 9ilg"]
for any i = 1,...,n. Thus the vector (g1[¢"], ..., gn[g"]) is idempotent. |

Theorem 2.3.3. For every Menger algebra (G, 0) of rank n the following three
statements are equivalent:

(a) every element of (G,0) is an inverse for each vector of G,

(b) for all elements x,y,y1,...,yn of (G,0)

zly"] = y[2" — 2z =y, (2.3.1)
yile"[g] = yi, i=1,...,n, (2.3.2)

(c) every element of (G,0) and every vector of G™ are idempotent and the
following identity holds:
x[g][z] = z[Z]. (2.3.3)

Proof. Let (a) be true. Clearly, by the definition of an inverse element, (2.3.2)
holds. Now suppose that z[y"] = y[z"] for some z,y € G. Then

ely"Ilylz"] - - ylz"]] = yla"][zly"] - - 2[y"]].

Since x is an inverse for the vector (y[y"],...,y[y"]), we have

Similarly, we show that
yla"][zly"] - - 2ly"]] = y.

Thus x = y, and hence (2.3.1) is true. So, (a) implies (b).
Now let (b) be satisfied. Then

is true for all x € G, and hence, by (2.3.1), we have z[z"] = z. Thus every
element of (G,0) is idempotent. Next consider an arbitrary vector & € G™.
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By (2.3.2), z;[z]'][z] = x; for each i = 1,...,n, hence z;[Z] = z;, i = 1,...,n.
So, (z1,...,oy,) is an idempotent vector. Now we show that the equality
clyilz] - ynl2l][2"] = 2 (2.3.4)

is satisfied for all z,y1,...,yn € G and zZ = (z1,...,2,) € G™. We have

wlzfyaz] - ynlZll[2"] - - 2lya (2] - pal2] ")) = l2"][ya (2] - - 2] "]
= z[yi[z] - yal2][2"] = 2y (2] - yalE] [ [2"] - 22"]
= z[yi[2] - ya 2] [2"][2"]

From this, applying (2.3.1), we obtain (2.3.4).
According to (2.3.2) and (2.3.4) we have

Gz [z"][2] - - - 21 [2"][2]]

= a[g][2][«"][Z] = ly[2] - - - yn[Z]l[2"][2] = (2]

Thus we have proved (2.3.3). Therefore, (b) implies (c).

z[][7]

Let (c¢) be true. By (2.3.3), z[g][z"] = z[2"] = z. Since the vector § is
idempotent, y;[x"][g] = v:i[g] = y; for alli = 1,...,n. So, every element x is an
inverse for every vector 3. Thus (¢) implies (a). O

For n = 1, Theorem 2.3.3 becomes a known result for semigroups [105].

Theorem 2.3.4. Every vector of a v-reqular Menger algebra (G, 0) has exactly
one inverse element if and only if

[z"][g]
[v"1(3]

i=1,...,

Gi Gi
gi i ¢ — «lglla"] = ylglly"]

forall x,y,91,...,9n, € G.

Proof. Suppose that every vector of (G,0) has only one inverse, and let the
hypothesis of the theorem be true for some z,v,91,...,9, € G. As we have
shown in the proof of Proposition 2.3.1, the elements z[g|[z"] and y[g][y"] are
inverse for the vector g. By our assumption, z[g|[z"] = y[g][y"]. So the given
condition is true.

Conversely, let the given condition be satisfied. If x and y are inverse elements
for a vector (g1,...,9gn), then the equalities g¢;[z"][g] = gi, ¢i[y"][g] = g; are
true for all 4 = 1,...,n, hence, by the given condition z[g][z"] = y[g][y"].
Since z[g][x"] =z and y[g][y"] =y, we obtain x = y. O

For n = 1 Theorem 2.3.4 gives a known result for semigroups [103].
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Elements z, y of a Menger algebra (G,0) of rank n are called diagonal-
commutative, if they are commutative in the diagonal semigroup of (G, 0), i.e.,
if

zly"] = y[z"].
If all idempotents of a v-regular Menger algebra (G, 0) are diagonal-commuta-
tive, then the diagonal semigroup of (G, o) is inverse. A Menger algebra with
an inverse diagonal semigroup is called inverse.

Proposition 2.3.5. Any vector of a v-reqular inverse Menger algebra with
pseudo-commutative idempotent vectors has exactly one inverse element.

Proof. Let x and y be inverse elements for a vector § in a v-regular inverse
Menger algebra (G,o0) of rank n. By Proposition 2.3.2, the elements z[g]
and y[g] are idempotent. Since (G, 0) is inverse, its idempotents are diagonal-
commutative, and hence we obtain

"=

z = z[g][z"] = z[g1[y"][g] - - - gn [y"][7]][=
[g]][z"] =

=y[gl[=[g] - - - z[g]][z"] = y[g][=[g][="] - - - x[g][z"]] = y[g][="].

On the other hand, by Proposition 2.3.2, the vectors (g1[z"],...,gn[z"]) and
(91[y™], - - -, gn[y"]) are idempotent, and hence, by pseudo-commutativity

y = ylally"] = ylgiz"][g] - - - gnla"][3)][y1 - - ]

= ylgilz"] - gnla"]llo1[y"] - - gny"]]

=yloily"]- - gnly"Ngala"] - - - gnlz"]]

= y[glly"g]z"] = ylg][="]
Thus we have shown that x = y. |

Let (G, 0) be a Menger algebra of rank n in which every vector Z € G™ has
exactly one inverse element «(Z). Then

a(B)[F][a() - a(T)] = a(2),
zi[e(Z) - a(@)[E] =z, i=1,...,n.

Proposition 2.3.6. If (G,0) is a v-reqular inverse Menger algebra of rank n
with pseudo-commutative idempotent vectors, then

a(Z xy) = a(y)|a(z) - a(@)], (2.3.5)

for all &,5 € G™, where T x §j denotes the vector (x1[g], ..., zn[7])-
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Proof. First, observe that for any idempotent e € GG the vector e” € G" is idem-
potent. Moreover, for each vector & € G™, by Proposition 2.3.2, the element

a(z)[z] is idempotent and the vector (z; - (:i), ..., &y - Z)) is idempotent,
where z; - «(Z) = z;[a(Z) - - @(T)], i =1,...,n. Denote a(Z) by g1 and a(%)
by g2. Then

zillg2lg1] - - - 92lgt 11T + 9] = wi[5][92][97][Z][7]

5 5
= zily192 - yng2llg1[] - - - 91 [Z]][7]
= zi[g1[Z] - 91[Z)][y192 - - - Yng2][7]
= z;[g7] (2] [y192(3] - - Yng2[F]] = 2i[F]) = @:[7]

foralli=1,...,n
On the other hand,

i]

92[971[Z * Gllg2[97] - - g2lat'l] = g2lgr[2] - - 91 [Z]][y1 193] - - - ynlg2]][91
= g2[y1lg3] - ynlga l][9112] - - - 1 [Z]][97']
= g2[9][92][91[Z][97] - - - 1 [Z][97]] = galgT]-

Thus g¢2[g}] is the inverse element for the vector Z % §. Hence, by Proposi-
tion 2.3.5, we conclude that the equality (2.3.5) holds. O

Theorem 2.3.7. If (G,0) is a v-reqular Menger algebra of rank n with a right
unit, then the following conditions are equivalent:

(a) every vector from G™ has exactly one inverse element,

(b) every two idempotents of (G, 0) are diagonal-commutative.

Proof. Let (a) hold. Since (G, 0) is v-regular, obviously, its diagonal semigroup
is regular. In accordance with (a), for every g € G the vectors ¢g" have only
one inverse element, hence we obtain that the diagonal semigroup is an inverse
semigroup. Therefore, its idempotents commutate (cf. [14,105,186]). So any
two idempotents of (G, 0) are diagonal-commutative. Thus (a) implies (b).

Now let (b) hold. We shall prove that for every idempotent vector a € G"
the element e[a] is idempotent, where e is a right unit. Indeed, we have

clallela] - - - ela]] = ela][e"][a] = e[al[a] = e[ar[a] - - - anla]] = ela].

Let b € G™ be another idempotent vector. Obviously, e[b] is an idempotent
element in (G, 0). Since the idempotents e[a] and e[b] are diagonal-commutative
by (b), for each element g € G we have

glal(b] = gle™)[alle"][b] = glela] - - - e[al][e[b] - - - e[b]]
= glefalle[B] - -~ e[D]] - - - e[al[e[D] - - - e[b]]]
elblela] - - -efal] - - - e[b][e[al] - - - e[al]]
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Thus the idempotent vectors @ and b are pseudo-commutative. By Proposi-
tion 2.3.5, condition (a) holds. Thus (b) implies (a). ]

Theorem 2.3.8. For any v-reqular Menger algebra (G, o) of rank n the fol-

lowing conditions are equivalent:

(a) every vector of G™ has only one inverse element and for every idempotent
e € G and every idempotent vector a € G™ the element ela] is idempotent,

(b) (G,0) is an inverse Menger algebra in which the equality

e[a] = e[a][e"] (2.3.6)

holds for every idempotent e € G and every idempotent vector a € G™,
(c) the idempotents of the algebra (G, o) are diagonal-commutative, and idem-
potent vectors of (G,0) are pseudo-commutative.

Proof. Suppose that (G, 0) is a v-regular Menger algebra of rank n and that
condition (a) is true. In this case, the diagonal semigroup of (G, o) is inverse,
i.e., the Menger algebra (G,o) is inverse. It is known that idempotents are
diagonal-commutative in any inverse Menger algebra. Since e[a] is an idempo-
tent for each idempotent e € G and any idempotent vector a € G", we have

ela] = e[e"][al[e"] = e[e[a] - - - e[a]] = ela][e"],

i.e., the equality (2.3.6) is true. This shows that (a) implies (b).

Now let (b) hold. Clearly, idempotents of (G, 0) are diagonal-commutative,
therefore we have only to show that idempotent vectors are pseudo-commuta-
tive. Let @ and b be idempotent vectors. Consider an arbitrary element g € G.
Our algebra is v-regular, and hence for the vector g there exists an element
x € G such that g[z"][¢"] = ¢g. Hence

glz[g"] - x[g"]] = g.

By Proposition 2.3.2, the element e=x[¢g"] is idempotent. Therefore gle™] = g.

We have to show that e[a] (respectively, e[b]) is an idempotent. Indeed, e and a
(respectively, e and b) satisfy (2.3.6), therefore

elalela] - - - e[a]] = ela][e"][a] = e[a][a] = e[ar[a] - - an[a]] = e[a] = e[a].
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Thus the vectors @ and b are pseudo-commutative. Therefore the condition (c)
is true. So, (b) implies (c).

Finally, if the condition (c) is true, then by Proposition 2.3.5, every vector
from G™ has only one inverse element, therefore, we must show that e[a] is
idempotent for each idempotent e € G and each idempotent vector a of G".
So, let e € G be an idempotent and let @ € G™ be an idempotent vector. Since
e’ is an idempotent vector too, we deduce from the pseudo-commutativity that

elallela] - - - ela]] = ela][e"][a] = e[e"][al[a] = e[ar[a] - - - anla]] = ela].
Thus we have proved that e[a] is idempotent. So, (¢) implies (a). O

Theorem 2.3.9. The following conditions are equivalent for any v-reqular

Menger algebra (G, o) of rank n:

(a) (G,0) has only one idempotent,

(b) the diagonal semigroup of (G,0) is a group,

(c) for all elements g1, ...,gn from (G,o0) there exists only one element x € G
such that g;[x"][g] = gi, i=1,...,n.

Proof. Let (a) be satisfied. Since (G,o0) is v-regular, its diagonal semigroup
is regular too. Therefore, in the accordance with [14] and [105], the diagonal
semigroup is a group because it has exactly one idempotent. So, (a) implies (b).

Now let (b) be true. The equation g;[2"][g] = g; has the form g;x - e[g] = ¢;
in the group (G,-), where e is the unit of (G,-) and ¢ = 1,...,n. The last
equation is equivalent to z - e[g] = e. It is known that there is only one element
x of the group that satisfies this equation. Thus (c) holds and (b) implies (c).

Suppose that (c) is valid, and hence the conditions of Theorem 2.3.4 hold.
Therefore every vector from G™ has only one inverse element. Then (G, o) is
an inverse Menger algebra, so its idempotents are diagonal-commutative. Let
b, ¢ be idempotents of (G, 0). Let a = b[c"]. Since b[c"] = ¢[b"], we obtain

ala™]

blc™][ble™] - - - blc™]] = b[c™][c[b™] - - - c[b™]] = ble[b"] - - - c[b"]][0"]
b ]

["][07] = blefb™] - - - e[b"]] = blb[c"] - - - B[] = b[b"][c"] = b[c"] = a.

Thus a is idempotent. Similarly, b[a™] = a and a[c¢"] = a. Hence, the equalities
al"][a™] = ala™] = a and a[c"][a"] = ala™] = a are true and by the condi-
tion (c), we have b = c. It follows that (a) holds, and hence (c¢) implies (a). O

Let (G, 0) be an inverse Menger algebra of rank n. Consider on G two binary
relations < and C defined in the following way:

r<y+—y e =a"tu, (2.3.7)
rCy+—a o<y ly (2.3.8)
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for all z,yy € G, where 2! is an inverse element for x in the diagonal semigroup

and zy = z[y"]. It is known (see e.g. [14,105] or [186]) that < is an order with
the property

x<y<—>xy_1:c:x<—>x:yx_lx.
Proposition 2.3.10. In an inverse Menger algebra (G, o) of rank n the relation
< is l-reqular and g[b"] < g holds for each idempotent b € G and each element
geqG.

Proof. Let g € G and b be an idempotent. Since g~'g is an idempotent and
idempotents are commutative in the diagonal semigroup, then

g(g[b"]) " tgb"] = g(gb) gb = gbg gb = gg'gbb = gb = g[b"],

and therefore g[b"] < ¢
1 1 1,,.—1

Now let z <y, i.e., y 'z = 2~ 'z, whence we obtain vy~ tyy 'z = y~lyz~la.

Hence y 'z = y~lyz~'z, and therefore 7 'o = y~lyz~'2z. Thus 2y~ 'y =

xm’lxy’ly = zy lyz 'z = za7 'z = x. So xe = x, where e = y~ly. Since

<y, then z = yx~ 1z, and therefore z[z] = yr~1x[2], where Z € G™. Next we
have
alZ] =ya~la 6[]—yw1$ e[2] - (el2]) " - e[Z]
=y-elz] (el2) ™ a7z e[Z] = y[2] - (z-elZ) 7@ efd]

=ylz] - (al2]) " - =[],
So z[z] < y[Z] and < is [-regular. O

Proposition 2.3.11. In an inverse Menger algebra the relation T is an
l-reqular quasi-order that contains <.

Proof. Since g~'g < g~'g for every element g € G, then ¢ C g. So C is
reflexive. Let 2 C y and y C 2, i.e., 2 ' < y 'y and y~ 'y < 271z, whence
e <2712, ie., x C 2. Thus C is a quasi-order.

Suppose that « T y, ie., 7'z < y~ly, therefore za~ 'z < xzy~ly, ie.,
z < zy 'y, Since y~ly is an idempotent, zy 'y < x. Thus = = zy 'y.
We have proved that

m[y<—>m:xy*1y.

Let e = y~ !y, then, according to the equality x = zy~ 'y,
w[z] = zy~lylz] = 2y~ ly - e[Z]
=ayly-elz] - (e[2) 7 e[zl =z €] - (e[z]) 7ty y - elZ]
=ayy[2] - (yy ) gy tylE] = 2lE] - (ylE) T ylE]

Thus z[z] C y[z] and C is [-regular.
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1 1

Now let x < y, i.e., y~ '@ =2 'z, whence

y lyy e =y tyr e,

1 1 1

therefore y 'z =y~ lyz~'z. Hence 7'z =y lyz~ 'z, ie., 27tz <y~ 'y. The
last inequality means that  C y. So < is contained in L. m]

2.4 1-solvable Menger algebras

Attempts to transfer the classical notion of groups to the case of n-ary alge-
bras were initiated by various authors many years ago. There are two main
directions of such transformation. The first is connected with a generalization
of the associativity, the second — with a generalization of solvability of some
equations. Menger algebras satisfying the n-ary associativity in the sense of
Post [144] are considered, e.g., in [28]. Menger algebras in which the equation
aplay -+ aj—12;a;11 - - - ap] = b has a unique solution x; for all or only for some
i = 0,1,...,n are investigated by many authors in many directions (see for
example [6,7,27,186,197,227,261]).

In this section we describe Menger algebras in which the above equation has
a unique solution at some fixed places, in the next — Menger algebras in which
the above equation has a unique solution for any i.

Definition 2.4.1. A Menger algebra (G, o) of rank n is called i-solvable if the
following two equations

zlay -+ ap] =0 (2.4.1)
aplay -+ a;—1x;a41 -+ ap] =0 (2.4.2)
have unique solutions z, z; € G for all ag, ay,...,a,,b0 € G.

A simple example of i-solvable Menger algebras is a Menger algebra (G, 0;)
with an (n+1)-ary operation o;(xg, z1, ..., Tn) = o+x; defined on a nontrivial
commutative group (G, +). The diagonal semigroup of this algebra coincides
with the group (G, +). This algebra is j-solvable only for j = 7, but the algebra
(G, 0), where o(zg, 1, ..., Tn) = xo+T1+- - -+Tk41 and (G, +) is a commutative
group of the exponent k < n — 1, is i-solvable for every ¢ = 1,...,k + 1.
Its diagonal semigroup also coincides with (G,+). The set Zg,+1 of integers
modulo 2n + 1 with the (2n + 1)-ary operation

o(xo,T1,...,Tap) = To — X1 + -+ + Tap—2 — Tap—1 + 222, (mod (2n + 1))

is an example of a Menger algebra which is i-solvable for any ¢ = 1,...,2n.
Similarly the set Zsg,, with the operation

o(xo,x1,...,Top—1) = To + &1 + T2 — T3 + - -+ + Tap—2 — Tap—1 (m0d 2n).
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Lemma 2.4.2. Any i-solvable Menger algebra has a diagonal unit.

Proof. According to the definition, in any i-solvable Menger algebra (G, o) for
every a,x € GG there are uniquely determined elements e and & such that
n] i—1y, nfi].

a=-¢el[a"] and =z =al[a" "Za

Hence we have
r = ala"12a""] = e[a"][a" a7 = e[[ai " Ea" Y - - - [0t Ea Y]] = el2"],

i.e., z =elz"] for all z € G. Thus e is a left diagonal unit.
Now, using this fact, we obtain

which, by the uniqueness of the solution at the first place, implies = = e[z"] for
all x € G. So e is also a right diagonal unit of (G, o). O

Proposition 2.4.3. A diagonal semigroup of an i-solvable Menger algebra is
a group.

Proof. By Lemma 2.4.2; a diagonal semigroup (G,-) of an i-solvable Menger
algebra (G, 0) has the unit e. According to the definition, for every a € G there
exists only one element x € G such that e = 2 - a = x[a"]. Denote this element
by a~!. Let y be the solution of the equation

—1. 1

a[a ..a_lya_ ...a,_l]:e’
where y appears at the place ¢ + 1. Then, by Lemma 2.1.3, we have

g lya Tt ca =ale-e(y-a)e-- e,

which, by the uniqueness of the solution at the place i + 1, (see (2.4.2)) gives
y-a=e Soy=a"'!and a-a"!=e. This means that (G,-) is a group. O

Corollary 2.4.4. A group (G, ") is a diagonal group of some i-solvable Menger
algebra if and only if on G can be defined an n-ary operation [ satisfying the
conditions (a) and (b) of the Proposition 2.1.4 for which the equation

f(al,...,ai,l,x,aiﬂ,...,an) =0
has a unique solution for all ay,...,a,,b € G.

In [29] the following characterization of i-solvable Menger algebras is given.
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Theorem 2.4.5. A Menger algebra of rank n is i-solvable if and only if there
exists an element b € G such that the equations (2.4.1) and (2.4.2) have unique
solutions for all ag, . ..,an € G.

Proof. Since, by definition, in every i-solvable Menger algebra of rank n the
equations (2.4.1) and (2.4.2) have unique solutions, we prove the converse. For
this assume that these equations have unique solutions for all ag,...,a, € G
and some b € G. Then for all by,...,b;—1,b;11,...,b, € G there exists an
element b; € G such that a = b[b; ---by]. On the other hand, for all a¢; € G
and ¢; = aj[bi---by], j =1,...,n, there exists a uniquely determined element
x1 € G such that a = x1[ec; - - - ¢,]. Hence

a = $1[01"'Cn] = -Tl[al[bl"'bn]"'an[bl"'bn“ = xl[al"'an][bl"'bn]y

which gives

a=>blby---by] = z1[ar - ap][by- - by].

This, by the uniqueness of the solution of the equation a = z[by ---b,], im-
plies b = z1[a; - - - a,]. Hence, the equation (2.4.1) is uniquely solvable for all
b,ai,...,a, € G.

Also (2.4.2) has a unique solution for all b, ay,...,a, € G. Indeed, if a,b, a;,
bj,cj, where j = 1,...,n, are the same as in the previous part of this proof,
then

a:al[CQ"'CiniJrl"'Cn]
=a1[a2[b1~--bn]-~~ai[b1--~bn}yai+1[b1-~-bn]-~-an[b1-~-bn]]

for some y € G. By the above, there exists © € G such that y = z[by - - by],
whence

a:al[a2[b1"'bn]"'ai[bl"‘bn] -T[bl"'bn] ai+1[b1"'bn]"'an[bl"'bnﬂ
:al[a2...aixa’i+1...aanl...bn]_

Therefore,
blbs -+ +bu) = afaz- - aswagis - anlby -+ by,

which gives b = ajfag---a;xa;11---ay]. Hence (2.4.2) has a solution. This
solution is unique, because, if also aifag---a; za;41 -+ - ay) = b for some z € G,
then from the above z[b; - - - by] = 2[by - - - by] and, by the first part of this proof,
T =2z O

We remark that the uniqueness of solutions of (2.4.1) and (2.4.2) cannot
be dropped. A nonempty set G with the operation o(xg,...,z,) = a, where
a € G is fixed, is a simple example of a Menger algebra of rank n in which
the equations (2.4.1) and (2.4.2) are solvable, but (G, o) is not i-solvable. The
uniqueness of solutions can be omitted in the case of finite algebras. In this
case we can also prove the following theorem.
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Theorem 2.4.6. A finite Menger algebra (G, 0) of rank n is i-solvable if and
only if it has a left diagonal unit e and for all aq, ..., a, € G there exist x,y € G
such that

zlay -+~ ap] = aplay - ai—1y a1 an] = e.

Proof. In any i-solvable Menger algebra (G, o) for all e,ai,...,a, € G there
exist x and y satisfying these two equations. By Lemma 2.4.2, such an algebra
has also a left diagonal unit.

To prove the converse, assume that a Menger algebra (G, o) satisfies the
conditions formulated in the second part of the above theorem. Then, according
to the assumption, for any b € G there exists © € G satisfying the equation
e = x[b"]. Moreover, for this x one can find y € G such that e = y[2"]. Hence

b= e[b"] = y[z"|[b"] = y[x[b"]-- - z[b"]] = y[e"],

ie., b = yle"]. Since for all ay,...,a, € G there exists z € G satisfying the
equation e = z[aq - - - ap], then

= y[z[a1 ce an] ce Z[al R an]] = y[z"} [al e an].

This means that for all aq, ..., ap, b € G and some u € G (namely for u = y[z"])
we have b = ulaj - - - a,]. Thus (2.4.1) has a solution.

Also (2.4.2) has a solution for all ai,...,a,,b € G. Indeed, by the assump-
tion, for any b € G there exists u € G such that e = u[b"] and for any sequence
of elements ai,...,a, € G there exists z € G such that

a=ulay - -ailag - a;zaip1 - ap).
Hence
U[bn] :@:u[al[a2...aizai+1...an}...al[a2...aizai+1...an]]’

which, by Lemma 2.1.2, implies b = ajfag---a; za;+1 - ay). So, (2.4.2) has
a solution for all aq,...,a,,b € G.
These solutions are unique because the set G is finite. m|

Lemma 2.4.7. Any i-solvable Menger algebra is v-regular.

Proof. By Proposition 2.4.3, the diagonal semigroup (G,-) of an i-solvable
Menger algebra (G, o) is a group. According to the definition of i-solvability,
for all g1,...,9» € G and j = 1,...,n there exists u; € G such that
gj = ujlg1 - gn] = u;[g]. Since (G,-) is a group, for u; there exists a uniquely
determined z; € G for which g; - x; = u;. So,

9; = u;lg] = (95 - z)|g] = g, - ;(g),
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by Lemma 2.1.3. Hence x;[g] is the unit of the group (G,-) (for every

j =1,...,n). Therefore z;y = --- = =z, = z, by the uniqueness of the so-
lution at the first place. Thus g; = g; - z[g] = g;[z[g] - - - z[g]] = g;[="][g] for
every j=1,...,nand all g1,...,9, € G. |

Theorem 2.4.8. A Menger algebra (G, 0) of rank n is i-solvable if and only if
it is v-reqular, has only one idempotent e € G and the equation

6[&1 Q-1 T Qg1 t an} =€ (243)
18 uniquely solvable for all a4,...,a, € G.

Proof. 1f a Menger algebra (G, 0) of rank n is i-solvable, then, according to
Proposition 2.4.3, its diagonal semigroup is a group. Hence (G, o) has only one
idempotent and (2.4.3) has a unique solution for all aq,...,a, € G.

On the contrary, if a Menger algebra (G, o) satisfies all conditions formulated
in the second part of the theorem, then, according to Theorem 2.3.9, its diagonal
semigroup is a group. Let ag,aq,...,a,,b be an arbitrary sequence of elements
of G. We show that the equations (2.4.1) and (2.4.2) have unique solutions.
Indeed, the equation z[a; - --a,] = b is equivalent to x - e[a; - - - ap] = b, where
e is the unit of the diagonal group (G,-). It is clear that the last equation has
a unique solution x in (G, -). So (2.4.1) is uniquely solvable in (G, 0).

Now we consider the equation (2.4.2), i.e., the equation

aolar -+ ai—1 i @iy1-an) =0,
where i is as in (2.4.3). This equation is equivalent to
ap-elay - ai—1 Ti Qg1 - Ay =D,

i.e., to

-1
elay - ai—1 T ajy1---ay] = ag b,

where ag is the inverse element of ag in (G, -). Multiplying the last equation
by b~!-ag and using Lemma 2.1.3 we get

6[(a1'b71'a0) e (ai—l‘bil'CLO) (xi'bfl'ao) (%H‘bil'ao) T (an'bfl'ao)] =é€.
But, according to (2.4.3), in G there exists precisely one y such as

ef(ay - b1 ag)---(ai_1-b7 - ag) y (a1 - b -ag) - (an-b""-ag)] =e.
So y = x;-b~'-ag. In the group (G, -) the equation y = x;-b~!-ag has a unique

solution x;. Thus, also (2.4.2) has a unique solution. This proves that (G, o) is
i-solvable. O
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On the diagonal semigroup (G, -) of a Menger algebra (G, 0) of rank n with
the diagonal unit e we can define a new (n — 1)-ary operation f putting

flar,...,apn—1) =e€la1- - an—_1€] (2.4.4)

for all ay,...,a,_1 € G. The diagonal semigroup with such an operation f is
called the rigged diagonal semigroup of (G,o0) and is denoted by (G,-, f). It
is not difficult to see that in the case when (G, -) is a group, the operation f
satisfies the condition

alay - ap] =a- fla 'ar_zla-'wanfl'a;l)'anv (2.45)

where a,;! is the inverse of a,, in the group (G, -).

Theorem 2.4.9. A Menger algebra (G,0) of rank n is i-solvable for some
1 <@ < n if and only if in its rigged diagonal group (G, -, f) the equation

f(al,...,ai_l,x,aiH,...,an_l) = Qp
has a unique solution x € G for all ay,...,a, € G.

Proof. If (G, -, f) is the rigged diagonal group of a Menger algebra (G, 0), then

b:l‘[al"'an]:x'f(al'agl,...,anfl'a,;l)'a'n

has a unique solution = € G, because (G, -) is a group. Similarly, the solvability
of the equation

b=aolar - ai—1 T ait1- - ap

_ -1 -1 -1 -1 -1
=ap- flar-a, . ...;aqi—1-a,", T a, , ai—1- G, .o A1 - Q) - Gy,

is equivalent to the solvability of the equation

~1 ~1 —1 —1 —1
flar-ay, ... ai—1-a, T a, , Gim1 -Gy oo Ap—1) =Gy b ap.

But the last equation is uniquely solvable by assumption.
The converse statement is obvious. |

Theorem 2.4.10. A Menger algebra (G, o) of rank n is n-solvable if and only
if in its rigged diagonal group (G,-, f) for all ai,...,an—1 € G there exists
exactly one element x € G such that

flag-x,...;an—1- ) =ay - x. (2.4.6)
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Proof. Let a Menger algebra (G, o) of rank n be n-solvable. Then, as it was
mentioned above, its diagonal semigroup is a group and

an-x=f(a1-x,...;an—1-2) =¢€l(ar - ) - (an_1- )€,

where (G, -, f) is the rigged diagonal group of (G, 0). Hence, by Lemma 2.1.3,

an =el(a1 @) (an-1-2)e] a7 =elar- - ap1a7"],

Therefore, there exists an element = € G which is uniquely determined.

On the other hand, if (G, -, f) is the rigged diagonal group of (G, 0), then, by
(2.4.5), the equation b = z[a; - - - a,] has a unique solution € G. The equation
aplay -+ - ap—12,] = b is equivalent to

1 1
ag- flar -z, .. .;Qpn-1 T, ) Tp=">0

and, consequently, to

- -1 —1
flayg -x; b an1 -2, =ag-b-x, 7,

which is uniquely solvable by assumption. This proves the n-solvability
of (G,0). O

Corollary 2.4.11. The group (G,-) is the diagonal group of some n-solvable
Menger algebra of rank n if and only if we can define on G an (n — 1)-ary
operation f such that f(e,...,e) = e for the unit of (G,-) and the equation
(2.4.6) has a unique solution x € G for all ay,...,a, € G.

Proof. If (G, -) is the diagonal group of an n-solvable Menger algebra of rank n,
then, according to the above theorem, the operation f from the corresponding
rigged diagonal group satisfies these conditions.

Conversely, let define on the group (G, -) an (n—1)-ary operation f satisfying
all these conditions. Then G with an (n+ 1)-ary operation o : (z,y1,...,Yn) —
z[y1 - - - yn) such that

Zlyrynl =@ fyn s Yn1Yn ) Y,
where yry,! means yy - 4, ', is a Menger algebra of rank n because for all
TyYls oy Yns 21, - - -5 2n € G We have
wlyfzr - zn] - ynlz1 - 20l
=z(yif(ziz, ' 21z, Dzn e e (212t 212y ) 2 ]

=z f((y1f(21zgl, ey zn—12n D zn) - (ynf (212t zne12n D an) T

A (yn,lf(zlzgl, A zn,lzgl)zn) . (ynf(zlzgl, A zn,lzgl)zn)_l)
ynfz1z0 o 212y ) 2
=z flyyn vy ') o f (2120 212, ) 20

=z[y1- - ynllz1 - 2n).
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The diagonal group of (G, 0) coincides with the group (G, ). Indeed,

aly-yl=x flyy ™y ) y=a-fle,....e) y=z-e-y=x-y.
Moreover,
f(xlw--,wnq) 26[2131"'%71 6]

for all z1,..., 2,1 € G. So, (G, -, f) is a rigged diagonal group of (G, 0), and,
by Theorem 2.4.10, (G, 0) is an n-solvable Menger algebra of rank n. O

2.5 Group-like Menger algebras

In this section, we describe Menger algebras, which are i-solvable for any
i =1,...,n, i.e., Menger algebras in which the equations (2.4.1) and (2.4.2)
from the previous section have unique solutions for all ¢ = 1,...,n. Such alge-
bras are called group-like and were introduced by H. L. Skala [197].

We start with the following example. Let R be the set of real numbers,
n — a fixed natural number. For every a € R we define an n-place function f,

on R putting

fa($1,...,$n) =+«
n

The set F' = {f, | « € R} with the Menger composition of n-place functions is a
group-like Menger algebra. Indeed, for all f,,fs,,...,f3, € F'and x1,...,2, € R
we have

fa[f,@1 ’ ..fﬂn](‘Tl?’ : -;-'Bn) = foé(fﬁ1($1a .- '?zn)"“ 7f,5'n(3717"‘ 7$n))

$1+"'+-’17 .’L‘+"'+"L‘
=fa(n”+ﬁl,...,1n”+ﬁn>

() e (B )
n

(«T1+"'+$n)+(51+"'+5n)+
n

:x1+~~‘+xn+<6l+-~~+ﬁn+a>

(0%

n n

= fﬁ1+w+ﬁn +a(x1’ v ,xn).

n

Thus
fa[fﬁl to fﬁn] = f61+'7'7:+6n ra’ (2.5.1)
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which means that the set F' is closed with respect to the Menger composition
of n-place functions. So, (F,O) is a Menger algebra of rank n.

To prove that it is group-like consider the equation f[fa, - - - fa,] = f3, where
fais---s fan, f3 are arbitrary functions from F' and f; is the unknown function.
According to (2.5.1), this equation is equivalent to

f‘ll*‘r‘l‘*ﬂn +z = fﬁ'

Hence

and
a1+ ay
p=p- AT T
n
which proves that in F' there exists only one function satisfying the above
equation. Similarly we can verify that in I’ there is only one function f, satis-

fying the equation

fao[foq o 'fa¢71f$fai+1 o fan] = fﬁ

Thus (F,O) is a group-like Menger algebra.

Since all functions from F' are reversive, this example assures also the exis-
tence of group-like Menger algebras of reversive n-place functions.

It is not difficult to see that the algebra (F,O) is isomorphic to the Menger
algebra (R, 0), where

Y1+t yn
i

0($;y1;--~;yn) :"E[ylyn} =x+

The basic properties of group-like Menger algebras are a consequence of the
corresponding properties of i-solvable Menger algebras. For example, as a con-
sequence of the results from the previous section we obtain

Proposition 2.5.1. The diagonal semigroup of a group-like Menger algebra is
a group.

Corollary 2.5.2. A group (G,-) is a diagonal group of some group-like Menger
algebra (G, 0) of rank n if and only if on G there exists an n-ary quasigroup
operation satisfying the conditions (a) and (b) of the Proposition 2.1.4.

The following theorem, which is a generalization of the result of H. Skala [197],
is a consequence of our Theorem 2.4.5.

Theorem 2.5.3. A Menger algebra (G, 0) of rank n is group-like if and only if
there exists an element b € G such that the equations (2.4.1) and (2.4.2) have
unique solutions for all ag,...,an, € G andi=1,...,n.
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Generally the uniqueness of the solutions of equations (2.4.1) and (2.4.2)
cannot be dropped, but in the case of finite Menger algebras we can prove the
following theorem (compare with Theorem 2.4.6).

Theorem 2.5.4. A finite Menger algebra (G, 0) of rank n is group-like if and
only if it has a left diagonal unit e and for all ay,...,an, € G andi=1,....,n
there exist x,y; € G such that

rlay---an] = aglay--- a1y a1 ---an] = e.

Similarly, as a consequence of our Theorem 2.4.8, we obtain the following
result first proved in [238].

Theorem 2.5.5. A Menger algebra (G,0) of rank n is group-like if and only
if it is v-regular, has only one idempotent e € G and the equation

elar - ai—1 T ajip1---an] =€
is uniquely solvable for all ai,...,ap € G andi=1,...,n.

Theorem 2.5.6. A Menger algebra (G, 0) of rank n is group-like if and only if
its diagonal semigroup (G, -) is a group with unit e, the operation f(ai,...,an—1)
= e[al .- -an_le] s a quasigroup operation and for all ay, ..., a, € G there exists
exactly one x € G satisfying the equation

flay - z,...;ap—1 - x) = ay - T (2.5.2)

Proof. Let (G,0) be a group-like Menger algebra of rank n. Then its diagonal
semigroup is a group and the equation

b= flai,...,qi—1,%i, Qit1,...,0p—1) = €[a1 -+ Q—1TiQjs1,- . ., An_1€]

is uniquely solvable for all b,a1,...,a,—1 € Gand i =1,...,n—1. So (G, f)
is an (n — 1)-ary quasigroup. By Theorem 2.4.10, there exists only one = € G
satisfying (2.5.2).

The converse statement is a consequence of Theorems 2.4.9 and 2.4.10. O

Corollary 2.5.7. The group (G,-) is the diagonal group of some group-like
Menger algebra of rank n if and only if on G can be defined an (n — 1)-ary
quasigroup operation f such that f(e,...,e) = e for the unit of the group (G, )
and the equation (2.5.2) has a unique solution x € G for all ay,...,a, € G.

Proof. The proof is analogous to the proof of the last corollary in the previous
section. m|
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Using condition (2.4.5), we can show that two group-like Menger algebras of
rank n are isomorphic only in the case when their rigged diagonal groups are
isomorphic.

That nonisomorphic group-like Menger algebras may have isomorphic diago-
nal groups can be seen in the following examples. On the set Zs of integers
modulo 5 we define three operations

o1(x,y,2) =z —y+ 2z (mod5),
02(x,y,2) = — 2y + 3z (mod 5),
o3(x,y,z) = x — 3y + 4z (mod 5).

It is not difficult to verify that (Zs, 01), (Zs, 02) and (Zs, 03) are non-isomorphic
group-like Menger algebras with the same diagonal group.

Though groups of every finite order exist, this result is not true for group-
like Menger algebras. For example, there exists no 2-place group-like Menger
algebra of order 2p, where p is an odd prime. Before showing this, we prove
the following.

Theorem 2.5.8. A finite group (G, ) is the diagonal group of a group-like
Menger algebra of rank n > 1 if and only if there exists a reversive mapping
© of G" Y onto G such that (e, ... e) = e, where e is the unit of (G,), and
plagob,...,an—10b) # p(ay,...,an—1)0b forb+e.

Proof. We first prove that the diagonal group of any group-like Menger al-
gebra (G, o) satisfies the condition given in the theorem. It is clear that
olay,...,an—1)=¢€leay - - - an—1], where e is the unit of the diagonal group (G, -),
is a reversive mapping and ¢(e, ...,e) = e. Moreover,

o(ar - b,...,an_1-b)=cle(ar-b) ... (an_1-b)] =¢[(e-bar - an_1]-b.

Since e[(e - b Yay---an_1] # elear---an—1] for b # e, it follows that

olap - by...,apn—1-b) # lar,...,an—1)-b for b #e.
Conversely, suppose that the finite group (G, ¢) satisfies the conditions of the
theorem. We consider the (n + 1)-ary operation

o(ag,an,...,ap) = agoap(agoal_l,...,anoafl)oal.

It can be easily verified by direct calculation that (G,0) is a Menger algebra.
The equation

b=o(xo,ai,...,an) :wooap(agoafl,...,anoafl)oal

. . _ _ 11
has a unique solution zg =boa;' o (plazoar’,...,ap0a;")) . Because G
is finite, in order to prove there exist unique elements x1,...,x, € G such that
o(ay,...,a;—1,Ti,Gjt1,...,an) = b it suffices to show that

olagoxz ™t . apox Nox#plazoy L, .. anoy oy
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and

—1 —1 -1 ~1 ~1 -1
plagoal ™, ...,x0a] ,...,ap0a; ) #Fplazoa ,...,yoa; ,...,ap0a;")
for = # y. Since ¢ is reversive, the second inequality is obvious. To verify the

first suppose

1

olagox™, .. a0 or=plagoy!

-1
ey QR OY ) OY.
This, for ¢; = a; o 271, gives

1

o(ca,...,cn)oz oyt =p(caoz oy

,...,cnoxoy_l),
which, by the last condition formulated in the theorem, implies z oy~ = e,
that is = = y. Hence (G, 0) is group-like. Moreover,

a-b=o(a,b,...,0) =aople,...,e)ob=aob,
proves that (G, o) is the diagonal group of the above algebra (G, o). O

Using this theorem, we can solve the problem of existence of finite group-
like Menger algebras of rank n. At first observe that for n = 2k 4+ 1 the
mapping (a,...,as,) = aj - a2_1 R DY az_kl satisfies the conditions of
Theorem 2.5.8. So, for odd n there exist group-like Menger algebras of rank
n of an arbitrary finite order. If n = 2k and the order of (G, ) is odd, then
the mapping ¢(ay,...,as%—1) = aj - a2_1 L Qok—3 (12_,61_2 . agk_l satisfies the
conditions of Theorem 2.5.8. Hence, also in this case there exists a group-like
Menger algebra, but only of an arbitrary odd order.

If both n and the order of (G, -) are even there need not necessarily exist
a group-like Menger algebra of rank n whose diagonal group is (G,-). For
example, the cyclic group of even order and the dihedral groups of order twice
an odd integer cannot be the diagonal group of any group-like Menger algebra of
rank 2. Indeed, if (G, -) is one of the above groups and a mapping ¢ satisfies the
conditions of the last theorem, then p(a) # @(b) for a # b and ¢(ab) # p(a)b
for b # e. Putting ¢ = ab in the second condition, we obtain p(c)c™! # ¢(a)a™!
for a # c. Hence the sets {p(z)|x € G} and {p(z)z~ |z € G} are both equal to
G itself. Hence if G={ay,...,as;}, the product ajas - - - agp = b equals the pro-
duct of ¢(ay)a;’,. .. ,cp(agk)agkl in some order. But since G = {p(z)|x € G}
= {27!z € G}, therefore b must be equal to the product in some order of all
the elements of G taken twice. If G is the cyclic group of order 2k generated,
for example, by a1, the product of all the elements of G is equal to a’f, while
the product of all the elements of G' taken twice is a2 = e # a;. If (G, ") is the
dihedral group of order 2k, where k is odd, then an element of this group can
be written in the form ajab, where a; and ay are generators of (G, -) such that
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af =a3 =eand 0 < s <k, 0<t<2 Sincek is odd the product of all the
elements of G in any order is of the form alay for some integer i. The product
of all elements of G taken twice and in any order is of the form a] for some j.
Hence neither of the above groups can be the diagonal group of a group-like
Menger algebra.

Since the only groups of order 2p, where p is a prime, are the cyclic and
the dihedral group, it follows that there exist no group-like Menger algebras of
order 2p, where p is an odd prime.

However, group-like Menger algebras of rank 2 of every other order do exist.
First, let B be the Boolean group of order 2 and let a1, . .., aj, be its generators.
Consider the sequence x1, g, ..., Tox_; of elements of B defined in the following
way: x; = a; for i = 1,...,k and z; = x;_px;_ i1 for i > k. The elements
x; are all distinct and different from the identity. Moreover, for £ > 1, the
mapping ¢(e) = e, o(x;) = i1, @(ror_q) = x1 satisfies the conditions of
Theorem 2.5.8. Thus for every k > 1, there exists a group-like Menger algebra
of rank 2 and order 2*.

Since the direct product of two group-like Menger algebras is also a group-like
Menger algebra of the same rank, the existence of group-like Menger algebras
of rank 2 and order 2% implies the existence of group-like Menger algebras of
rank 2 and order 2"m, where m is odd and k > 1.

Finally, let (G, 0) be a group-like Menger algebra of rank n and order m.
Let ¢ be the mapping from Theorem 2.5.8 associated with (G, 0). The map-
ping ¥(ai,a,...,an41) = alaglcp(ag, ...,ap4+1) also satisfies the condition of
Theorem 2.5.8, which means that there exists a group-like Menger algebra of
rank n 4+ 2 and order m. From the above, it follows by induction that there
exists a group-like Menger algebra of rank n and every order 28m, where k > 1.
Summarizing these results we obtain the following.

Theorem 2.5.9. There exists a group-like Menger algebra of rank n of every
finite order if n is odd; if n is even there exist group-like Menger algebras of
any finite order except those of the form 2p, where p is an odd prime. There
are no group-like Menger algebras of rank 2 and finite order 2p.

The existence of group-like Menger algebras of order 2p and even rank n
greater than 2 is as yet undecided.

For group-like Menger algebras, the following implications are obvious:
u[wliz] = ulwly] — z =y, (2.5.3)
xlzr oz =yl ] — = (2.5.4)

This means that every elementary translation of a group-like Menger algebra
(G,0) is a permutation of the set G. At the beginning of this section we consi-
dered an example of a group-like Menger algebra, which elements were n-place
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reversive functions. It appears that every group-like Menger algebra of rank n
is isomorphic to some group-like Menger algebra of reversive n-place functions.
Indeed, if (G,o0) is a group-like Menger algebra of rank n, then the mapping
P :g— )Ny, as it follows from the proof of Theorem 2.1.7, is an isomorphism?
of (G, 0) onto a group-like Manger algebra (A, O), where A = {)\;| g € G}. The
fact that every A, is a reversive n-place function is a consequence of the above
implications.

Let (G, 0) be a group-like Menger algebra of rank n. According to [227] the
subset H of G is called a T-subgroup of the diagonal group (G, -), if

z,y € H—t(x)™'-t(y) € H, (2.5.5)
and a LT-subgroup, if
z,y € H— t(x[z)~ - t(y[2]) € H (2.5.6)

for all z,y € G, z € G", t € T,,(G), where ! is the inverse element of z in the
diagonal group. Putting ¢t = Ag and Z = (e, ..., e) in (2.5.5) and (2.5.6), where
e is the unit of the diagonal group, we see that every T- and LT -subgroup of
(G, ) is its usual subgroup. Moreover, every T-subgroup of the diagonal group of
(G, 0) is a subalgebra of (G,0). And similarly for every LT-subgroup. Indeed,
let H be a T-subgroup of (G, -) and ag, a1, ...,a, € H. Choose the polynomial
ti(x) = aplzrag - - ag] € T,(G). As ag, a1 € H, then, according to (2.5.5), we get
aolagag - - - ag) "' - aglarag - - - ag] € H. Hence aglaiag - - - ao] € aglag---ag] - H =
apapH C H. Next we choose the polynomial ta(x) = aglaizag - - ao] € T,(G)
and, as in the previous case, from ag, a2 € H we conclude aglaiazag - - ag] € H.
Continuing with this procedure, after n steps we obtain aglajas---a,] € H,
which proves that H is a subalgebra of (G, 0).

Theorem 2.5.10. For a group-like Menger algebra (G, 0) of rank n the follow-
ing statements are equivalent:
(a) is an LT-subgroup of the diagonal group (G,-),
(b) H is a subgroup of (G,-) such that
-y teH—tx) "ty eH (2.5.7)
forallz,y € G, t € T,,(G),
(¢) H is a subgroup of (G,-) such that

(| t'(tx) H)=Hx (2.5.8)
teTy(G)

for all x € G, where t~1 is an inverse translation of t € T,,(G),

2 In the proof that P is one-to-one instead of selectors we must use the diagonal unit of (G, o).
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(d) H is a normal subgroup of (G,-) such that

(| t ') H)=zH (2.5.9)
teTy, (GQ)

for every x € G.

Proof. (a)— (b). Let H be a LT-subgroup of the diagonal group of (G, 0). If
the assumption of (2.5.7) is satisfied, then, according to (2.5.6), from z-y~! € H
and e € H we get t(z-y~'[2]) ! -t(e[2]) € H forall t € T,,(G) and z € G". This
applied to Z = (y,...,y) gives t(z-y L y) "L -t(e-y) € H,ie., t(x) " -t(y) € H,
which proves (b).

(b)—> (c). Now let (b) be satisfied and y € t~1(¢(x) - H) for all t € T,,(G).
Then t(y) € t(x) - H for all t € T,,(G). This gives, when t = Aqg, y € zH,
i.e., v~y € H. Hence zy~! € H by (2.5.7). Thus, yz~ ! = (zy~1)"' € H, i.e.,
y € Hzx. On the contrary, if y € Hx, then also 2y~! € H and, according to
(2.5.7), t(z)~t - t(y) € H for every t € T,,(G). Since t is one-to-one, the last
relation means that y € t~1(t(z) - H) for all t € T,,(G). So, the equality (2.5.8)
is satisfied.

(¢)— (d). It is not difficult to see that (2.5.8) implies xtH = Hz. So, H is
a normal subgroup of (G, ) and (2.5.9) is true.

(d)—> (a). If (d) holds and x,y € H, then y € Hz, which, by Lemma 2.1.3,
gives y[z] € (Hz)[z] = H - z[z] = x[Z] - H for arbitrary Z € G". So, we have
y[z] € t71(t(x[2]) - H) according to (2.5.9). Thus t(y[2]) € t(z[z]) - H for all
t € To(G), 2 € G". Therefore t(z[2])~! - t(y[z]) € H, which means that H is
a LT-subgroup of (G, ). O

We consider now the construction of (v-, I-) congruences on group-like Menger
algebras. First note that if ® is a (v-, I-) congruence on a group-like Menger
algebra (G, 0) of rank n, then the ®-class containing the unit of the diagonal
group, is its (T-subgroup, subgroup) LT-subgroup. Indeed, if x,y € O(e), where
e is the unit of the diagonal group (G, -), then 2 = y(0) and t(x[z]) = t(y[Z])(O)
for all t € T,,(G), zZ € G™. Hence

t(z[z]) 7" t(xf2]) = t(2[2]) 7 - tylE])(O),
ie., t(z[z])7! - t(y[z]) € Ole). So, B(e) is a LT-subgroup of G(G, ).

The other two statements can be proved analogously.

Theorem 2.5.11. Every a (v-, l-) congruence ® on a group-like Menger alge-
bra of rank n is in one-to-one correspondence with an (T-subgroup, subgroup)
LT-subgroup H of its diagonal group, for which the equality (® = e,(H),
O =¢/(H)) ©@=c¢c.(H) holds.
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Proof. First of all we show that for an arbitrary subgroup H of the diago-
nal group (G, -) of a group-like Menger algebra (G, 0) of rank n the following
conditions:

91 = g2(ec(H)) +— (v)(V2) (t(q[2]) " - t(g2[2) € H), (2.5.10)
91 = ga(eu(H)) +— (V) (t(g1) " t(g2) € H), (2.5.11)
g1 =g(a(H) +— g1 95" € H, (2.5.12)

where t € T,,(G), z € G", are satisfied. Indeed, since ¢.(H) is a congruence,
g1 = g2(ec(H)) implies t(g1[z]) = t(g2(2])(ec(H)) for all t € T,,(G), z € G,
which by the v-regularity of .(H) gives

t(gu[2]) ™ - tgn[2]) = tlan[2]) 7 - tg2(2)) (e (H)),
ie., e =1t(g1[2]) 71 - t(ga[Z])(ec(H)). The last congruence means that
plelz]) € H «— p (t(q1[2]) " - t(g2[2])) € H
for any p € T,(G), & € G™. Now, replacing p by Ag and Z by (e, ..., €), we get

t(g1[2)~" - t(gal2]) € H.

On the other hand, for a subgroup H the condition ¢(g;[2]) ™! - t(g2[Z]) € H is
equivalent to t(g1[Z]) - H = t(g2[Z]) - H, i.e., to

(Vg) (g9 € t(q1[2]) - H +— g € t(g2[2]) - H) .

Hence
(Vg) (t(q[2) " g€ H «— t(gl2]) " g€ H).

For g = e, the last condition can be written in the form
tg1[z]) € H «— t(g2[Z]) € H,

which is true for any ¢ € T,,(G) and zZ € G". Thus g; = g2(e.(H)). This com-
pletes the proof of (2.5.10). The conditions (2.5.11), (2.5.12) are obvious now.

The conditions proved show that if H is an (T-subgroup, subgroup) LT-sub-
group of the diagonal group, then H coincides with the (e,(H)-, ;(H)-)
e.(H)-class containing the unit e. Indeed, let H be an LT-subgroup. If x € H,
then (2.5.6) implies t(e[z]) ™! - t(z[2]) € H for all t € T,,(G), 2 € G"™. The last
relation means that e = x(e.(H)), i.e., © € e.(H)(e). Hence H C e.(H){e).
Conversely, if x € e.(H)(e), then, by (2.5.10), we have t(e[z]) - t(z[Z]) € H for
all t € T,,(G), Z € G™, which by taking t = Ag and Z = (e, ..., e) gives x € H.
Thus e.(H)(e) C H. So, H = ¢.(H)(e), which was to be proved.
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Now let ® be an arbitrary congruence on a group-like Menger algebra,
H — its equivalence class containing the unit e. Then, as it was mentioned
above, H is an LT-subgroup of the diagonal group. Therefore H is a e.(H )-class
containing e. So, ®(e) = ¢.(H){e) = H and

91 = 92(0) «— (V1)(V2) (t(91[2]) = t(92[2])(©))
> (W)(V2) (t(gilz]) ! - t(ga[2]) € O(e))
— (Vt)(VZ) (tH(g1[2]) 7! - t(g2[Z]) € H) +— g1 = ga(ec(H)),
le., @ =c¢c.(H).
In the case of v- and [-congruences the proof is similar. O

As it is not difficult to see, for every subgroup H of the diagonal group of
a group-like Menger algebra (G, 0) of rank n and every g € G we have

e(H)(g)= () t7(tg)- H). (2.5.13)

teTn(G)

If H is an LT-subgroup of (G, -), then, by (2.5.9) from Theorem 2.5.10, we get
ev(H){g) = gH. But e.(H) C g,(H), so

ec(H)(g) Ceu(H)(g) = gH (= Hg).

Now let x € gH (= Hg). Then z[z] € H - g[Z] (= g[z] - H) for any z € G™.
This, according to (2.5.8), gives z[2] € t~1(t(g[Z]) - H) for every t € T,(Q).
Hence, t(g[z])~! - t(z[2]) € H and g = z(c.(H)), ie., = € e.(H){g). So,
ec(H)(9) = gH (= Hg). Thus, each equivalence class of each congruence on
a group-like Menger algebra is an equivalence class of its diagonal group. In
particular, for each congruence ® on a group-like Menger algebra (G, 0) and
arbitrary g, g1, ..., 9, € G we have

O(glg1 -~ gnl) = ©(g)[O(g1) - - - O(gn)]. (2.5.14)

Indeed, ®(z) = xH for any = € G, where H is the LT-subgroup, which corre-
sponds to ®. Thus

glgr- gl CglgrH - - - g HJ,
and
e-glgr-gn]l - HCH-glg1H - g H] = (Hg)[g:1H - - - g, H].
So,
O(glg1 - gn]) C O(9)[O(g1) - - - O(gn)]-

Since the converse inclusion is true for each congruence on an arbitrary Menger
algebra, condition (2.5.14) is proved.
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Theorem 2.5.12. For every LT-subgroup H of the diagonal group of a Menger
algebra (G, 0) of rank n the following conditions are equivalent:

(a) a congruence e.(H) is v-cancellative,

(b) z-t1(y), x-t1(2), u-ta(z) € H imply u-ta(y) € H for any t1,ts € Ty(G),

z,y,z,u € G,
(¢) alar - ai—1 (aiH) ajz1---ap) = alar---ay] - H forall i =1,....,n and
a,ai,...,an € G.

Proof. (a)— (b). It is clear that H = e.(H)(e) for any LT-subgroup H.

If x-t1(y), x-t1(2), u-t2(z) € H, then obviously x-t;(y) = x-t1(2)(e.(H)) and

y = z(e.(H)) by the v-cancellativity of the congruence e.(H). Thus u - t3(y) =

u-to(2)(ec(H)). But u-ta(z) € H, hence u - ta(y) € H. This proves (b).
(b)—> (c). Since all the e.(H)-classes have the form gH, then

alay -+ aj—1 (a;H) ajr1 -+ ap] C (aH)[a1H -+ ap,H] = alay -+ ay) - H.

To prove the converse inclusion consider arbitrary y € alay - - - ay,] - H, i.e., such
an y € G for which afa; ---a,) ™' -y € H. For this y there exists a z such that

alay -+ ai_1zai1 - an] = y.

Then, according to (b), from the conditions

1

alay - ay|™t -alay - ai—1 zai11 - ay) € H,
alay---a,) ' -alay---a,) € H,
a;l-ai €H

we conclude ai_l -z € H,ie., z€a;H. Thus
y=ala1---a;i12a;11---ay] € alar--- a1 (@i H)aiq - ay).

So, alay -+ aj—1 (a;H) a1+ - ay] D alay - -+ ay] - H. This proves (c).

(¢)— (a). Now let (c) be satisfied. If u[w|;g1] = u[w|;g2](ec.(H)), then
ulwlig1] € u[w|iga] - H and u[w|;g1] € u[w|;g2H] by (c). Thus, according to
(2.5.3), g1 € g2H, i.e., g1 = g2(e.(H)). This completes the proof. |

Proposition 2.5.13. If H is a T-subgroup of the diagonal group of a group-
like Menger algebra (G, 0) of rank n, then e,(H) is v-cancellative if and only
if

x-t1(y), x - t1(2), ta(2) € H — to(y) € H (2.5.15)

for all t1,to € T,,(g) and x,y,z € G.

Proof. Indeed, if H is a T-subgroup, then (2.5.15) is a consequence of the
v-cancellativity and v-regularity of ¢,(H) and the fact that H = ¢,(H)(e).
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Conversely, let (2.5.15) be satisfied and u[w|;x] = u[w|;y](e,(H)) for some
i =1,...,n. Suppose that u[w|;z], u[w|;y] € e,(H)(s) for some s € G. Then,
according to (2.5.13), we have

t(s)~" - t(u[@lia)), t(s)" - t(ul@liy]) € H

for every t € T,,(G). If t1(z) € H for some t; € T,,(G), then from the above,
according to (2.5.15), we conclude ¢;(y) € H. Similarly ¢;(y) € H implies
t1(z) € H. So, x = y(e,(H)), which was to be proved. O

It is not difficult to see that for every subgroup H of the diagonal group the
relation g;(H) is [-cancellative.

2.6 Antisymmetric Menger algebras

In order to continue the study of n-place transformations of ordered sets, initia-
ted in Section 1.4, we must introduce a number of new notions and definitions.
So, let (G, 0) be a Menger algebra of rank n and T, (G) be the set of polyno-
mials defined in Section 2.1. By t; o ta, where t1,t2 € T,,(G), we will denote
the polynomial defined by the equality t1 o ta(z) = t1(t2(x)). On (G,0), we
introduce two new binary relations <, and <, putting for any g1, 92 € G

g1 <o g2 +— (I € T,(Q)) t(g1) = 92

and
(3m € N)(3z; € G) (3, t; € T, (G))
g1 = ti(z1),

g1 <gpg g2 < m—1 ,

A tioti(zi) = tiv1(zit1),
i=1
tm O t;n(fﬂm) = 92,

where i =1,2,...,n3

Proposition 2.6.1. The relations <, and < are quasi-orders on (G, o).

Proof. Let t = x € T,,(G), then the equality t(g) = ¢ holds for every g € G, i.e.,
g <o g. Hence <, is reflexive. If g1 <, g2 and g <, g3 for some g1, g2, g3 € G,
then t1(g1) = g2 and ta2(g2) = g3 for some polynomials t1,to € T,,(G). Thus
ta(t1(g1)) = g3, i.e., taot1(g1) = g3, which implies g1 <, g3. So <, is transitive.
Therefore <, is a quasi-order.

Now we consider the relation <. It is clear that for any g € G the equalities
g =ti(x1) and g = t,, o t], (z,) are satisfied for m = 1, t; =t} = z € T,,(G)

k
3 Let us notice that the expression /\ A; denotes the empty symbol for p > k.
i=p
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and r1 = x,, = ¢g. Hence g <, g, i.e., <, is reflexive. Now let g1 <, ¢
and g <r g3, where g1, 92,93 € G. Then there are m,l € N, t;,t, € T,,(G),
r; €G, i=1,2,...,m+1 such that

m—1
gr=ti(@1), N tioti() =ti1(@in1), tm oty (zm) = g2 (2.6.1)
i=1
and
m+1—1 ,
=1 T , tiot:(x;) = tit1(®it1),
g2 m+1( m+1) i:r/r>+1 i z( z) z+1< z+1) (2.6.2)

tmt © by (Tmat) = g3.
Since tp, 0t (Tm) = tmt+1(Tms1), from (2.6.1) and (2.6.2) we obtain

m+l—1

g=ti(x1), N tioti() =ti1(@is1),  tmer © thy(Tmer) = gs,
=1

which implies g1 <, g3. So <, is transitive, and, consequently, it is a quasi-

order. O

Let (®,0) be a Menger algebra of n-place transformations of A, and let z
be a variable. Define the set of expressions X, (®) in the following way:

(a) = € Xp(P),
(b) f(alio(z)) € Z,(P) foralli=1,...,n, f €D, o(x) € X,(P),ac A"

It is clear that each expression o(x) from X, (®P) induces on A a transforma-
tion o : a+ o(a).

Definition 2.6.2. A Menger algebra (®,0) of n-place transformations of A
is called antisymmetric, if for all o1(z),02(x) € L,(®) and aj,as € A the
implication

al(al) =az N 0'2((12) =a] —r a] =ay (263)

is true.
Definition 2.6.3. A Menger algebra (@, O) of n-place transformations of A is
called well-antisymmetric, if
m—1 ,
o;00t(a;) = oir1(air1),
A oieoila) =oinleia). L o1(ar) = oo (as) (2.6.4)

Om 0o (am) = o1(ay)

holds for all m € N, o;(z),0l(z) € Z,(®), a; € A, i=1,...,m.
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It is not difficult to see that any well-antisymmetric Menger algebra is anti-
symmetric.

The theorem presented below is a generalization of Schein’s result obtained
in [183] for semigroups.

Theorem 2.6.4. For a Menger algebra (G, o) of rank n, the following condi-

tions are equivalent:

(1) (G,o) is isomorphic to a Menger algebra of extensive n-place transforma-
tions of some ordered set,

(2) (G,o0) is isomorphic to an antisymmetric Menger algebra of n-place trans-
formations,

(3) (G,o0) is ordered by the relation <.,

(4) forall g€ G, ti1,t2 € To(G) taoti(g) =g impliesti(g) =g.

Proof. (1) — (2). Suppose that (G, o) is isomorphic to a Menger algebra
(®,0) of extensive n-place transformations of an ordered set (A4,<). Now
let o1(a1) = ag and og(ay) = aq for some ay,a9 € A, o1(x),02(x) € X, (P).
According to the extensivity of n-place transformations from &, it is evident
that a1 < o1(a1) and ag < o2(ag). This gives a1 < ag and a2 < aq, i.e., a1 = as.
So (@, 0) is an antisymmetric Menger algebra of n-place transformations.

(2) — (3). Since Proposition 2.6.1 shows that <, is a quasi-order, we
must show that <, is antisymmetric. For this, let g1 <, g2 and g2 <, g1,
where g1,92 € G. Then t1(g91) = g2 and t2(g2) = g1 for some polynomials
ti,ta € Ty(G). Let P be an isomorphism of (G,0) onto an antisymmetric
Menger algebra (®, O) of n-place transformations of A. Assume that P(g1)= f1,
P(g2) = fa. If to t1,ty correspond polynomials p1,pa € ®, then p1(f1) = fo
and pa(f2) = f1, i.e., p1(f1)(@) = f2(a) and p2(f2)(a) = fi(a) for any a € A"
Note that to every polynomial p from (®,0) corresponds a transformation
o(xz) € L,(®) such that o(f(a)) = p(f)(a) for all f € ® and a € A". For
example, if

p(f) =hlgr---gi—1g[h1 -+ hi—1f hi1 -~ hn) Git1 -+~ ),

then o(x) = h(gf(a)|ig(h}(a)|xx)), where the symbol gf'(a) denotes the
sequence g1(a),. .., gn(a). Thus, we have

p(f)(@) = h(gi'(@) ig(h7 (@) xf(@))) = o(f(a)).
So, let 01(x),02(x) € £, (®) correspond to p1,p2. Then we have
o1(f1(a)) = fo(@) and  03(f2(a)) = f1(a).

But (@, 0) is antisymmetric, so f1(a) = fa(a), i.e., fi = fa. Therefore P(g1) =
P(g2), and, consequently g1 = g2. This proves that <, is antisymmetric.



Section 2.6 Antisymmetric Menger algebras 71

(3) — (4). Let ty 0 t1(g) = g for some g € G, t1,t2 € T,(G). If t1(g9) = ¢1,
then t2(g1) = g, which gives g <, g1 and g1 <, g. Hence g1 = g, i.e., t1(g) = g.

(4) — (1). Let G’ = G U {e,c}, where e, c are two different elements not
belonging to G. On G’ we define an (n + 1)-ary operation o letting

z[g] it z,y1,...,yn € G,

Ol(xaylw”vyn): x if Y1 =Y2 =" =Yn = €,
¢ in all other cases.

It is easy to see that (G', o) is a Menger algebra of rank n. By Theorem 2.1.8,
the mapping P} : © — X, where z € G’ is an isomorphism of (G’, ') onto

(A, 0), where A' = {)\ |z € G'}, i.e., an isomorphism onto a Menger algebra
of n-place transformations of the set G”.

Consider on (G,0) the quasi-order <,. We must prove that it is anti-
symmetric. Indeed, if g1 <, g2 and g2 <, g1, where g1, 92 € G, then t1(g1) = g2
and t2(g2) = ¢1 for some t1,t2 € T,,(G). Thus ¢; o t1(g1) = g1, which together
with (4) implies t1(g1) = g1, i.e., g1 = g2. So <, is an order on G. We extend
this order to G’ putting e < x and z < ¢ for every x € G', and g1 < ¢o
for all 1,92 € G such that g1 <, g2. Any n-place transformation \j of G’
is extensive with respect to this new order. Indeed, if z1,...,2, € G, then
glx1---xy] = glr1---xy] implies x; <, glz1-- -2y, Le., z; < /\'g(xl,...,xn)
for every i = 1,...,n. If 2y = -+ = x, = e, then e < g = N (e,...,e).
In all other cases we have ¢ = X, (z1,...,2,), i.e, z; < ¢ = N (21,...,2n),
where ¢ = 1,...,n. This means that (A’,O) is a Menger algebra of extensive
transformations of the ordered set (G, <).

This completes the proof of Theorem 2.6.4. m]

Theorem 2.6.5. For a Menger algebra (G, 0) of rank n the following conditions

are equivalent:

(1) (G, o) is isomorphic to a Menger algebra of semiclosure operations on some
ordered set,

(2) (G,o0) is isomorphic to a well-antisymmetric Menger algebra of n-place
transformations of some ordered set.

Proof. Let a Menger algebra (G, 0) be isomorphic to a Menger algebra (®, O)
of n-place semiclosure operations on (A, <). Suppose that all assumptions of
condition (2.6.4) are satisfied. Since a; < 0%(a;), from the isotonicity we obtain
oi(ai) < o o0ol(a;) for every o;(z) € £, (P). Therefore

o1(a1) < opoai(a)) = oz(ag) < -+ < oy oo, (ay) = o1(ar).

Hence o1(a1) = o2(ag2). So (1) implies (2).
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To prove the converse, let (G,0) be isomorphic to a well-antisymmetric
Menger algebra (®, O) of n-place transformations of A. Define on A the binary
relation <¢ putting

(Foi(z),0}(x) € Z,(P))(Tbj € A)(Im € N)

a; = o1(by),
a1 < a9 < m—1 (265)

'/7\1 i 0 0;(bi) = o1 (bit1),

Om 0 ol (bm) = as.

It is not difficult to see that <¢ is a quasi-order. In fact, <¢ is an order
because (@, 0) is well-antisymmetric. Let us show that every element f € ® is
an n-place semiclosure of (A, <¢). Indeed, let f € ® and a € A™. Denote by
o1(z) the identity transformation from ¥, (®) and by o2(z) the transformation
f(alixz), where 1 < i < n. Then a; = 01(a;) and o3 0 01(a;) = f(@). So a; <@
f(a), which means that f is extensive. Now let a; <¢ a2, where a,as € A.
Putting o(z) = f(@|;z), where @ € A™, and using (2.6.5) we get

flalia1) =coo1(b1), ocoop(by) = f(iliaz),

m—1
/\ go0; 0 O’é(bl) =00 O’i+1(bi+1).
i=1

Hence f(i|;a1) <o f(@];a2). ie., f is isotone. So f is a semiclosure operation.
This completes the proof. m]

Definition 2.6.6. A Menger algebra (G, 0) of rank n is called reductive, if

((v2)g112] = 1)) — 91 = g2
where T € G™.

Theorem 2.6.7. For a reductive Menger algebra (G, o) of rank n the following

conditions are equivalent:

(1) (G, o) is isomorphic to a Menger algebra of semiclosure operations on some
ordered set,

(2) (G,0) is isomorphic to a well-antisymmetric Menger algebra of n-place
transformations,

(3) (G, o) is ordered by the relation <,

(4) for allt;,t; € T,(G), xi € G, meN, i=1,...,n

ti(z1) =tmo t;n(xm)v

m—1 — t1(x1) = ta(x2).
N tioti(x;) = tip1(2ig1) (1) (e2)
i=1
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Proof. It is evident that the conditions (1) and (2) are equivalent. We prove
that (2) implies (3). So let (2) be satisfied. By Proposition 2.6.1, the relation
<, is a quasi-order. In fact, it is an order. Indeed, if g1 <, g2 and go <,
g1 for some g1,g2 € G, then there exist m,l € N, ¢;,t, € T,(GQ), z; € G,
1=1,2,...,m -+ 1 such that

m—
g1 = t1<$1)a /\ xz = tz+1(xz+1) tm © t;n(l‘m) =02
and
m+l—1
92 = tmi1(Tmy1), /\ ti o tj(x) = tiv1(ig1)s tmar 0 by (@mat) = g1
i=m+1

From the above, we get

m—+l—1

N tioti(@) =tina(@is),  tmir 0ty (@ma) = ta(x1). (2.6.6)
1=m+1

Let P be an isomorphism of (G,0) onto a well-asymmetric Menger algebra
(®,0) of n-place transformations of A. If the polynomials p;,p} € T;,(®) cor-
respond to t;,t, € T,,(G) and P(x;) = f; foralli=1,...,m+1—1, then from
(2.6.6) we obtain

m+l—1

I\ piopi(f) =pivi(fis1): Pt © Pyt (fnst) = p1(f1),

i=m+1

which for a € A™ gives
m+l—1

N piopi(f)(@) = pir1(fi11)@), Pt © Phyi(fms)(@) = pr(f1)(@).
i=m-+1
Thus
m+l—1

/\ oio0i(f(a)) = oit1(fir1(@)), oms1 0 Ot (fmsi(@)) = o1(f1(@))

becase p(1)(8) = (D) and g PN = 010 @) T some
oi(x),0l(x) € Z,(P), 1 <i < m+1— 1. Since for an antisymmetric Menger
algebra (®,0) the above conditions imply o;(fi(a)) = o2(f2(a)), from the
above we get

m+l—1

/\ oiooi(f(a)) = oir1(fix1(@)),  Omir© Oy (fms1(@)) = o2(f2(@)),
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which proves oa(f2(a)) = o3(f3(a)) etc. Consequently we obtain the sequence
of equalities

o1(f1(a)) = 02(fe(a)) = - - = omt1(fn+1(a)).

So 01(f1(a)) = omi1(fim+1(a)), ie., p1(f1(a)) = pmi1(fmy1(a)) for every a
A", This means that p1(f1) = pPmy1(fimi1). Hence t1(x1) = tipi1(Tmy1), ie.,
g1 = g2. Thus < is an order on (G, 0). Therefore (2) implies (3).

Assume now that (3) holds. If for some ¢1,t, € T,(G), z; € G, m € N

m—
/\ xz = tl+1($z+1) tm © t;n(mm> =1 (xl)a

then t1(x1) < t2(z2) and ta(z2) < t1(x1). This, by (3), gives t1(x1) = ta(x2).
So (3) implies (4).

To prove the last implication observe that for a reductive Menger algebra
(G,0) the mapping Py : g — A4, where A\g(x1,...,2,) = g[z1---2y] for
all x1,...,2, € G, is an isomorphism onto a Menger algebra (A,O) with
A = {)\;|g € G}. It is not difficult to see that (A,O) is, by (4), well-anti-
symmetric. Therefore, by Theorem 2.6.5, condition (1) is satisfied. Thus (4)
implies (1). O

The next theorem gives a characterization of Menger algebras of n-place
closure operations on an ordered set.

Theorem 2.6.8. A Menger algebra (G,0) of rank n is isomorphic to some
algebra of n-place closure operations on an ordered set (G, <) if and only if its
diagonal semigroup is a semilattice and

x[yl T yn] =TYr " Yn (267)
for any x,y1,...,yn € G.
Proof. Necessity. Let (®,0) be a Menger algebra of n-place closure operations
on the ordered set (G, <) and let (®,-) be its diagonal semigroup. This semi-
group is idempotent because all elements of @ — as n-place closure operations
— satisfy the identity f[f™] = f. Moreover, for every f,g € ®, f[¢"] and g[f™]

are also n-place closure operations. Hence, according to Proposition 1.4.15, we
have

flg"] = glf"lg"] and  g[f"] = flg"][f"]-
This, by Proposition 1.4.13, gives
flg"l = glf™llg"] = glf"lg"1f") = alf"lglf"] - alf"1] = glf"],
glf™l = flg"llf" < flg"1lf"g™ = flg"1f1g"] - flg"]) = flg"].
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Hence f[g"] = g[f™]. Therefore (®,-) is a commutative idempotent semigroup,
i.e., it is a semilattice.
To prove that (2.6.7) holds consider f,¢1,...,g9n € ®. Then g1 < f[g] and

for=flov--- ] < fIf1G)--- flall = F1F")Mg) = £la).
Hence fg1 < f[g]. Next g2 < f[g] implies

Jo192 = (fg1)lg2 - - g2] < (fgu)lf[g]--- flgl]
= floalf™gl - - oulf™3l] = f1f1a] - flall = fIf"lg] = flal-

Thus, fgig2 < f[g], etc. After a finite number of steps we get fgi---gn
< f[g]. Then it is easy to see that f < fg1---gn. From the inequalities
a; < giv1---gn(a), where 4,5 = 1,...,n, a € A", we get g;(a) < g;--- gn(a).
But

g1 gn(@) < fg1---gi-1(gi - gn(@), ..., gi- - gn(@)) = fg1--- gn(a).

Hence g;(a) < fg1---gn(a) for alla € A" ie., g; < fg1- - gn, i =1,...,n. In
a similar way, from f < fg1---gn and ¢; < fg1---gn, i = 1,...,n, we conclude

flov---gn)l < (for--gn)lfgr - gn--for1 - gnl = for1-- gn.

So, flg1-+-gn] < fg1 -+ gn, which proves (2.6.7).
Sufficiency. Let all conditions of the theorem be satisfied. Consider on
a semilattice (G,-) the order <, where

g1 < g2 < 9192 = g2

for all g1, g2 € G. We will show that a Menger algebra (G, 0) is isomorphic to
some Menger algebra of n-place closure operations on the ordered set (G, <).
First of all, note that (G, 0) is reductive. Indeed, if gi[x1 -+ gn] = go[z1 - gn]
holds for some g1, g2 € G and all z1,...,x, € G, then, according to (2.6.7), we
have g1x1 ---x, = gox1---xp. Replacing all z; by g1 and then by g2, we get
g1 = gog1 and ga = g1g2, which, by the commutativity of (G,-), gives g1 = go.
Hence (G, 0) is reductive.

Similarly as in the proof of Theorem 2.6.7, we can see that the mapping
Py 1 g — Ag, where \g(z1,...,2,) = glz1---xy] for all zy,...,2, € G, is an
isomorphism of a reductive Menger algebra (G,0) onto a Menger algebra of
n-place transformations (A, O), where A = {)\;|g € G}. Any ), is an n-place

closure operation on the ordered set (G, <). Indeed, if g, x1,...,2, € G, then
XTigTy - Ty = gr1- - Ty holds for every i = 1,...,n. Thus x; - glx1 - -x,] =
glx1---zp] and, consequently, x; < glxr---zp] = Ag(x1,...,2n). So, Ay is

extensive. Now
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which means

Ag(@1,. . xn) = Ag(Ag (21,0 oy 2n), s Ag(T1, -y @)

Therefore Ag(z1,...,2n) = Ag[Ag - Agl(x1,...,2) for all z1,...,2, € G.
Hence )4 is idempotent.
Finally, if z <y, i.e., xy = y, where xz,y € G, then

(gui - w1 U1 up) - (GUL - Ui Y U1 -+ Up) = GUL - Ui YU 1 Upe

Thus A\g(@|;x) < Ag(@|iy) for all @ € G™, and i = 1,...,n. So, A, is isotone.
So it is an n-place closure operation on (G, <). O

For n = 1, Theorem 2.6.8 gives the characterization of a semigroup of closure
operations obtained by V. T. Kulik [83].

2.7 Representations of Menger algebras

Any homomorphism P of a Menger algebra (G,0) of rank n into a Menger
algebra (F(A", A), O) of n-place functions (respectively, into a Menger algebra
(R(A™1),0) of (n + 1)-ary relations), where A is an arbitrary set, is called a
representation of (G,0) by n-place functions (respectively, by (n + 1)-ary rela-
tions). In the case when P is an isomorphism, we say that this representation is
faithful. Two representations P; and Py are called similar, if there is a bijection
f of A1 onto As such that

(@,b) € Pi(g) «— (f(a), f(b)) € Pa(g)

for any g € G, a € AT, b € A, where f(a) means (f(ai1),..., f(an)).

With every element g of a Menger algebra (G,0) of rank n we associate
an n-place function A(g) = A; N (B x G), where A} is an n-place function
on (G*,0"), such that \;(Z) = g[7] for all # € B = G" U{(e1,...,en)}, where
€1,..., ey are selectors in (G*, 0*). It is easy to see that the mapping g — A(g)
is a faithful representation of (G, 0) by n-place functions. Further on A will be
called the canonical representation of (G,0) by translations.

Let (®,0) be a Menger algebra of (n + 1)-ary relations or n-place functions
defined on the set A. We shall say that the family $ of subsets of A is admissible
for a Menger algebra (®,0) if it is admissible for all o, p1,...,p, from ®.
A family of subsets of (G*, 0*), which is admissible for (A(G),O) is called an
admissible family of subsets of a Menger algebra (G, o).

Let P be a representation of a Menger algebra (G, o) of rank n by (n+1)-ary
relations or by m-place functions defined on A, $ — an admissible family of
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A
subsets for (P(G), 0), then the representation Pg of (G, 0) is called $-derived
from P if

for all g € G.
Consider now the family of subsets $p = (H2)7€4" of (G*, 0*) such that for
every i =1,...,n and a = (a1,...,a,) € A" each ng contains a selector e; of

(G*, 0"), where _
Hi = {g € G|(ab) € P(g)}.

Lemma 2.7.1. If P is a representation of a Menger algebra (G, 0) of rankn by
an (n + 1)-ary relations or n-place functions, then the family Hp is admissible

for (G, o0).

Proof. At first we prove that for every g[h] € HZ, where g € G, h € G™,
@ € A" and ¢ € A one can find b € A" such that h; € Hli-v for 1 <i<n,
and g[H{ ---H{] C H{. Indeed, if g[h] € HZ then (@,c) € P(g[h]) and,
consequently, (@,c) € P(g)[P(h1)---P(hy)]. Thus there exists b € A"
such that (a,b;) € P(h;), i = 1,...,n and (b,c) € P(g). Hence h; € Hy,
i=1,...,n.If z; € Hy,i=1,...,n, then (a,b;) € P(z),i=1,...,n. But
(b,c) € P(g) implies (a,c) € P(g)[P(z1) - P(2y)], i.e., (@,¢) € P(g[2]), which
gives g[z] € HZ. So g[Hy --- Hj ] C H? because z; was arbitrary.

Now let A be the canonical representation of (G, 0) by translations. We show
that $p is admissible for A(g),A(g1),...,A(gn), where g,g1,...,9n, € G. Sup-
pose that for some a € A™ we have

A(9)[Algr) - Algn))(Hy,, .. Hf, ) € H.

Then A(g)[A(g1) -+ A(gn)|(ha, ..., hn) € HY for all by € HY, i = 1,...,n.
Hence i
glorlha -+ hn] -+~ gnlha -+ hal] € Hg,

i.e., glgi[h] -+ - gn[h]] € HS. Therefore one can find ¢ € A™ such that g;[h] € H2
for every i and g[H? ---HZ] C H§. Thus, A(g)(HE ---HS) C Hf. So, the
first condition of the admissibility is satisfied.

Now let Hy = Hj for every a € A", i.e., let for every a € A" and every
g € G*, g € Hy +— g€ Hy be true. From this equivalence for g = e; and
a = (b1,...,by), we obtain e; € H&, which implies b; = by. Thus, the second
condition of the admissibility is also satisfied. O

Theorem 2.7.2. Any representation P of a Menger algebra (G,o0) of rank n
by (n + 1)-ary relations (or n-place functions) is similar to a representation
$Hp-derived from the canonical representation of (G, 0) by translations.
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Proof. Let P be a representation of a Menger algebra (G,o0) of rank n by
(n 4 1)-ary operations or n-place functions defined on the set A. According
to Lemma 2.7.1 the family of subsets $p is admissible for (G, 0), hence a rep-

A
resentation $)p-derived from the canonical representation by translation Ag,

A
is also a representation of (G,0). We show that Ay, and P are similar. Let
f: A — Hp be such that f(b) = (HI)3A" for every b € A. Then

(FB). £(c)) €Asy (9) — (HP " (HI)™A") €A(g),

«— (Vae A") (A(g)(H{ ,...,H)C HE) +— (b,c) € P(g),

where f(b) = (f(b1),...,f(bn)), (H“)“EA" ((H“ yaeAr o, (Hgn)aeA") and
g € G. We show that the last equlvalence is true. Indeed, for all a € A™ we
have A(g)(Hg ..., Hy ) C HY, ie

N((HE % - x HE ) B) C H,

where B = G" U {é}, & = (e1,...,e,). From this, replacing @ by b, we get
)\Z((Hg’l X oo X Hg’n) NB) C H. But ¢; € Hli for all 4 = 1,...,n. Then
A*(e1,...,en) € Hg’. So, gle] € Hg’, ie, g€ Hg’ Therefore (b, c) € P(g).

On the other hand, if (b,c) € P(g) and § € Hy x Hy N B, then
(a,b;) € P(g;), i=1,...,n. Thus

(@,¢) € P(g)[P(g1)--- P(gn)] = P(glg]),

i.e., g[g] € H?, and consequently, A(g)(Hbl, L HE ') C H?, which completes
the proof of this implication because a and § are arbltrary.
Since f(b1) = f(by) implies Hl‘;ll = H{;‘Q for every a € A", then by = by, which

A
means that f: A — $p is a bijection. So Ag, and P are similar. O

Let (P;)ier be a family of representations of a Menger algebra (G, 0) of rank
n by n-place functions (by (n+ 1)-relations) on sets (4;);cs respectively, where
the sets A; are pairwise disjoint. The sum of (P;);cs is a mapping P, which will
be denoted by Y, P;, from (G, 0) into F(A™, A) (respectively, into R(A" 1)),
where A = J;c; Ai, defined as P(g) = (J;c; Pi(g) for every g € G. It is not
difficult to see that P is a representation of (G, o).

With every representation P of (G, 0) by n-place functions ((n + 1)-ary rela-
tions) we associate the following binary relations on G:
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91,92) | P(g91) C P(g2)},

91) C priP(g2)},

g1) =pr1 P(g2)},

g1) NpriP(g2) # 2},

91,92) | P(91) N P(g2) # @},

Ep =1{(91,92) | P(91) © Dpr, pgs) = P(92) © Dpr, pigr)}-

It is easy to see that if P is the sum of the farnily of representations (P;);cr
then op = ey op, for o € {(,x,7,&} and op = J;c;op, for o € {k,7}.

g1,92) | pry P

g1,92) | pry P

{(91,92) )
{(91,92) (
{(g1, 92) [ pr P(
{(91,92) (
{(g1,92) )
)

Definition 2.7.3. A determining pair of a Menger algebra (G, o) of rank n is
any pair (e, W), where ¢ is a partial equivalence on (G*,0*), W is a subset of
G* and the following conditions hold:
(1) GU{eq,...,en} C prie, where eq, ..., e, are selectors of (G*, 0*),
€; ngorallz—l

[e{er) - - e(en)] C <>f0rallg€G7

)

)

) gle

) gle(gr) -+ -e(gn)] Ceglgr---gn]) for all g, g1,..., 90 € G,

5) if W # @, then W is an - class and W N G is an [-ideal of (G, 0).

(2
(3
(4
(

An example of determining pairs are pairs (¢(H), W,,(H)), where H is an

arbitrary subset of (G,0), ei(H) =e,(H)U{(e1,€1),...,(en,€n)}, €1,...,€n
are selectors of (G*,0*) 4.

With every determining pair (¢, W) is associated the so-called simplest re-
presentation Py of (G,0). Let (Ha)aea be the family of all e-classes distinct
from W which is indexed by elements from A. Now let e; € Hp, for every
i=1,...,n,Ay={a€ A|H,NG # @}, A=Ay U{(b,...,by)}, B=G"U
{(e1,...,en)}. Every g € G is associated with an n-place function P y)(g)
on A, which is defined by

(L_l, b) € P(e,W)(g) +—acAAN g[Hm : "Han] C Hy,

where a € A", b € A.

Proposition 2.7.4. The map P.yw) is a homomorphism of (G,0) into

(F(A", A),0).

Proof. Indeed, if a = 7W)(g[g])( a) for some a € A", a € A, § € G™ and
g € G, then a € 2 and g[g] [Hal H,,] C H,. Obviously for h; € H,,, where
i=1,...,n, we have g[gi[h] - - - gn[h]] = g[g][h] € Ha, which implies

9[91 [Hal e 'Han] o 'gn[Hal o Han]] C H,.

4 For the definition of ,(H) and W, (H) see Section 2.1.
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Assume that g;[H,, -+ Hg,] C He,, i = 1,...,n. Then clearly ¢ € A. Thus
g|H., ---H.,| € H, and g;[H,, - Han] C H for all i = 1,...,n, where
a,c € /. Therefore (a,c;) € P yw)(g:) and (¢,a) € P w)(9), ie.,

a = Pew)(9)[Pew)(91) - Pew)(gn)l(@).

So we have

P(E,W)(g[gl T gn]) c P(s,W)(Q)[P(s,W)(gl> T P(E,W) (gn)}

The reverse inclusion can be proved analogously. m]

It is easy to show that a determining pair (e, W) defines the simplest represen-
tation of a Menger algebra (G, 0) of rank n > 2 by reversive n-place functions
(i.e., by partial n-ary quasi-groups) if and only if the following condition is
satisfied:

gl )iz = gloi)(e) A glolia] W —a=ye)  (27.1)

where g, z,y € G, w € G™, i = 1,...,n. Of course, this condition is satisfied
by a determining pair (¢(H), W, (H)), where H is a strong subset of (G, o).

v

Moreover, for a determining pair (e, W) of (G, 0) the following formulas are
true:

(91,92) € (ew) «— (VE)(1[Z] € W — q1[] = 2[2](e)),

( —

( —

(91, 92) € ew) +— (VI)(91[7], 92[Z] € W — q1[Z] = 92[Z](¢)),
( —

( —

where Z € B = G"U{é}, o w)=o0p.y, for o €{(, x,m &k}

Let P and P;, i € I, be representations of a Menger algebra (G,o0) by
n-place functions. A representation P is called the union of the family (P;)er,
if P(g) = U;er Pig) forall g € G.

Theorem 2.7.5. Every representation of a Menger algebra of rank n by n-place
functions is the union of some family of its simplest representations.

Proof. Let P be a representation of a Menger algebra (G, o) of rank n by n-
place functions defined on the set A, ¢ — some fixed element not belonging



Section 2.7 Representations of Menger algebras 81

to A. With every g € G we associate an n-ary operation P*(g) on the set
A* = AU {c} such that

P(g)(a) if a € pry P(g),

Fg)@) { c if a ¢ pr;P(g).
It is not difficult to see that P* is a representation of (G,0) by n-ary ope-
rations on A* and ¢ : P(g) — P*(g) is an isomorphism of (P(G),O) onto
(P*(G),0). (G*,0%) is generated by G U {eq,...,e,}. So putting P*(e;) = I
for i = 1,...,n, where I" is an ith n-place projector on A*, we extend P*
to (G*, 0%).

With every a € A™ we associate an equivalence relation ®5 on G* defined by
the formula

Oz = {(z,y) | P*(z)(@) = P*(y)(a)}.
It is easy to see that @; is v-regular, Hf = {x € G*|(a,b) € P*(x)} are
O;-classes such that H = H NG for every b € A. On G* we introduce also

a partial equivalence

€ =0;N0Oz(GU{er,...,en}) x Oz(GU{e1,...,en}),

*
a

where ey, ..., e, are the selectors in (G*, 0*). Tt is obvious that the restriction
of €7 to G coincides with

a = {(91,92) [ P(91)(@) = P(g2)(@)} C G x G

and the pair (3, W), where
Wi =03(Wa) and W; ={g|P(g)(a) =2} CG,

is the determining pair.
Now we prove that a representation P is an union of the simplest represen-
tations induced by the family ((e%, W2))aean of determining pairs, i.e., that

P(g) = U Pe:w(9)
acAm™

for every g € G. For this let ¢ € G and (b,c) € P(g), ie., g € HE. Then

gler---ey] =g and e; EHli for i =1,...,n. Hence, by the v-regularity of ©j,

we have
*

glHy, - Hy,) CH .
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Therefore (b,c) € P(Engg)(g)’ ie.,

UPeW*

acAm™

To prove the reverse inclusion, let (b,c) € Pex w)(g) for some a € A". Then
obviously g[Hj. --- H“] C H“ ie, glhi---hy] € HY and h; € Hf for
i=1,...,n. But (a,c) € P(g [h1 -h ]) = P(g)[P(h1)--- P(hy)]. So, there
is d € A" such that (d,c) € P(g) and (a,d;) € P(hi), i = 1,...,n. Since
(a,b;) € P(hy), i = 1,. and (h) is a function, we have d, = b,
i=1,...,n, which givesl_) d (b,c) € P(g). So,

7
U (ez, W) CP()
An

ac

This completes the proof that a representation P is the union of the family of
simplest representations. O

2.8 Notes on Chapter 2

In literature, the diagonal unit is also called the special element (see [27,29]) or

the neutral element of (G, 0) (see [197]) but it is not the neutral element in the

-1
sense of n-ary structures, i.e., it does not satisfy the identity 0(( e )m(ne Z)) =z

Any i-solvable Menger algebra (G,0) of rank n which is associative in the
sense of E. L. Post [144] is an (n + 1)-ary group derived from its diagonal
group, i.e., it has the form o(xg,z1,...,2,) = o - x1 - ... - T,, where (G, ) is
the diagonal group of (G, 0). In this case, the diagonal group coincides with
the group (G, %), where z xy = o(x,e,...,e,y) and e is the diagonal unit of
(G,0) (see [27]). Group-like Menger algebras of order n > 2 are derived from
a cyclic group of order 2. No two-element group-like Menger algebras of order
2 exist (see [29]). Group-like Menger algebras with operations satisfying some
commutative law are described in [27-29].

Menger algebras are special case of the so-called Dicker algebras, i.e.,
(n + 1)-ary groupoids satisfying the identity

O(xib O(y(T)L)v x?+1) - O(yO; O(ﬂjzi, Yt, xﬁrl)? O(xiby% xﬁrl)v ce 70($§7yn7 x?+1))7

where i = 0,1,...,n. Dicker algebras were introduced in [20]. Some results on
Dicker (n + 1)-ary quasigroups and loops one can find in [6,7]. Properties of
i-solvable ith Dicker algebras are described in [30].

H. Léanger in [95] and [99] considered abstract algebras with one n-ary ope-
ration satisfying some other associative laws.
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A Menger algebra is called s-v-simple if it posses no proper s-ideals and
v-ideals. Of course, every group-like Menger algebra is s-v-simple. A Menger
algebra is s-v-simple if and only if its diagonal semigroup is a group [261].
So, any i-solvable Menger algebra is s-v-simple too [27].

A Menger algebra is completely simple if it posses minimal s-ideals and
v-ideals but has no proper s-ideals which are v-ideals. Ja. N. Yaroker proved
in [261] that each such Menger algebra can be decomposed into a disjoint union
of completely simple Menger algebras with pairwise isomorphic diagonal groups.
Moreover, a mapping h : G; — G5 of two s-v-simple Menger algebras is an
isomorphism if and only if it is an isomorphism of the corresponding rigged
diagonal groups.

The role of constant elements with some additional properties is described
in [87,91,98]. Menger algebras in which every subset is a subalgebra are studied
in [196]. The results obtained are very similar to the corresponding results for
semigroups.

Characterizations of various types of ideals of Menger algebras of multiplace
functions can be found in the series of papers written by L. M. Gluskin. For
example, in [51] all densely embedded ideals of Menger algebras of all full and
all partial n-place functions are described, and it is proved that automorphisms
of such Menger algebras are inner. Congruences of Menger algebras of linear
mappings are described in [11], finitely generated subalgebras of this algebra —
in [12]. Congruences of group-like Menger algebras are completely character-
ized by congruences of its diagonal group [227]. J. Henno [57] gives a natural
generalization of the Green relations in semigroups to the case of Menger alge-
bras and proves that their properties are the same as in the case of semigroups
(see also [41,67]). An abstract characterization of Menger algebras of relations
in terms of densely embedded ideals can be found in [262].

Strong connections between superassociativity of the composition of multi-
place functions and the associativity of the corresponding binary comitant were
firstly noted by P. Hall in his lectures 1947 — 1949. But the first abstract char-
acterization of the associativity of (G,0) by the associativity of (G",*) was
given by R. Dicker [20]. In [167] binary comitants were used by B. M. Schein
to characterize the sets of binary relations. Description of some cases of binary
comitants (called also induced groupoids) can be found in [88].

The first abstract characterization of semigroups of extensive transformations
of an ordered set was given by B. M. Schein [183]. The first characterization of
ordered Menger algebras was done in [213]. Lattice ordered semigroups of func-
tions were described in [181]. An abstract characterization of the class of all se-
migroups of semiclosure operations on ordered sets was obtained by V. S. Trokhi-
menko [233]. He proved that those semigroups cannot be characterized by means
of finite system of elementary axioms. In [237] all these results are extended to
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Menger algebras of extensive n-place mappings and n-place semiclosure opera-
tions.

The method of representation of semigroups by binary relations was pro-
posed by B. M. Schein [162], who proved that every such representation can be
expressed in terms of the derivative of the canonical w-fold representation for
some cardinal w.

Schein’s method of construction of representations is based on Vagner’s con-
struction (for details see [246]) of some family of right regular equivalences
(such that one of its classes is a right ideal) with the property that one class
of this equivalence is a right ideal. Schein’s construction (see [161]) instead of
giving a family of right regular equivalences gives a family of the determining
pairs. Using this family he find abstract characterizations of binary semigroups
of various transformations of a given set (see for example [160,161,164,171]).
In Section 2.7 we extend all these results to Menger algebras.

Menger algebras with selectors can be identified with some systems of all
multiplace endomorphisms of a universal algebra (see [64,74,147]). E. Redi [147]
proved that a Menger algebra is isomorphic to the system of all multiplace
endomorphisms of a universal algebra if and only if it has a full system of
selectors.

W. Nobauer and W. Philipp consider [134] the set of all one-place mappings
of a fixed universal algebra into itself with a Menger composition and proved
that for n > 1 this algebra is simple in the sense that it possesses no congruences
other the equality and the universal relation [136].

Regular and idempotent elements in Menger algebras of terms are characte-
rized in [19].
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Ordered Menger algebras

3.1 Menger algebras of relations

Let (®,0) be a Menger algebra of (n + 1)-ary relations (in particular,
of n-place functions). Let (o and ye denote the inclusion relation and the
relation of inclusion of domains (see Section 2.1) between the elements of ®.
Algebraic systems of the form (®,0, (g, X0), (®,0,(p), (P,0,xe) will be
called: fundamentally ordered projection (f.0.p.) Menger algebras, fundamen-
tally ordered (f.0.) Menger algebras and projection quasi-ordered (p.q-o.) Menger
algebras of (n + 1)-relations.

Let (G, 0) be a Menger algebra of rank n, e1, es, . .., e, — n distinct elements,
which do not belong to G. For these elements we let gle; - - -e,] = g for every
gedG.

For every a € G we define the following three sets:

G, =G x {a}, Go=GoU{e1q, -, enat, B, =G U{ée.},

where &, = (€14,---,6€na), €ia = (€,a), i = 1,...,n. It is easy to see that
Ga1 N Ga2: @ for al ;é as.

The first characterization of f.o.p. Menger algebras of (n + 1)-relations is
given by

Theorem 3.1.1. An algebraic system (G,o0,(,x), where (G,0) is a Menger
algebra of rank n and {, x are relations defined on G, is isomorphic to some
f-o.p. Menger algebra of (n + 1)-relations if and only if ¢ is a stable order and
X s an l-reqular and v-negative quasi-order containing C.

Proof. We prove only the sufficiency because the necessity of conditions given
in the theorem follows from general properties of relations described in §1.1.
Let a € G be fixed. For every g € G we define an (n + 1)-relation P,(g) C
Gy X G, letting
(ZasYa) € Pa(g) < a C y < g[7] (3.1.1)

for all Z, = (14,---,%na) € Ba, Ya € G, where y, means (y,a) for every
y € G. The condition a C y < g[Z] is equivalent to the conjunction

aCy A y< gz,
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where z C y «— (z,y) € x, and z < y «— (z,y) € C.
We will prove that P, : g — P,(g) is the representation of (G, 0) by (n+1)-
relations. Let (Z4, 24) € Pu(glg1 -+ gn]) for some g,q1,...,9, € G. Then

a2 < glgr---gn][7] = 9lg1[7] - - - gul[Z]]-

From this, by the v-negativity of y, we obtain a C g¢;[Z] < ¢;[Z] for every
i =1,...,n. Thus, (Z4,9i[%]a) € Palgi), @ = 1,...,n, and, consequently,
(n1[Z]a, - -+, 9nlZla, 2a) € Palg), that is,

(Zas 2za) € Pa(9)[Palg1) - - - Pa(gn)]-

Conversely, the last condition implies the existence of a ¥, = (Y1as-- - Yna)
in G such that (Za,yia) € Pa(gi), @ = 1,...,n, and (Ja, 24) € Pa(g), i.e.,
aC vy <glz],i=1,...,nand a C z < g[g]. Applying the stability of ¢ to
yi < gilx], i=1,...,n, we get

g7l < glar[z] - - - gnlZ]] = glg1 - - - gn][Z].

This implies a C z < g[g] < glg1 - gnl[Z], hence (Zg,24) € Palglgr - - gnl)-
Therefore

Pa(g[gl o gn]) = Pa(g)[Pa(gl) T Pa(gn)]a

i.e., P, is the representation of (G, o).

Now let P be the sum of the family of representations (P,)sc. We prove
that in this case ( = (p and x = xp. Indeed, for any g1, g2 € G the condition
P(g1) C P(g2) means that for all a € G, &, € By, ya € G4 from a C y < ¢1(7]
follows a C y < go[Z], which for a = y = g1, T = € gives g1 < g2. Conversely,
if g1 < g2 and a C y < g1[Z], then the stability of { implies a C y < go[Z].
So, ¢ = (p. The second equality can be proved similarly.

Finally, if P(g1) = P(g2), i.e., P(g1) C P(g2) and P(g2) C P(g1), then
91 < g2 and g2 < g1. Therefore g3 = g2. So, P is an isomorphism of (G, 0,(, x)
onto a fo.p. Menger algebra (®,0, (e, xo) of (n + 1)-relations, where
@ ={P(g)|g €G}. o

For x = G x G Theorem 3.1.1 shows that each stable ordered Menger algebra
of rank n is isomorphic to some f.o. Menger algebra of (n + 1)-relations. For
n = 1 it is the result obtained by K.A. Zaretsky [263] for ordered semigroups of
binary relations. Moreover, if in Theorem 3.1.1 instead of { we take the diagonal
of G, then we obtain that each p.q-0. Menger algebra of (n + 1)-relations is
a Menger algebra of rank n with the l-reqular and v-negative quasi-order.

As in the case of semigroups [263|, the further study of Menger algebras of
(n + 1)-relations needs the study of some special types (for example, reflexive,
transitive and others). First, we consider the case of reflexive relations.
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Theorem 3.1.2. An algebraic system (G,o0,(,x), where (G,0) is a Menger
algebra of rank n > 2, while (,x are binary relations on G, is isomorphic
to some f.o.p. Menger algebra of reflexive (n + 1)-relations if and only if the
conditions of Theorem 3.1.1 are satisfied and x < y[z"] for all x,y € G.

Proof. The necessary part is obvious, since for any two reflexive (n + 1)-re-
lations p and o we have p C o[p---p]. We prove the sufficiency using the
notation of the prev10u5 theorem. Let a be an arbltrary element of G and let

H, = {zq|a C x}, Ha— H,U{eia,---,€nal, H U{Ha |a € G}. For every
g € G we define the (n + 1)-relation P;(g) on Ha by letting:

n+1 n+1} ’ (3.1'2)

P;(Q):Pa(g)u{elaa-'-aena

where %;:11 denotes the (n + 1)-tuple (eiq,...,€iq), and Py(g) is defined by
(3.1.1). Then P,(g9) C (Hq)"™. Indeed, if (Z,,y,) belongs to P,(g), then
a C y < g[z], which, by the v-negativity of x, implies Z, € (H,)" and y, €H,.
Hence (Z4,va) € (Ha)"t. Let P* be the sum of the representations of the
family (P})qcq, then, for every g € G, P*(g) is an (n + 1)-relation on H.
In the same way as in the proof of Theorem 3.1.1 we show that P* is the
faithful representation of (G,0) such that ( = (p~ and x = xp+. To prove
that P*(g) is a reflexive (n+ 1)-relation, it is sufficient to observe that P,(g) is
a reflexive relation on H,. But this is obvious since x < y[z"] for all z,y € G
and a C x < g[z"] imply (24, ...,2q) € Py(g) for all x, € H,. O

From the above theorem for x = G x G, we obtain that every stable ordered
Menger algebra of rank n > 2, which satisfies the condition x < y[x"], is iso-
morphic to some f.o. Menger algebra of reflexive (n + 1)—relations. Remark
that in Theorem 3.1.2 the assumption n > 2 is essential because for n = 1
(i.e., for semigroups) it is not difficult to see that y = G x G must be assumed
as well. Moreover, as it follows from [263], besides z < y[z"] we should assume
one more inequality.

Let p be a binary relation on a Menger algebra (G, 0) of rank n. We define
the relation ((p) C G x G putting (g1,92) € ((p) if and only if there exist
polynomials ¢; € T, (G), vectors z; € B = G™ U {é} and pairs (x;,y;) € pU

{(e1,€1),...,(en,en)}, where € = (ey,...,e,) are selectors from (G*,0*), such
that
m
g1 = t1(w1[Z1]) /\ i(yilZi]) = tiy1 (i 1[Zis1]) A tmrt (Yma1[Zme1]) = 92

for some natural number m. It is not difficult to verify that {(p) is the least
stable quasi-order on (G, 0), which contains p.
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Theorem 3.1.3. Let (G,0) be a Menger algebra of rank n > 2, x C G x G,
o= {(z,glx---x])|x,g € G}. An algebraic system (G,o,x) is isomorphic to
some p.q-o. Menger algebra of reflevive (n + 1)-relations if and only if ((o)
15 an antisymmetric relation, x is an l-regular v-negative quasi-order and the
condition

@y - yn]) © tglz"][yr- - ynl) (3.1.3)
is satisfied for all t € T, (G), ©,9g € G, (y1,-..,yn) € B.

Proof. Let P be an isomorphism of (G, o, x) onto some p.q-o. Menger algebra of
reflexive (n+1)-relations. Obviously (p contains ¢(c), hence ((o)N(¢(0))~! C
(pN C;l C Ag, which proves that {(o) is antisymmetric. Because (p is stable
and ¢ C ((0) C (p, then (u,v) € o implies (t(u[Z]),t(v[Z])) € (p for all
t € T,(G) and Z € B. But (p C xp = x. Then t(u[z]) T t(v[z]), which gives
(3.1.3). The necessary part is proved.

To prove the sufficiency assume that (G,o,x) satisfies all the conditions
given in the theorem. Consider (g1,92) € ((0), then g1 = t1(z1[z1]),
92 = tm(Ym[Tm - Tm][Zn]) and t(yi[zi - - xil[Z]) = tivi(zisa[Zia]) for all
i=1,...,m—1and some m € N, ¢t € T,(G), z;,y; € G, % € B. Hence,
according to (3.1.3), we have

g1 =ti(z1[z1]) C ti(yfzr - - 2] [21]) = ta(z2[22]) T ta(y2ze - - 22)[22])

= =t (@m[Zn]) Tt (Ym[Tm - Tm][Zm]) = g2
Thus g1 C g2, i.e., (o) C x. So, (G, 0,{(0), x) satisfies all the conditions of the
previous theorem. Hence (G, 0, x) is isomorphic to a p.q-o. Menger algebra of
reflexive (n + 1)-relations. O

Putting in the above theorem y = G x G we see that a Menger algebra of
rank n > 1 is isomorphically represented by the reflexive (n + 1)-relations if
and only if the relation ((o) is antisymmetric. Tt is not difficult to see that the
antisymmetry of ((o) is equivalent to the system of conditions (A, )men, where

A s A — iy - 2] [21]) = ta(yalas - - - 2] [Z0]
and
tl(yl [xl T 1'1}[21]) = tm+1(ym+1[fpm+l ce merl][ZerlD
A

m

‘Z\1 ti(yilei - - i) [Z)]) = tiv1 (xis1[Zipn])

for all ¢; € Tn(G), ZE€B, x; €G, y; € GU {6i}.

Now we consider Menger algebras of the transitive (n + 1)-relations. Let
(G,0,(,x) be the system, where (G,0) is a Menger algebra of rank n and
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¢,x C G x G satisfy all the conditions of Theorem 3.1.1. Then (G,o0,(, x) can
be isomorphically represented by transitive (n+1)-relations if and only if for each
g € G the inequality g[g"] < g is satisfied. Indeed, if P is the isomorphism of
(G,o0,(,x) onto some f.o.p. Menger algebra of (n+1)-relations, then, according
to Theorem 3.1.1, we have ¢ = (p. Thus, the condition g[¢g"] < g is equivalent
to P(g)[P(g)---P(g)] C P(g), which means the transitivity of an (n + 1)-rela-
tion P(g).

Analogously we can prove that each stable ordered Menger algebra of rank n,
which satisfies the inequality g[g"] < g, is isomorphic to some f.o. Menger
algebra of transitive (n + 1)-relations.

For n = 1, i.e., for a semigroup of binary relations, this result was firstly
proved by K.A. Zaretsky [263].

Theorem 3.1.4. An algebraic system (G, o,x), where (G,0) is a Menger al-
gebra of rank n and x C G x G, is isomorphic to some p.q-o. Menger algebra
of transitive (n + 1)-relations if and only if

(1) x is an l-regular v-negative quasi-order,

(2) t(z[z"][g]) T t(z[g]) forall t € T,,(G), z € G, §€ B,

(3) for every natural m the condition

By : P — ti(z1[51]) = t2(22([32])

where

P 7\ ti(@il7i]) = tiv1(@iva[Tiv1 - i) [Piva))
m - i=1

1 ($1 [?le =tm+1 (merl [ngrl])

forallt € T, (G), x € GU{e;}, § € B, is satisfied.

Proof. Necessity. Let (®,0, xo) be some p.g-o. Menger algebra of transitive
(n+ 1)-relations. Then p[p"] C p for every p € ® and, consequently, p[p™][5] C
p[a] for every & € ®". From the stability of (¢ it follows that t(p[p"][5]) C
t(pla]) for every t € T, (®). Hence pryt(p[p™][5]) C prit(pa]), which proves the
necessity of (2).

Now let t;(p;i[5:]) = tiv1(piv1lpit1 -+ pisa][Giv1]) for i =1,....m, and
t1(p1[G1]) = tm+1(Pm+1[Gm+1]), where p; € ®, 5; € ®", t; € T,,(P). Because
ti(pilpi - - pillFi]) C ti(pi[Fi]), then

t1(p1[a1]) = ta(palp2 - - - p2][G2]) C ta(p2(Fa]) = t3(palps - - - ps][Fs]) C -
< Ctmg1(Pmy1[Omr1]) = t1(p1[G1]).

Thus t1(p1[1]) = t2(p2[d2]), which proves the necessity of the condition (3).
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Sufficiency. Let the conditions (1), (2) and (3) be satisfied and let P, de-
note the premise of condition B,,. It is not difficult to see that the system of
conditions (B, )men is equivalent to the system (BJ,)men, Where

By, : Py — ti(z1[i1]) = ta(22(f2]) = - -+ = tm(Tm[Gm]),

and, consequently, to the system (Bj, s)k sen, Where k + s =m,
Bis : Prn — ta(a1[i1]) = te(@k[Tk])-

For p = {(z[z"], ) | © € G}, the antisymmetry of ((p) is equivalent to the sys-
tem (B, s)k,sen. Moreover, the assumption (2) guarantees ((p) C x. Hence the
system (G, 0,((p), x) satisfies all the conditions of Theorem 3.1.1 and, addition-
ally, the inequality g[¢g"] < g. Therefore, as it was mentioned above, it can be
isomorphically represented by transitive (n+1)-relations. In this representation
the relation x corresponds to the inclusion of the first projections. |

Putting in the last theorem y = G X G we obtain the statement that says
that a Menger algebra of rank n is isomorphically represented by transitive
(n + 1)-relations if and only if it satisfies the system of conditions (B, )menN-

Based on the results obtained in this section, it is not difficult to give a
characterization of Menger algebras of n-quasi-orders. In particular, from The-
orem 3.1.2 and the inequality g[¢g"] < g, it follows that the system (G,o0,(, x),
where (G, 0) is a Menger algebra of rankn > 2 and ¢, x C G x G, is isomorphic
to some f.o.p Menger algebra of n-quasi-orders if and only if it satisfies all the
conditions formulated in Theorem 3.1.2 and the identity x[z™] = x holds. This
characterization also means that every stable ordered idempotent Menger alge-
bra of rank n > 2 satisfying the inequality x < y[x"] is isomorphic to some f.o.
Menger algebra of n-quasi-orders.

Moreover, using Theorem 3.1.3 it is not difficult to prove that (G, o, x), where
(G,0) is a Menger algebra of rankn > 2 and x C G x G, is isomorphic to some
p.q-o0. Menger algebra of n-quasi-orders if and only if (G,0) is an idempotent
Menger algebra satisfying the system of conditions (Am)men and x has all the
properties mentioned in the Theorem 3.1.3. This, in the case x = G X G, means
that every Menger algebra of rank n > 2 is isomorphic to some Menger algebra
of n-quasi-orders if and only if it is idempotent and satisfies all the conditions

(Am)mEN-

3.2 F.o. and p.q-o. Menger algebras

Let (G, 0) be a Menger algebra of rank n, w — an order (quasi-order) defined
on G. We say that w is a (strong) fundamental order (respectively: projection
quasi-order), if there exists a faithful representation of (G,0) by (reversive)
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n-place functions, under which w = (p (respectively: w = xp). In this case
we say also that (G,o,w) is a (strongly) fundamentally ordered (respectively:
projection quasi-ordered) Menger algebra of rank n.

If on a Menger algebra (G, 0) of rank n we defined a binary order wy and a bi-
nary quasi-order wy such that w; = (p and wy = yp for some faithful represen-
tation of (G, 0) by (reversive) n-place functions, then the system (G, 0, w1, ws) is
called a (strongly) fundamentally ordered projection Menger algebra of rank n.
Of course, every f.o.p. Menger algebra is f.o. and p.q-o. Menger algebra. The
converse is not true in general. The system (G, o0,w1,ws), where (G,o0,w1) is
af.o. Menger algebra, (G, 0,ws) — a p.q-0. Menger algebra, may not be a f.o.p.
Menger algebra.

The abstract characterization of f.o.p. Menger algebras is given by the fol-
lowing theorem.

Theorem 3.2.1. An algebraic system (G, o,(, x), where o is an (n+1)-operation
on G and (,x C G X G, is a f.o.p. Menger algebra of rank n if and only if o
s a superassociative operation, ¢ is a stable order, x — an l-reqular v-negative
quasi-order containing ¢, and for alli=1,...,n, u,g9,91,92 € G, w € G" the
following two implications hold:

N

g1SgNg<gNgLEg— g1 <g2, (3.2.1)

71 <92 NgC g1 A gCulw]igs] — g T ulw]igi], (3.2.2)
where x <y +— (r,y) €, xCy+— (x,y) € x.

Proof. Let (®,0, (o, xo) be a f.o.p. Menger algebra of n-place functions. If
w1 C Y, pa C Y, priwr C pripsz for some @1, 2,1 € @, then, from the first
two inclusions we get p1 = 1 0 Apr o), 92 = ¥ 0 Apr gy, from the third —
©1 0 Apr,gy = 1. Thus

20 Apr1<)01 =1o Apr1§02 © Apl"l%"l =1o Aprﬁ"l © AprﬁPQ =¥1e Aprl‘m = ¥1-

So, v1 C 2, which proves (3.2.1).
Now, let

©1 C @2, pryy C pripi, priv C pryflxlivsl,

where 1, 02,9, f € @, ¥ € ®". Since 1 = p2 0 Apr ¢, the last two implica-
tions give

P19 = ADpr oy (Pr19) C Dpr, o, (Pr1f[Xliw2])-
Therefore

priY C pry(fIX iv2] © Dprypr) = proflx iz © Dpr o] = prifIX lig1]-
This shows that (®, O, (s, xo) satisfies the condition (3.2.2).
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On the other hand, if the system (G, o, , x) satisfies all the conditions given
in Theorem 3.2.1, then the implications

g <go NglCC t1(gl) A tg(gg) — g C tg(g1), (3.2.3)
g1 < g2 AN gCti(gr) A g <ta(ge) — g < talg1) (3.2.4)

are true for all g1, g2, 9 € G and t1,ty € T,,(G). If the premise of the implication
(3.2.3) is satisfied, then from ¢ C t1(g1) we obtain g C g; because the relation
X is v-negative. Suppose that t1(g2) = t3(u[w|;ge]) for some t3 € T,,(G), u € G,
we G ie{l,...,n}. Then g C t3(u[w|;g2]) and, consequently g T u[w|;ga],
since x is v-negative. Thus g1 < g2, ¢ T ¢1 and g C u[w|;g2], which, by
(3.2.2), gives g C u[w];g1]. Applying the stability of ¢ to g1 < go we get
ulw);ig1] < ulw]igs]. Now suppose that tz(uf]iga]) = ta(z[Z[xulw|iga]]) for
some ty € T,(G), x € G, 2 € G" and k € {1,...,n}. Similarly as in the
previous case g C t3(x[Z|u[w];g2]]) implies g T x[Z|pu[w];g2]]. In this way, we
have
ulw]igr] < ulwliga), g Cul@ligi], g C x[Z|kulwliga]],

which, by (3.2.2), gives g T z[Z|pu[w|ig1]]. Continuing this procedure, after
a finite number of steps, we obtain g C t3(g1). So condition (3.2.3) is proved.

Now let the premise of the condition (3.2.4) be satisfied. Since ¢ C x, from
g C ta(g2), by (3.2.3), we conclude g C t2(g1). Further, applying the stability
of ( to g1 < g2 we obtain t2(g1) < t2(g2). Hence g < ta(g2), t2(g1) < t2(g2)
and g C t2(g1), which, according to (3.2.1), gives g < #2(g1). Condition (3.2.4)
is proved.

Let us consider the family of the determining pairs

( (82 ) Wv(X(Q))) )gEG s
where €g = 6U(C<g>> N 6U(X<g>)7 5; =&y U {(617 61)7 ceey (eTw en)}7 €ly--.,€6n —
selectors in (G*,0%). Obviously ¢ C x. Hence Wy(x(g)) C Wy(¢{(g)). So,
any nonempty W,(x(g)) is a g4-class. Therefore (3, Wy(x(g))) is the deter-
mining pair for every g € G. Let P be the sum of the simplest representa-
tions of a Menger algebra (G, o), which corresponds to the determining pairs
((g5: Wu(x(9))))gec- Of course, P is a representation of (G, 0) by n-place func-
tions. We must check that ( = (p and x = xp.
For this, let (g1, 92) € (p, i.e., (91,92) € ez, W (x(9)) for each g € G. Then

(Vg € G)(VZ € B) (g1[7] € Wu(x(9)) — 91[7] = 92[Z](gy))-

Putting Z = (eq,...,ey) in this implication, we get

(Vg € G) (g1 € Wu(x(9)) — g1 = 92(gg))-
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This shows that g1 = g2(g4,) because g1 € W, (x(g1)). Thus, as a consequence,
91 = 92(€4(¢{g1))), which means that

(Vt € T,(Q)) (g1 < t{g1) «— g1 < t(g2))-

Since for t = A the above equivalence gives g1 < g2, we proved (p C (.

Conversely, let (g1,92) € ¢ and ¢1[7] &€ W,(x(g)) for some g € G, where
Z € B. The last inclusion means that there exists a polynomial ¢; € T,,(G)
such that g T t1(g1[Z]). Since the stability of ¢ and g1 < g2 imply ¢1[Z] < ga[Z],
we have: (a) g1[Z] < ¢2[Z], (b) g T t1(g1[T]). If g < t(g1[F]) for some t € T, (G),
then (a) implies t(g1[%]) < t(g2[Z]), thus g < #(g2[Z]). If for some t € T, (G)
we have g < t(g2[Z]), then g < ¢(q1[Z]), by (a), (b) and (3.2.4). Hence g1[7] =
g212)(20(Cl)))- Now let g C t(g1[7]) for some ¢ € Ty (G). As t(g1[a]) < Hgals])
and ¢ C x, then, obviously, g C t(g2[Z]). In the case when g C t(g2[Z]) for some
t € T,,(G), according to (a), (b) and (3.2.3), we must have g C ¢(g1[Z]). So, we
showed that ¢1[Z] = g2[7](ev(x(g))). Thus, g1[Z] = g2[Z](e4). This means that
(91,92) € Cp. So, ¢ C (p, and consequently ¢ = (p.

Further, let (g1,92) € xp. Then

(Vg € G)(Vz € B) (91[Z] € Wo(x(9)) — 92(7] & Wu(x(9))-

which for Z = (e1,...,e,) and g = g1 gives go € Wy (x(g1)). This means that
g1 C t(g2) for some t € T,(G). As x is v-negative, then t(g2) T g2. Hence
g1 T g2. So, xp C x. Conversely, if (g1,92) € X, then, according to the
l-regularity of x we have g1[Z] C g2[Z] for every vector Z € B. If ¢1[Z] € W, (x(g))
for some g € G, i.e., g C t(g1]Z]) for some g € G and t € T,,(G), then g C ¢1[7],
by the v-negativity of x. Therefore g T gofZ], i.e., g2[Z] € Wi(x{(g)). So,
(91,92) € xp, and consequently y = xp.

Finally, let P(g1) = P(g2), i.e., P(g1) C P(g2) and P(g2) C P(g1). Since
¢ = (p, from the above we obtain g1 < g2 and g2 < g1. S0, g1 = g2, because (
is antisymmetric. This shows that P is a faithful representation of (G,0). O

Corollary 3.2.2. An algebraic system (G,o0,%) is a p.g-o. Menger algebra
of rank n if and only if o is a superassociative (n + 1)-operation and x is an
[-regular v-negative quasi-order on G.

For the proof it is enough to put in the last theorem ¢ = Ag.

Theorem 3.2.3. The necessary and sufficient condition for an algebraic sys-
tem (G, 0,() to be a f.o. Menger algebra is that o is a superassociative (n+ 1)-
operation and ¢ is a stable weakly steady order on G.

Proof. Tf (G,0,() is a f.o. Menger algebra of rank n, then the operation o
is superassociative and there is a faithful representation of (G, 0) by n-place
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functions such that ¢ = (p. This shows that ( is stable. Since (G,o,(, xp)
is a f.o.p. Menger algebra, it satisfies condition (3.2.4) too. Now let g1 < g¢o,
g < t1(g1) and g < to(ge) for some g,91,92 € G and t1,t3 € T,(G). But
¢ C xp. So, g C t1(g1) T g1, where C means xp. Thus from g; < g2, g C g1,
g < ta(g2), according to (3.2.4), we conclude g < t2(g1), which proves that ¢ is
weakly steady.

Conversely, let (G,0,() be an algebraic system satisfying all the condi-
tions mentioned in the theorem. Consider the relation x(¢) = § o ¢, where
0 ={(91,92)| (3t € T0,(G)) g1 = t(g2)}. Since (, ¢ are reflexive and [-regular,
do( is reflexive and [-regular too. To prove that the relation do( is transitive, let
(91,92), (92,93) € 60 (, i.e., let g1 < t1(g2), g2 < t2(gs) for some ty,t5 € Tp,(G).
According to the stability of ¢, the last inequality implies £1(g2) < t1(t2(g3)).
Hence g1 < t1(t2(g3)) = (t1 0 t2)(g3). But ¢ty ote € T,,(G). So, (g1,93) € d o ¢,
which proves the transitivity of § o (. This, together with 6 C x((), shows
that x({) is an l-regular v-negative quasi-order. Because ( is weakly steady,
x(¢) satisfies the conditions (3.2.1) and (3.2.2). This means that (G, 0, ¢, x(¢))
satisfies all the conditions of Theorem 3.2.1, hence (G,0,() is a f.o. Menger
algebra. m]

Definition 3.2.4. The inverse Menger algebra (G, 0) of rank n is called fun-
damental if there exists a faithful representation P of it by n-place functions
such that

91 < g2 < P(g1) C P(g2), (3.2.5)
g1 C g2 <— priP(g1) C pr; P(ge) (3.2.6)

for all g1, g2 € G, where the relations < and C are defined by (2.3.7) and (2.3.8)
respectively.

Theorem 3.2.5. The inverse Menger algebra (G, 0) of rank n with the diagonal
semigroup (G, -) is fundamental if and only if it satisfies the conditions:

ulwl;(g - €)] < ulw]ig], (3.2.7)
ul|ig] - e < ulwli(g - )], (3.2.8)
o[g) <[y v (3.2.9)
foralli=1,...,n, e,x,y;,u,g € G, © € G", where e is idempotent and y~!

is the inverse element of y in (G, -).

Proof. Let (G,0) be a fundamental inverse Menger algebra of rank n. By
Proposition 2.3.10, g-e < g for every g € GG and every idempotent e € GG. Since
< is stable, it is also v-regular and i-regular for every i = 1,...,n. So, applying
the i-regularity to g-e < g we obtain u[w|;(g-e)] < u[w|;g] for alli =1,...,n,
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u € G, w € G™. This proves (3.2.7). Further, according to Lemma 2.1.3,
we have

But, by Proposition 2.3.10, w; -e < w;, ¢ =1,...,n, and g-e < g - e for each
idempotent e € G. This, together with the v-regularity of < implies

ul(wr )+ (g )+ (wa - e)] Suluwr-+(g- )+ wn] = u[li(g )]

Hence u[w|;g] - e < u[w|;(g - )], which proves (3.2.8). To prove (3.2.9) observe
that [ is a v-negative quasi-order. Therefore z[j] C y; for all i = 1,...,n. This
implies z[j] - yi_l -y; = z[y] and, consequently, (3.2.9).

Conversely, let (G,0) be an inverse Menger algebra of rank n satisfying the
conditions (3.2.7)—(3.2.9). Suppose that z < y, ie., z =y -z~ -z. Then
ufw];x] = u[w|;(y-2~-x)]. But 271z is an idempotent of (G, -), so, according
to (3.2.7), u[w|;z] < [w|;y], which proves that < is é-regular for alli =1,...,n,
hence it is v-regular (see §2.1). By Proposition 2.3.10, it is also I-regular. Thus
< is stable on (G, 0). Then, according to (3.2.8) and (3.2.9),

w[g] <afg) -yt oy < gy -yt oy)] = o[g).

Therefore z[j] - y; ' - yi = x[7], i.e., z[§] T y; for all i = 1,...,n. This means
that C is v-negative.

Nowlet t <z, y<zand x Cy, ie., x =2z -2~
m_l-z:x_l-x-y_l

1 1

cx, y==z-y -y and

-1y. From the second inequality we have

y.z_l.x:z.y_l.y.l-_l.x:z.'x_l.x.y_l.y:z.x_l.:L‘:x.
So, x < y. This proves (3.2.1).
To prove (3.2.2), let z <y, z C « and z C u[w|;y]. The first two conditions
can be written in the form z =y -2~ ' -2, 2 =2z-2~! - 2. This, together with
the [-regularity of C and the third condition, gives

zox 7l x Culw)y] ot

Hence, by (3.2.8), we have

- -1

ul@ly] 27w < wldli(y 27" - 2)] = uld]ia]

1

and u[w|;y] - ™" - & T u[w|;z], by Proposition 2.3.11. Therefore

z=z -2 'z Culdly] -7 -2 T ulo]y],
which proves (3.2.2).

So, all the conditions of Theorem 3.2.1 are fulfilled. This means that there
exists a faithful representation of an inverse Menger algebra (G, o) by n-place
functions satisfying the conditions (3.2.5) and (3.2.6). Thus (G, o) is funda-
mental. m]
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3.3 Algebras of reversive functions

In this section, we will consider strong (f.o.p., f.o., and p.q-0.) Menger algebras
of rank n > 1, i.e., such (f.o.p., f.o., and p.q-0.) Menger algebras that can be
isomorphically represented by reversive n-place functions.

Let (@, 0) be some Menger algebra of reversive n-place functions and H —
a subset of the set . By induction we can show that for ¢q,1¥y € @ the
implication

(W1, 92) € em(Cp' 0 Co, H) — 10 Apr i = o 0 Npry i, (3.3.1)

where priH = (\{pri¢|¢ € H}, is valid.

Theorem 3.3.1. An algebraic system (G,o0,(,x), where (G,0) is a Menger
algebra of rank n > 2, {,x C G x G, is a strong f.o.p. Menger algebra if
and only if ¢ is an l-regular order, x — an l-regular v-negative quasi-order
containing ¢, and the following conditions are satisfied:

(g1,92) € em{¢ o ¢, x{g1)) — g1 < go, (3.3.2)
(91.92) € em(¢ 0 ¢, x(9)) A g C 2[fliga] — g C x[flign] (3.3.3)
forallmeN, i=1,....n, g,91,92,2 € G, §€ G".

Proof. Let (G,0,(,x) be a strong f.o.p. Menger algebra n > 1 isomorphic to
some f.o.p. Menger algebra (®, O, (e, xo) of reversive n-place functions. Let
P : G — ® be the corresponding isomorphism. If for g;,go € G we have
(91,92) € em(C o ¢, x(g1)), then (11,%2) € en((s' © Co,Xa(t1)), where
P g1 = 91, g2 — 2. Applying (3.3.1) we get 1 0 Apr gy = P2 © Apr gy,
because pry91 = pryXxe(¥1). In this way, ¢1 = 20 Apr y,, i€, P1 C 9o. Thus
g1 < g2. This proves (3.3.2). The proof of (3.3.3) is similar.

Conversely, let the system (G, o, (, x) satisfy all the conditions of the above
theorem and let

ep=e(("" o C,x(g) U{(erer),.., (ensen)}, Wy =G\ x{(g),

where g € G, e1,...,e, — selectors in (G*,0%). Since, by assumption, y is
v-negative, W, is an l-ideal of (G,0). This, by (3.3.3), means that (g}, W)
is the determining pair of (G,0) and satisfies condition (2.7.1). Obviously,
this pair determines the simplest representation of (G, 0) by reversive n-place

functions. Let P = Pz w,)- Of course, P is a representation of (G, 0) by
geqG ’
reversive n-place functions. We will show that { = (p, x = xp.

Let (g1,92) € ¢, T € B = G"U{(e1,...,en)} and g1[F] € x(g) for some
g € G. From ¢1[z] < ¢g2]7] it follows that ¢2[Z] € x(g). Hence

(91[2], 92[Z]) € e0(¢ 0 ¢, x{g)) C £g-
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Consequently, (g1,92) € [) ez w,) = Cp. Thus ¢ C (p. Conversely, if
G

(91792) S CP; then
(Vg € G)(VZ € B) (91 C 91[7] — q1[] = g2[Z](<}))
which, for g = ¢1, Z = (e1,...,ey), gives
(91,92) € em(¢ 0 ¢ x(gn))

for some m € N. This, according to (3.3.2), implies ¢1 < g2. So, ( = (p.
Now, let (g1,92) € x, T € B and g C ¢1[Z] for some g € G. From ¢1[%] C ¢2[Z]
it follows g C g2[Z]. Thus

91;92 ﬂ X(ex ,Wy) =
geG
Consequently, x C xp. On the other hand, if (¢1,92) € xp, then
(Vg € G)(VZ € B) (9 C q1[7] — g T g2[2]),

which for ¢ = g1, T = (ey,...,e,) gives g1 T go. This proves xp C x and,
consequently, x = xp.

By the antisymmetry of {, P is one-to-one. So, P is an isomorphism. This
completes our proof. |

Note that in Theorem 3.3.1 is assumed only the [-regularity of ¢, but, as it is
not difficult to show, its v-regularity follows from (3.3.2) and (3.3.3). Moreover,
each of these conditions is equivalent to some elementary formula (see the end
of Section 2.1). Namely, condition (3.3.2) is equivalent to the formula

Am A;n — Ul[wl‘thcl] < ul[u_)llthdl])
the condition (3.3.3) — to the formula

By, : By, — g C z[jl;g1],

where
1y [ Wl@1lger] T uzililgy;cai] = silvilricil,
i/:\l [ W01 |y €1) T w2ig1 [W2541 | goy 1 C2641] = U2 [W24|go; doil, |
U1[ﬂ)1|q101] C u2i+1[w2i+1|qm+1d2i+1] = Si[@ilridi]
A w11, 1] T 84[0i]r,ci] < 1,
m

=1 | ug [ |g 1] T 2 < U,

T l] fZ?

31 w1|qlcl C Zz X fz

)

[ ]
[ ]

i—gm—1 | u1[Wi]g c1] C 8i[0;
[ ]

uy [W1 gy 1] C un[1]g, da],
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g C g1 = u1[1]q c1],

g C g2 = ur[wWilg, du],

gm-1_y 9 U2 [W2igy; c2i] = i[0ilr; il
A gL U2i+1[w2i+1|q2i+102i+1] = U2 [w2i|q2id2i]v )
i=1

G T U2i41[02i41 | gai 1 d2ir1] = 84[0ir,di]

g T sil0ilr,ci] <1,
-1 | gC 2z <;
A ’ 7

imom—1 | g C 8;[03r,di] < fis
gC 2z < fi

g C x[g];92],

ui € GUA{eq}, si € GU{ey}, ¢iyrinj € {1,...,n}, i =1,2,...,2™ — 1, and
other elements belong to G.

We will now characterize strong f.o. and p.q-o. Menger algebras.

Theorem 3.3.2. An algebraic system (G, o0,(), where (G, 0) is a Menger alge-
bra of rank n > 1, ( C G x G, is a strong f.o. Menger algebra if and only if C
1s stable and steady order.

Proof. Let (®,0, (p) be some f.o. Menger algebra of reversive n-place functions.
Assume that

e Cti(¥1), ¢ Cti(a), » Cta(yh),
where ¢, 1,109 € D, t1,ts € Tn(q)) Then
Y= tl(wl) © Ap1r1<p7 Y= t1(¢2) © Apr1¢>7

and, as a consequence,

tl(d}l ° Aprlgo) - t1(¢2 © Aprﬂp)'

All functions from & are reversive, so, from the previous equality we conclude

(RS Apr1<p =10 Aprlcpv

which together with ¢ C #2(1)9) gives

@ = ta(h2) 0 Dpr o = ta(th2 0 Dpr ) = ta(P1 0 Apr ) C t2(P1).

This proves the necessity.
To prove the sufficiency, let ¢ be a stable and steady order on a Menger
algebra (G, o) of rank n > 1. We must show that the system (G, o, ¢, x(¢))
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satisfies all the conditions of Theorem 3.3.1. As it is known, x({) = d o ( is an
l[-regular v-negative quasi-order containing (. Moreover

Wy ({{g)) = G\ x(€){g)

for any g € G. Now let g1 < g2 and g < t1(g1), where g1,92 € G, t € T,(G).
If g < t(g1) for some t € T,,(G), then from t(g1) < t(g2) it follows g < t(g2).
As t(g1) < t(g2), then g < t1(g2). Thus, if g < t(g2), then from g < t1(g1),
g < t1(g2), g < t(g2) we conclude g < t(g1), because ¢ is a steady order.
Consequently, g1 = g2(£,(¢{g))). In this way, we have proved that

CoDyeyg Cenl(C(g)),
which implies
Do) © 6710 Co Lyiong € nlSlg)).

This last inclusion means that

0(¢™" o ¢, x(O){9)) C eu(¢{9))-
Assume that £,(C" o ¢, x(¢){g)) C ,(¢{g)) and consider

(91, 92) € ems1(¢" 0 ¢, x(){g))-
Then

g1 = ulwlyc] € x(€){g), g2 = u[w|ed] € x(¢){g),
(s[olrc], s[olrd]) € em(C 0 ¢, x(C)(g)) 0 em(C 0 ¢, x(€)(9)),

which, according to the above assumption, gives

(s[olrcl, s[olrd]) € eu(¢(g)) 0 €0(C{9)) C €u(C(9)),

where s[0|.c] € x(¢){g). But ((g) is a strong subset, so, the restriction of
£0(¢(g)) to W/ (¢(g)) is v-cancellative. Therefore

(s[olrc], s[v],d]) € €4(¢{g)) and s[v]c] € x(¢){g)
imply ¢ = d(ey(¢{g)). Hence
ulw|qc] = ulwled](e4(¢(9))),
Le., g1 = g2(€4(¢(g))) and consequently,
emt1(¢7 0 ¢, x(O)(9) C eu(¢(9))-

Thus, by induction
em(¢1 o ¢, x(0)(9)) C eu(¢(a))-
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for every m € N.
Now, let

(91592) € €m<c_1 © CaX(€)<gl>>
Then (g1, g2) € €0(C(g1)), i-e.,

(Vt € To.(G)) (91 < t(g1) «— g1 < t(g2)),

which for ¢t = Ag gives g1 < g2. This proves (3.3.2).
Further, let

(91.92) € em (¢ 0 ¢, x(C){g)) and (g,z[7lige]) € x(C),

then
(91,92) € €u(C(g)) and g < t1(x[7liga])

for some t; € T,(G). Consequently, g < ti(z[g|ig1]), i-e., (g,2[7]ig1]) € x(C).
This means that also (3.3.3) is satisfied. Thus we have proved that (G, 0, (, x(¢))
is a strong f.o.p. Menger algebra. Therefore (G,o0,() is a strong f.o. Menger
algebra. m]

Another proof of this theorem is given in [215].

Theorem 3.3.3. An algebraic system (G, 0, ), where (G, 0) is a Menger alge-
bra of rankn > 1, x C G X G, is a strong p.q-o0. Menger algebra if and only if x
is an l-reqular v-negative quasi-order and for alli=1,...,n, x,9,91,92 € G,
y € G" and any natural m, the following two implication hold:

(91,92) € em(Da, x(9)) N g C z[fliga] — g T z[7lig1], (3.3.4)
(91,92) € em(Dc, x(g1)) N g2 T g1 — g1 = ga. (3.3.5)

Proof. The necessity of the conditions given can be proved in the same manner
as in the proof of Theorem 3.3.1. We prove the sufficiency. For this, assume
that all the conditions of the theorem are satisfied. Denote by ¢, the relation
e(Aa, x(g)), and by Wy the set G'\ x(g). Then (¢}, Wy) is the determining
pair of (G, 0), which corresponds to the simplest representation of (G,o0) by
reversive n-place functions. Let P be the sum of the family representations
(P(E; W,))geG- Analogously as in the proof of Theorem 3.3.1, we show x = xp.
So, we must only prove that P is one-to-one. Indeed, if P(g1) = P(g2) for
some g1,92 € G, then: (a) priP(g1) C pr1P(g2), (b) pryP(g2) C priP(g1),
(€) Plexw,)(91) = Pz, w,)(g2) for every g € G. As x = xp, from (a) and (b)
we get g1 C g2 and go C ¢1. Condition (c) implies

(Vy) (g1 =yleg,) «— (91 C g2 — g2 = y(eg)) ),
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which, as it is not difficult to see, gives

(V) (91 C g2 — (g1 = yleg)) — 92 = y(eqy))).

Since g1 C g2, for y = g1 from the last condition we obtain g1 = ga(eg,).
Thus, (91,92) € em{Dag, x{(g1)) for some m € N and go C g;. This, together
with (3.3.5), proves g1 = g2. So, P is one-to-one. O

Remark that according to Section 2.1, the condition (3.3.4) is equivalent to
the elementary formula

Cr : Gy, — g T z[f]91],
where
g C g1 =wu|Wi|gc1] A g T g2 = ui[ii|gdil,

g1y (9 T u2il2ilgic2i] = silvilnicil,

o A G T U241 [W02i41 | gos 1 C2i41) = 24 [W2i gy, d2i], |
m * =1

' 9 T u2i+1[W2i11gs,, doit1] = 8i[Vilr;di]

2m 1
A (9 C sil0ilr;ci] = silVilr,di]) N g C 2[g]592]-

i=2m—1

The condition (3.3.5) is equivalent to the formula

Dy, Dy, — un [ g, €1] = wp [W1]g, di ],

where

uy[W1lge1] © wa[Wilg di] A urlrfgdi] © wi[wn]e, da],

om—1_1 ul [U_]1|qlcl] L u2i[u_]2i|Q2i62i] = Si[ﬁi|n0i]7

D - A ur[W1 g, €1] T U241 [W241 ] gosyr C2i41] = ©2i[W2i]goid2i], |
m * i=1

w11 g, 1] C u2i41[W2i41]gos 1 d2iv1] = 5i[0i]r di]

om_1

A 1 (ur[i1lg, 1] T 8ilOilr, ci] = sil0ilr,di] ),
j—om—

ui € GU{eq}, si € GU{en}, qi,risje{l,...,n} foralli=1,2,...,2" —1,
and the rest of the elements belong to G.

Let (G, 0) be a Menger algebra of rank n > 1. Consider the binary relation

C={(g.02)| ). (3.3.6)
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A

where ¢ is the strong closure of the set {g}. It is not difficult to show (see [215])
A

that the relation ( is a stable and steady quasi-order, which is contained in any

reflexive steady binary relation defined on (G, 0). The relation 2 will be called
a strong quasi-order.

Based on Theorem 3.3.2, we can prove that a Menger algebra (G, o) of rank
n > 1 is isomorphic to some Menger algebra of reversive n-place functions if
and only if its strong quasi-order is antisymmetric. Indeed, if P is a faithful
representation of (G, 0) by reversive n-place functions, then (p is a stable steady

A
order. So (C (p and

A A —1 1
¢(N¢ CCpNCp CAg,

A A
i.e., ¢ is antisymmetric. On the other hand, if ¢ is antisymmetric, then the

A
system (G, o, () is a strong f.o. Menger algebra. Thus (G, o) is represented by
reversive n-place functions.

A
The fact that ¢ is antisymmetric means that

A A
g1 €92 N g2 €91 — g1 = g2 (3.3.7)
for all g1,g92 € G. According to § 2.1, the implication (3.3.7) is equivalent to

the system (Ej, ,)mnen, where

ELn: g1€D({g2}) N g2€D ({n1}) — 91 =92

Since D (X) C D (X) for m < n, the system (E/

m.n)mmeN 1S equivalent to its
subsystem (E!,)men such that

By g1€D ({g2) A g2 €D ({91}) — g1 = g2
Then, according to § 2.1, condition E, is equivalent to the elementary formula
Ep i BN — t(u1) = "1 (u_1), (3.3.8)
where
sty [t g (usio1) = ti(w) At _g;(u1—3i) =t (u—y),
‘ tgi(usi) = ti(vi) A tlgi(u_gi) =t ;(v-), :
B - by (usivn) = 8 (vi) A2 _g5(u1-3i) = 7 (vs)
e (té(ui) = ti(vi) = ] (vi) =t (u1), )

i (u—g) =t (v—y) = 7, (v—y) = t] (u1)

_3m—l4
=3

In this way we proved the following theorem.
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Theorem 3.3.4. A Menger algebra of rank n > 1 is strong if and only if for
every natural m it satisfies (3.3.8).

3.4 (A)-, (Y)-, (A, Y)-Menger algebras

Many authors investigate sets of multiplace functions closed with respect to the
Menger composition of functions and other naturally defined operations such
as, for example, the set-theoretic intersection of functions considered as subsets
of the corresponding Cartesian product.

At first, we describe the set ® of n-place functions closed with respect to
the Menger composition O, set-theoretic intersection N and the inclusion of
domains x¢. The systems (P,0,N) and (P, O, N, xo) will be called respectively:
a N-Menger algebra and a projection quasi-ordered N-Menger algebra of n-place
functions. The abstract analog of such systems will be called respectively:
a A-Menger algebra of rank n' and a p.q-o. A-Menger algebra of rank n. In the
case of reversive n-place functions, the corresponding algebraic system will be
called strong.

Theorem 3.4.1. For an algebra (G, o0, A) of type (n+1,2), the following state-
ments are true:
(a) (G,o,N) is a A-Menger algebra of rank n, if and only if

(1) o is a superassociative operation,

(ii) (G, A) is a semilattice, and the following two conditions

(x A y)[z] = z[Z] A y[Z], (3.4.1)
ti(x Ay A 2) Ata(y) =ti(x Ay) Ata(y A 2) (3.4.2)

hold for all x,y,z € G, Z€ G™ and t1,ts € T,,(G),
(b) if n>1, then (G, 0, \) is a strong A-Menger algebra of rank n if and only
if the conditions (1) and (ii) above, (3.4.1) and
u[w|;i(z A y)] = u[w|x] A u[w|y], (3.4.3)
ti(x A y) Ata(y) =t1(z A y) A ta(x) (3.4.4)

are true for all i=1,...,n, u,z,y € G, w € G", t1,t2 € T,,(G).

Proof. Necessity. Let (G, 0, \) be a (strong) A-Menger algebra of rank n. Then
it is isomorphic to some N-Menger algebra of (reversive) n-place functions, for
example to (®,0,N). It is clear that (P, 0) is a Menger algebra and (®,N) is
a semilattice. So, the conditions (i) and (ii) are satisfied.

! In the literature A-Menger algebras also are called Menger P-algebras.
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To prove (3.4.1), let v1,p2,vU1,...,1¢, € ®. Then, obviously,

(1 Np2)[th1 -+ Pn] T o1t u] Npa[thr -+ - ).

Conversely, if (a,d) € @1[th1 - -] N @a[th1 - - - 1bp], then one can find b and &
such that (@,b;) € i, (b,d) €1, (a,¢;) €;, (6,d) Eps for all 4,5 =1,...,n.
Because all ¢; are n-place functions, from the above, it follows that b; = ¢;,
i=1,...,n, ie, b =& Hence (b,d) € 1 N s and, consequently, (a,d) €
(p1 N w2)[thy + - - 1by]. Therefore

©1[Yh1 -+ n] Npa[thr -] C (01 N @2)[th1 - Y,

which, together with the previous inclusion, proves (3.4.1).
To prove (3.4.2), observe first that for any binary relations p,o C A x B and
every subset H C A the following equality takes place:

polAgNo=(pNo)olAy. (3.4.5)
Let t1,t9 € T,,(®) and ¢, v, x € ®. Then, as it is not difficult to see,

tile Ny Nx) Nta(y) C tale Nep) Nita(1h)
and

pry(t1i(e N N x) Nt2()) C pro(¢ N x).
Thus, using (3.4.5), we get

ti(e NP Nx) Nta(¥) C (Tl NY) Nt2(¥)) © Dpr ()

=t1(eNY) Nta(Y) 0 Dpr [ (pny) =t NY) Nt2(Y 0 Bpr (gry))

= t1(p N ) Nta(P N x).
So, ti(eNyYNyx)Nta(v) C t1(eNy)Nta(Nx). It is easy to check that for any
functions ¢ and 1 satisfying the condition ¢ o Apy y = 1o Apr o, the following

equality holds
poDpry=pNip. (3.4.6)

Hence, using (¢ N9) o Apr (pny) = (¥ N x) © Apr,(pny) together with (3.4.5)
and (3.4.6 ), we obtain

tileNy) Nia(¥ Nx) = tale N) N (t2(P N X) 0 Apr, (pry))

= (ti(pNe)o Aprl(wﬁx)) Nta2(y N x)

=ti((pNy)o Aprl(z/mx)) Nt2(¥ N x)

=ti(pNyYNx)Nt2(YNx) Ctile NP Nx) Nta(eh).

So, t1(e NN x) Nita(h) = t1(eN1) Nita(yp N x), which proves (3.4.2).
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Now, we prove (3.4.3). Let @ be the set of reversive n-place functions. It is
clear that

fIXlsp 0] C fXlise] N0 X))
for every i = 1,...,n, ¢,¥,f € ® and y € ®". To prove the converse
inclusion, let (a, d) € fIxliel N f[xliy]. Then there are b and & for which
(@b;) € x5 j € {L,...,n} \ {i}, @b;) € ¢, (b,d) € [, (a,¢j) € x;,
je{1,...,n}\ {i}, (a, c@) € ¢ and (¢,d) € f. The fact that x; is a func-
tion implies b; = ¢; for j € {1,...,n} \ {i}. By assumption f is a reversive
function, so, from f(b) = f(bl;c;) it follows b; = ¢;. Thus (@, b;) € ¢ N, and,
consequently (a,d) € f[x|ip N]. Hence

fIxliel N fxlv] € flxlie N

This proves (3.4.3).
Finally, according to (3.4.2), for t1,ty € T,,(®), ¢, 1) € ® we have

tileNyY)Ntz2(v) = ti(p NP N ) Nta() = ti(p Np) Nta(p N ),

and

ti(p NY) Nta(p) = LY N NY) Nia(p) = talp M) Nta(p N).
Therefore (o N 1) Nta(y) =ti(p NY) Nta(y), which proves (3.4.4).
The necessity is proved.

Sufficiency. For the proof of this part of our theorem we shall need three
propositions.

Proposition 3.4.2. Assume that (G, o0, X) satisfies all the conditions of The-
orem 3.4.1(a), maybe with the exception of (3.4.2). If (¢*,W) is the deter-
mining pair of a Menger algebra (G,0), where e C G x G, W C G, &* =
eU{(er,e1),...,(en,en)}, €1,...,en — selectors in (G*,0%), then the equality

P« wy(g91 A 92) = Pew wy(91) N Pres wy(92) (3.4.7)

holds for all g1,92 € G if and only if for all g1, g2 € G the pair (e, W) satisfies
the following three implications:

neW —agilgeW, (3.4.8)
gL Ag €W — g1 = g2(e), (3.4.9)
gL EW AN g1 = g2(e) — g1 A g2 = g1(e). (3.4.10)

Proof. From the fact that equality (3.4.7) holds for all g, g2 € G, we obtain

(V91)(Vg2) (Vy & W) (91 & g2 = y(e) «— g1 = g2 = y(e))-
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This condition is, of course, equivalent to the following two implications:
(1) (Vg1)(Vg2)(Vy) (y €W A g1 A g2 =y(e) — g1 = g2 = y(e)),
(2) (Va1)(Vg2)(Vy) (y €W A g1 = g2 =y(e) — g1 A g2 = y(e)).

Now let g1 A g2 & W. By replacing in (1) y with g1 A g2 we get g1 = g2 =
g1 A g2(¢). Thus g1 = g2(¢) and g1 ¢ W. This proves (3.4.8) and (3.4.9).
We obtain the condition (3.4.10) by putting y = g1 in (2).

Conversely, if the implications (3.4.8)—(3.4.10) are satisfied and y & W, g1 A
g2 = y(e), then g1 A go & W, which, by (3.4.8) and (3.4.9), gives g1 ¢ W
and g1 = go(¢). From this, according to (3.4.10), we get g1 A g2 = g1(e).
But g1 A g2 = y(e), so, g1 = g2 = y(e). This proves (1). If y € W and g1 =
g2 = y(e), then g1 & W, which, according to (3.4.10), gives g1 A g2 = g1 = y(e),
s0, (2) is proved. O

It is not difficult to show that if the determining pair (¢*, W) satisfies the
conditions (3.4.8)—(3.4.10), then the relation ¢ is defined in the following way:

e={(91,92) [ (g1 L g2) €W V g1,90 € W}. (3.4.11)

Now assume that an algebra (G,o, A) of type (n + 1,2) satisfies all the
conditions mentioned in Theorem 3.4.1(a) and consider the binary relation
¢ ={(91,92) |91 A g2 = g1 }. Instead of (g1, g2) € ¢ we shall write g; < go.

Proposition 3.4.3. The relation ¢ is a stable order on (G,o0, A). Moreover,
with respect to the operation o it is weakly steady.

Proof. By assumption (G, A) is a semilattice, so ( is a stable order on (G, A).
To prove that ¢ is stable on (G, 0), let < y, i.e., A y = z. Then, according
to (3.4.1), we have z[Z] A y[zZ] = z[Z], ie., z[Z] < y[Z]. So, ( is l-regular.
Further, from x < y we obtain u[w|i(z A y)] = u[®|z], i = 1,...,n. Hence
u[w|;(z A y)] A ulw]y] = ulw];z] A u[w|;y]. Putting z = x in (3.4.2) we get
ti(x Ay) Ata(y) =t1(x A y) A ta(z A y) for all t1,te € T,,(G). Thus
ul@li(z A y)] A u[wliy] = uld|i(z A y)] A u[d]i(z A y)]
= u[@];(z A y)] = uld]].

So, u[w|;z] < u[w|;y], i.e., ¢ is i-regular for every i = 1,...,n. This proves that
¢ is stable on (G, o).

Now let g1 < g2, g < t1(g1) and g < t2(g2) for some g,g1,92 € G, t1,t2 €
T,,(G). Then

gAti(g1 A g2 A g1) Ata(g2) =g,

which, according to (3.4.2), gives us

gAti(gr A g2 A g1) Ata(g2 A g1) =g,
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ie, g Ati(g1) At (gl) = g. Applying g A t1(g1) = g to this equality, we obtain
g Ata(g1) =g, i.e., g < tag). So, ¢ is weakly steady. O

Note that in the case when the algebra (G, o0, A) from the Proposition 3.4.3
satisfies all the conditions of Theorem 3.4.1(b), the relation ( is steady on
(G,o0, A).

Now we consider the relation

g9 ={(91,92) |91 A g2 € W ({{9)) V g1,92 € W ({(9))}-

Proposition 3.4.4. For every g € G, the pair (5, Wy(((g))), where e;; = e4U
{(e1,€1),...,(en,en)}, €1,...,en — selectors in (G*,0%), is the determining
pair of (G, 0) and satisfies the conditions (3.4.8)—(3.4.10).

Proof. Let g1 A g2 & Wy(((g)). Then (g1,92) € 4 and g < t(g1 A g2) for
some ¢t € T,(G). Since t(g1 A g2) < t(g1), we have g < t(g1), which gives
g1 & Wy(((g)). So, the pair (5, W,(¢(g))) satisfies (3.4.8) and (3.4.9). If
g1 & Wy(¢(g)) and (g1,92) € €4, then g1 A g2 & Wy ({(9)), and, consequently
(g1 A g2,91) € 4. This proves (3.4.10).

Of course, ¢4 is a reflexive and symmetric relation. Let g1 = g2(ey) and
g2 = g3(gg). If at least one of g1, g2, g3 is in W,(((g)), then obviously all of
them are in W,(¢(g)). Thus g1 = g3(g4). If any of g1, g2, g3 is not in W,({(g)),
then g1 A g2 ¢ Wy (((g)) and ga A g3 & W,(((g)). Consequently, g < t1(g1 A g2)
and g < ta(gaAg3) for some t1,to € T,,(G). Therefore g < t1(g1 Ag2) Ata(gahgs).
This, according to (3.4.2), gives

g <ti(gr A g2 A g3) Ata(gs) <ti(gr A g3)-

Hence g1 A g3 &€ Wy(¢(g)), i.e., g1 = g3(eqg). So, g4 is transitive in any case.
This proves that €4 is an equivalence on G.

Now we prove the v-regularity of ¢,. For this let g1 = ga(gg). If g1, g2 are
in W,(¢{g)), then also u[w|;¢1], u[w|;g2] are in W, ({{g)), because W,({{g))
is an [-ideal. Thus u[w|;g1] = u[w]ig2](eg). If g1,92 € Wu(((g)), then also
g1 A g2 & Wy(C(g)), ie., g < t(gr A g2) for some t € T,(G). If u[w|;g1] is
not in W,(¢{g)), then obviously g < t1(u[w|;g1]) for some ¢; € T,(G). This,
together with g1 A g2 < g1, g < t(g91 A g2) and the weak stability, implies
g < t1(u[wl|;i(g1 A g2)]). Since u[w|;(g1 A g2)] < u[w|;gx] for k = 1,2, the above
proves u[wl|;(g1 A 92)] < u[w|;g1] A ulw|;ge]. Thus

t(u[w|i(g1 A 92)]) < ti(ufw]igr] A uw]iga]).

Hence g < t1(u[w|igi] Au[w]iga]), i-e., ulw|igi] Au[@]iga] & Wu(((g)). Therefore
ulwl];91] = u[w|ig2](eg4), which proves that 4 is i-regular for every i =1,...,n.
By Proposition 2.1.11, it is v-regular. m|
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From the stability of ¢ it follows that for every g € G the determining pair
(5, Wu(C(g))) satisfies the condition

C € Gz Walcta))- (3.4.12)

If (G,o0, ), besides it, satisfies condition (3.4.3), then the relation ¢, is
v-cancellative on a Menger algebra (G, 0) and the above determining pair de-
termines the simplest representation of (G, 0) by reversive n-place functions.

Now we are in a position to finish the proof of Theorem 3.4.1.

Assume that the algebra (G, o0, A) satisfies all the conditions of the item (a).
According to the Proposition 3.4.4, we can consider the family of the simplest
representations (P(E;,Wu(dg))))gg(; of a Menger algebra (G, 0), the sum of which
will be denoted by P. From the Propositions 3.4.2 and 3.4.4 it follows that for
any ¢, g1, g2 € G we have

Ples Wt (91 A 92) = Plex w,(c(g))) (91) N Plex wiy(c(g))) (92)-

Hence P(g1 Ag2) = P(g1)NP(g2) for all g1, g2 € G. So, P is a homomorphism of

(G, 0, \) onto some N-Menger algebra of n-place functions. We prove that this

homomorphism is one-to-one. Indeed, since (p = ) C(Engv(qg))), condition
ge@

(3.4.12) implies ¢ C ¢p. Conversely, if (g1, g2) € (p, then

(Vg € G)(VZ € B) (q1[7] & Wu(({g)) — q1[F] = 92[Z](ey) ),

where B = G" U {é}, é = (e1,...,e,) — selectors in (G*;0*). This for z = ¢
and g = g1 gives g1 AL g2 € W,,({{(g1)). Hence g1 < t(g1 A g2) for some t € T,,(G).
Consequently, g1 A g2 < g1, g1 < (g1 A g2) and g1 < g1. But € is weakly steady,
80, g1 < g1 A g2 < go, i.e., (p C (. Thus ( = (p. Now, using the antisymmetry
of { we have
P(g1) = P(g2) <— P(g1) C P(g2) N P(g2) C P(g1)
S9N g2 < g1 — g1 = 92,
which proves that P is one-to-one. So, P is an isomorphism.

Now assume that the algebra (G, o, o) satisfies all the conditions of the
item (b). In this case, (3.4.3) and (3.4.4) imply (3.4.2). Indeed,

ti(x Ay A z) Ata(y) =t1(z Ay A 2) Ata(y) A ta(y)
=ti(x Ay A z) Ata(x A 2) Ata(y)

=ti(x Ay Lz) Ata(x Ay L z) <ti1(z Ay) Ata(y A 2).
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We have further

ti(x Ly) Ata(y A 2) =t1(z A y) Ata(y) Ata(y) A ta(2)
=ti(x Ay) Ata(x) A ta(y) A ta(z)
ti(x Ly) Ata(x Ay A 2) <u,

where u € {t2(z), ta(x Ly), t(z L y)}. From this, in view of the steadiness of (,
we conclude t1(x A y) Ata(y A 2) < ti1(z). Thus

ti(x Ay) Ata(y A z) <ti(x Ay) At1(z) Ata(y) =ti(z Ly A 2) Ata(y),

which together with the previous inequality proves (3.4.2). So, all the demands
of item (a) are satisfied. Therefore, basing on the just proved item (a), we
conclude that the algebra (G, o, A) satisfying all the conditions of the item (b)
is isomorphic to a N-Menger algebra of reversive n-place functions. m]

Theorem 3.4.5. An algebraic system (G, o0, A,x), where (G,0) is a Menger
algebra of rank n, (G, \) — a semilattice, x — a binary relation defined on G,
is isomorphic to some projection quasi-ordered N-Menger algebra of n-place
functions if and only if x is an l-reqular v-negative quasi-order containing the
semilattice order ¢ of (G, \), the identity (3.4.1) and the conditions

rCax Ay —z<y, (3.4.13)
u[(z1 Ayr) - (Tn A yn)] < ulyr -y, (3.4.14)
rCyAzAxCuw|i(zAv)] — zCulw)(y Az Ao (3.4.15)

hold for alli =1,...,n, u € GU{e;}, ©,y,z, 25,y € G, k=1,...,n,w € G",
where x <y <+— (x,y) €, xCy<+— (z,y) € X.

Proof. We prove only the sufficiency of these conditions because the proof of
their necessity is not difficult. First of all, observe that (3.4.1) and (3.4.14)
imply the stability of ¢. Next, for every g € G we define the relation ¢, letting

gg={(91.92) |9 T g1 A g2 or g1,92 € Wy},

where W, = G'\ x(g). From the v-negativity of x we conclude that Wy is an
l-ideal. Analogously, from condition (3.4.15) and the properties of { we deduce
that e4 is a v-congruence on a Menger algebra (G, 0). Thus, (g7, Wy) is the de-
termining pair of (G, 0), which, as it is easy to see, satisfies all the conditions of
(3.4.8)—(3.4.10), where e = e5U{(e1,€1),...,(en,en)}, €1,...,en — selectors
in (G*,0").
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Let P be such representation of (G,0), which is the sum of the family of
representations (P(s}Wg))geG' In view of Proposition 3.4.2, this representation
satisfies the identity

P(g1 A g2) = P(g1) N P(g2),

where g1,92 € G. Moreover, in this case ( = (p and x = xp. Indeed, let
g1 < g2 and g T ¢1[z] for some g € G and T € B=G" U{(ey1,...,e,)}. Since
g1 A g2 = g1, implies g T (g1 A g2)[Z] = g1[F] A ¢2]Z], from the above we obtain
91[] = g2[7](gg). So, (91, 92) € Cp-

Conversely, if (g1, 92) € (p, then

(V9)(VZ) (9 C g1[Z] — g C g1[7] A go[7]),

which for g = g1, T = (e1,...,e,) gives g1 C g1 Ago. Hence g1 < go, by (3.4.13).
This proves ( = {p. The proof of y = xp is very similar.

We complete this proof by the simple observation that P(g1) = P(g2) is
equivalent to P(g1) C P(g2) and P(g2) C P(g1). Hence we have g1 < g2 and
g2 < g1, which implies g1 = go. This means that P is a faithful representation
of (G,0). O

Let (@, O) be a Menger algebra of n-place functions defined on the set A and
n+1
let A 4 be an n-place function belonging to ®. In this algebra the intersection

of functions can be expressed by the composition, namely, for any functions
P15 .., pn € D we have

n+1

n+1 n+1
Hence p1 Nwa = A 4 [p1p2 -« - 2], which means that A 4 can be treatment as
n+1
a nullary operation. Such an algebra (®,0, A 4) will be called a D-Menger
algebra of n-place functions and can be characterized by some abstract algebra
(G,0,¢e) of type (n+ 1,0), where n > 2, with the added binary operation A
defined by the formula g1 A g2 = €[g192 - - - g2

Theorem 3.4.6. An algebra (G, o0,¢) of type (n + 1,0), where n > 2, is iso-
morphic to some D-Menger algebra of n-place functions if and only if the op-
eration o is superassociative, (G, \) is a semilattice, (3.4.4) holds and for all
9:91,92, -, gn € G, t € T,,(G) the following conditions take place:

elgiga - gnl = g1 L ga k- A g, (3.4.16)
gle"] & g = gle"], (3.4.17)
gAtle)=g—gle"] =g. (3.4.18)
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Proof. The necessity part is obvious. To prove the sufficiency observe first that
(G,0, L) is a A-Menger algebra. Indeed, the identity (3.4.1) is an immediate
consequence of the superassociativity and the definition of A. Next, using
(3.4.4) we obtain

t1(gr A g2) Ata(gr A g2) =t1(g1 A ga A g2) Ata(gr A g2) = t1(g1 A g2) Ati(g2),

which together with

t1(g1 A g2) A ta(g2 A g3) = ti(e[gag1 -~ g1]) A ta(ga A g3)

gives us

t1(g1 A g2) A ta(g2 A g3) =ti(e[(g2 A g3)g1---g1]) A ta(g2 A g3)
=t1(g1 A g2 A g3) Ata(g2 A g3) = t1(g1 A g2 A g3) A ta(gr A g2 A g3)
=t1((g1 A 93) A g2) Ata((g1 A g3) A g2) =t1(g1 A g2 A g3) A t2(g2).

This proves (3.4.2). Thus, (G, o0, L) is a A-Menger algebra and all the arguments
presented in the proof above are valid in this case too.

It is not difficult to see that condition (3.4.17) implies g[e"] < g. The condi-
tion (3.4.18) is equivalent to the implication g < t(e) — g[e"] = g, i.e., to

e & Wy(¢(9)) — gle"] = g

Consider the following two subsets of G :

Gir={glec W,({(9)}, Ga2={gleg Wy(C(9)}

It is clear that G = G1 U Gy and G1 NGy = @.
Let P be a representation of a Menger algebra (G, 0) such that we have

P=>_F (e5.Wu(¢lg)) T+ Y Pl wulclo): (3.4.19)
geG geGa

where, according to the definition, for every g; € G

Ple,wo(cton) (91) = Pegwi(cton) (91) \ {0 a)},

*

olei), i = 1,...,n, are indexed by a,b;, i = 1,...,n.

if e*-classes €;(g1), €
We show that ¢ = (p.

The inclusion ( C (p is a consequence of condition (3.4.12), which is true
also for the pairs (¢4, W,(((g))). To prove the converse inclusion, assume that

(91,92) € Cp. This is equivalent to the following two conditions:
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(Vg € G1)(Vz € B) (91]7]) € Wu(((9)) — g1l
(Vg € G2)(Vz € G™) (91[7]) & Wu(¢(9)) — a1l

where B =G" U{(e1,...,en)}.

If g1 € Gy, then from the first condition for g = g1, T = (ey, ..., e,) we obtain
g1 A g2 & Wy(C(g1)), i-e., g1 <t(g1 A g2) for some t € T,,(G). But g1 A g2 < g1
and g1 < g1, 80, g1 < g1 A g2 < g2 because ( is a weakly steady relation.

If g1 € G, then the second condition implies ga[e™] A g1 & W, (¢{g1)), since
g1le"] = g1. Thus g1 < t(g2[e™] A g1) for some t € T,,(G). Then, from go[e™] A
91 < g1, 91 < t(g2[e™ A g1), g1 < g1 and the properties of ¢ we deduce
g1 < g2[e™] A g1. Hence g1 < gole”], and g1 < go[e"] < g2 by (3.4.17). So,
Cp C ¢. This proves ¢ = (p. Therefore P is a faithful representation of (G, 0)
by n-place functions.

Further on, from condition (3.4.16) we get e[g"] = g for every g € G. Besides,
from zq A xg A -+ Az & W, (({(g)), we conclude that for every g € G we also
have 1 A zag A -+ A xp =21 = 23 = -+ = x,(gy). This, according to (3.4.19)

=)
1

£
I

1
gives P(e) :TZ Ay> Where Ag is the set of elements used for indexation of the
equivalence classes €4(g1) such that ¢ € G and g1 ¢ W,(¢(g)). Since P is
a representation of (G, 0) by n-place functions defined on the set A, where
Ap C A, instead of P we consider P* defined on GG in the following way:

n+1
P(g)U A g, if g#e,
n—+1
Ay if g=e.

P(g) =

If g € Gy, then pryP(g) C AjU{(big,-.-,bng) | g € G1}, where b;, is the index of
the class €} (e;), i = 1,...,n. If g € Gy, then pr;P(g) C Afj. Besides, for every

g
n+1
g € G we have pryP(g) C Ap. This means that the algebra (P(G),0, Ay,) is

n+1
isomorphic to the algebra (P*(G),0, A4). O

We shall now consider the set @ of n-place functions closed with respect to
the Menger composition O and the set-theoretic union U. The algebra (P, O, U)
will be called a U-Menger algebra of n-place functions, their abstract analog —
a Y-Menger algebra of rank n.

Let (G,0,Y) be an arbitrary algebra of type (n + 1,2), where (G,o0) is
a Menger algebra, (G, Y) — a semilattice satisfying the identity:

(x Y y)[2] = z[Z] ¥ y[2], (3.4.20)

(e*, W) — the determining pair of (G,0), * = e U {(e1,e1),...,(en,€n)},
€1,...,en — selectors in (G*, 0*). Then the following proposition takes place.
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Proposition 3.4.7. The determining pair (¢*, W) satisfies the identity

Prov wy(91 Y 92) = Pev w)(91) U Pes wy(92), (3.4.21)

if and only if for all g1, g2 € G the following three conditions hold:

NEWNgGeW —g YgeW, (3.4.22)
N<PpNgpeW-—ageW, (3.4.23)
e= (W x W)U (W x W), (3.4.24)

where W =G\W and x <y+—xYy=y.

Proof. Tt is not difficult to see that the identity (3.4.21) is equivalent to the
following system of three conditions:

yE€W A (1Y g2) =yle) — g1 =y(e) V g2 = y(e), (3.4.25)
yEW A gr=y(e) — (91 Y g2) = yle), (3.4.26)
ygEW A ga=yle) — (91 Y g2) = y(e), (3.4.27)

which must be satisfied for all ¢g1,92,49 € G. From condition (3.4.25) for
y=g1Ygs weget g1 Y g &W — g1 € W V go € W, which implies (3.4.22).
Putting y = g1 in (3.4.26) we obtain g1 € W — g1 Y go ¢ W. This means
that g1 < go implies go € W. So, (3.4.23) is proved. Further, replacing y
in (3.4.26) by g1 and by go in (3.4.27), we get g; € W — g1 Y g2 = gi(e),
i = 1,2. Therefore g1 = g2(¢) for g1, g2 € W', which proves (3.4.24), because
W is a e-class.

Conversely, let the conditions (3.4.22)—(3.4.24) be satisfied. If the premise
of (3.4.25) is fulfilled, then, according to (3.4.22), we have g; € W' or go € W/,
which, by (3.4.24), gives g1 = y(e) or g2 = y(e). So, (3.4.25) is proved. Now,
applying (3.4.23) to the premise of (3.4.26), we obtain g; Y go € W', which
proves (3.4.24). The proof of (3.4.27) is analogous. o

Theorem 3.4.8. An algebra (G, 0, Y) of type (n+1,2) is a Y -Menger algebra of
rank n if and only if the operation o is superassociative, (G,Y) is a semilattice,
the identity (3.4.20) holds and for all x,y,y;,z2 € G, w € G", u € G U {e;},
i1 =1,...,n, the conditions

ulwli(z Y y)] = u[wliz] Y ul@]iy], (3.4.28)
zly1 - yn] < Yi, (3.4.29)
<y Yulwz] — z <y Y u[w|z], (3.4.30)

where © <y +— x Y y =1y, are satisfied.
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Proof. Necessity. Let (®,0,U) be some U-Menger algebra of n-place functions.
We check only the conditions (3.4.28)—(3.4.30), as the rest is obvious. Let
o, 3,857, ¢ € ®, i = 1,...,n, Y € ®" be arbitrary. We have ¢[y|;ia] U
olxliB] C ¢lxli(a U B)]. Conversely, if (a,c) € p[x|i(aU B)], then

((_l,bi)EOéUB, (dﬂbj)ex_ﬂ jzlv"wn? ]7&27 (I_),C)E(P

for some b. Thus (a,b;) € a or (a,b;) € B, (a,b;) € xj, 3 =1,...,n, j #1,
(b,c) € . Therefore, (a,c) € p[x|ia] or (a,c) € ¢[x|:iB], ie.,

(@,c) € p[xlia] Ue[x|ip].

So, w[Xli(aU B)] C pltlia] U plxlif]. This proves (3.4.28).

The inclusion priaf[By---8,] C pryf; is true for every i = 1,...,n.
Thus affy---Bp] © Dpr,g; = alfi---Bul. As a[f1---8,] U B € @, then
(a[ﬁl te BTL]? /6Z) E g‘ba i'e'7

06[61 T Bn] °© Apr 18 = Bio Aprla[ﬁl..ﬂn]-

Hence a[B1 -+ B = Bi o Dpriapr-p,)- S0, a[Bi-+-Bn] C B, which proves
(3.4.29).

Finally, let o« C BU@[x|i7]. As aU~y € @, then, evidently, («,7) € &o, i.c.,
oo Aprﬂ =~o Aprla- Therefore

a=aoApra C(BUPX|iY]) o Apr,a
= (B0 Dprya) U (@[Xliv] © Apr,a)
= (B o Apr,a) Up[Xli(y o Apr,a)l
= (B o Apr,a) Up[Xlilao Apr4)] C BU[X]iaf.

Thus (3.4.30) is proved.

Sufficiency. Let (G,o0,Y) satisfy all the conditions of the theorem. From the
conditions (3.4.20) and (3.4.28), it follows that the order < is stable. Moreover,
forall h,g1,92,2 € G,u € GU{e;}, w € G", i =1,...,n the following condition
is true

h<gi Ah<zYulwig] — h<zYulw;gl (3.4.31)

Indeed, if the premise of (3.4.31) is satisfied, then, applying (3.4.30) to the
inequality h < z Y u[®|;g2], we obtain h < z Y u[w|;h]. Next, using the stability
of the relation < and h < g1 we get uw|;h] < u[w|;g1]. Therefore, z Y u[w|;h] <
z Y u[wl|;g1], and, as a consequence, h < z Y u[w|;g1], which proves (3.4.31).
Let L), where h,g € G and h £ g, be the family of all l-ideals of
(G, 0), which contain the element g but do not contain h and which satisfy
the conditions (3.4.22) and (3.4.23). The family L, ) is nonempty because
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{r € Glz < g} € Lpg). According to Zorn’s Lemma in L, 4, there is
a maximal (with respect to the inclusion) element W, ;. We will show that
for every g1 & W, 4) there exists z € Wy, 4y such that h < 2 Y g1. In order
to do this, we consider the set W of all hy € G such that h; < 2z Y ¢y for
some z € Wy ). Obviously g € W, because g € W, gy and g < g Y g1. Let
hi1 < hg. If ho € W, then hy < z Y g1 for some z € Win.g)- Thus h1 < 2 Y g1,
ie, hy € W. If hy,ho € W, then hy < 21 Y g1 and hy < 29 Y g1 for some
21,22 € W(h,g)~ Hence hy Y hy < (Z1 Y ZQ) Y g1. But 21 Y 20 € W(h,g)) SO
hi1Y ho € W. If hy € W, then there exists z € W(h,g) such that hy < 2 Y ¢;.
Thus u[w|;h1] < u[w];z Y g1] < 2Y g1. Consequently u[w|;hq] € W. In this way,
we have proved that W is an [l-ideal satisfying (3.4.22), (3.4.23) and contain-
ing g. It is obvious that W(;, ) C W. But, by assumption, W, 4 is maximal
in Ly gy, so h € W. Therefore h < 2 Y g1 for some z € W, 4.

Let us consider now the equivalence €, 4) defined on (G, 0) and having only
two equivalence classes W, 4 and W(’ hag)" We show that (;, 4) is a v-congruence.
Let g1 = g2(€(ng))- Assume that g1, g, u[w|ig1] € W(’hg). Then h < 21 Y g1,
h < 29 Y ga and h < 23 Y u[w|;g1] for some z1, 22, 23 € Win,g)- From the last
two inequalities and (3.4.31) we get

h<z3Y U[U_]|i(22Y gz)] =23Y u[u')|iz2] Y u[u?\igg}.

From z3Y u[w|ize] € Wiy, 4 it follows u[w|ize] € Wy 4), because in the other
case h € W(;, ) which is impossible by construction of W, ;). Similarly we
prove that gi,gs,u[w|;g2] € W(/hg) implies u[wl|;g1] & W(/h,g)' This means
that u[w];g1] = u[w]ige](e(n,g). Since Wy, 4y is an I-ideal, the same condition
holds in the case when g1,92 € Wy, 4). From the above, it follows that g,

is an i-regular for every ¢ = 1,...,n, i.e. it is a v-congruence. Therefore
*

(Ezkh,gyW(h,g))v where Elhg) = Elhg) Y {(e1,€1),...,(en,€n)}, €1,...,€, — se-
lectors in (G*,0%), is the determining pair of (G, o), for which the conditions
(3.4.22)—(3.4.24) are satisfied. With any such determining pair is connected

the simplest representation P(EZ‘h,g),W(h,m)'

Let P be the sum of the family of representations (P(E(*h,qu(n,g))) h,geG, Where
h £ g. According to the Proposition 3.4.7, P satisfies the identity P(g1Yg2) =
P(g1) U P(g2). Moreover, g1 < g2 <— P(g1) C P(g2). Indeed, if g1 < g2, then
92 =91 Y g2, ie,, P(g2) = P(g1 Y g2) = P(g1) U P(g2). Hence P(g1) C P(g2).
Conversely, from P(g1) C P(g2) we obtain (g1, g2) € (p. So, g1 < g2 or g1 € go.
If g1 £ g2, then, evidently, (g1, g2) € ([ W )» which means that

(91,92)°"" (91,92)

(Vz € B) (91[7] € Wig,,0) — 9117] = 92[](c(g, g2))) -

Putting & = (ey,...,ey,) in this condition and applying (3.4.24) we obtain
g2 & Wig,,g,), Which is impossible. Thus, g1 < ga. This completes the proof of
the equivalence g1 < g2 «— P(g1) C P(g2)-
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From the above P(g1) = P(g2) <— g1 = g2. So, the representation P is
faithful.
The proof is complete. m|

A Menger algebra (®,0) of n-place functions closed with respect to the set-
theoretic intersection and union of functions will be denoted by (®, 0, N, U) and
will be called a (N, U)-Menger algebra of n-place functions. Abstract algebras of
type (n+1,2,2) isomorphic to some (N, U)-Menger algebras of n-place functions
will be called (A, Y)-Menger algebras of rank n. Such algebras are characterized
by the following theorem.

Theorem 3.4.9. An abstract algebra (G, 0, A, Y) of type (n+1,2,2) is a (A, Y)-
Menger algebra of rank n if and only if the operation o is superassociative,
(G, A, Y) is a distributive lattice, the identities (3.4.1), (3.4.20), (3.4.28) and

xfyr A z1) - (Yn A zp)] =y yn] A 21 A0 Az (3.4.32)
are satisfied.

Proof. The necessity of the above conditions is obvious. To prove the sufficiency
assume that an algebra (G, 0, A, Y) satisfies all of these conditions. Then it also
satisfies (3.4.29) and (3.4.30). Indeed, according to (3.4.32), we have

zlyr-yn) = 2[(yr Ayr) o (v A (Wi Ay)) - (Yn A yn)]
:x[yl"'yn}Aylk"'k(yi)\yi))\...)\yn
:(x[yl"'yn])\ylA"‘Ayi)\H-)\yn)}\yi:x[yl...yn])\yi

which implies (3.4.29). If z < y Y u[w];2] holds, then z A (y Y u[w|;2]) = z, and
consequently

x=(x Ay)Y (x Lu[w];z]) = (x Ly) Y u[w|;(z A 2)] <y Y u[w|z].

This proves (3.4.30). So, (G, o0, Y) satisfies all the conditions of Theorem 3.4.8.
In the proof of this theorem we constructed a faithful representation P of (G, o)
satisfying the identity P(g1 Y g2) = P(g1) U P(g2). It satisfies also the identity
P(g1 A g2) = P(g1) N P(g2). To prove this fact observe that, according to
(3.4.22) and (3.4.23), W34 is an ideal in the lattice (G, A,Y). From the
construction of Wy, ), it follows that this ideal is maximal. But from the
general theory of lattices (see for example [15]) we known that in a distributive
lattice, every maximal ideal is simple, so, z Ay € W3 o) implies either x € W, 4
or y € Wy,4). Moreover, from this theory follows also that in a distributive
lattice the complement of a simple ideal is a simple filter, i.e., for W(,h,g) the
following conditions must be satisfied:

m,yeW(’hvg) —>xky€W(’h7g),
<y A xGW(/h,g) —>y€W(’h7g),
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and for x Y y € W(’h’g) we must have either = € W('h’g) or y € W('h’g). This
means that the determining pair (52*}%9), Win,g)) satisties the conditions (3.4.8)
—(3.4.10), and the corresponding simplest representation satisfies (3.4.7). This
proves the identity P(g1 A g2) = P(g1) N P(g2). So, we have proved that
(G, A, Y) is isomorphic to a (N,U)-Menger algebra (P(G),0,N,U) of n-place
functions. o

We considered above U— and (N,U)-Menger algebras of n-place functions,
i.e., algebras (®,0,U) and (P,0,N,U). Since for any functions f,g € ® the
union fU g belongs again to ®, any two functions f, h € ® are semi-compatible,
ie., (f,9) € £&», which means that they coincide on pryf Npryg. Thus, we can
study Menger algebras (®, O) with the relation of universal semi-compatibility
Ep, i.e., with the relation £p = @ x ®. Menger algebras isomorphic to such
algebras are called compatible. Of course, Y- and (A, Y)-Menger algebras are
compatible.

Theorem 3.4.10. An algebra (G,o0, \) of type (n + 1,2) is a compatible
A-Menger algebra if and only if the operation o is superassociative, (G, \) is
a semilattice and the identities (3.4.1), (3.4.32) hold.

Proof. The necessity is obvious, so only the sufficiency will be proved. If
(G, 0, L) satisfies all the conditions of the theorem, then, clearly,

(={lw,y) |z Ly =u}

is an order. The condition (3.4.1) shows that ¢ is l-regular. The condition
(3.4.32) guarantees the v-regularity. Indeed, for = < y, where < denotes (,
we have x A y = z and u[w|;(z A y)] = u[w|;z]. Thus
ul@li(z A y)] = u[@li(z A y)] X u[@|i(z A y)]
= u[w|x] Ay A u[w|y] A x =u[w|xz] A 2 X u[d|y] Xy

ulwli(z A z)] L u[d]i(y A y)] = uld]iz] L uldliy],

which implies u[w|;z] A u[w|;y] = u[w|;z]. Hence ulw|;x] < ulw|y]. So, ¢ is
i-regular for every i = 1,...,n, i.e., it is v-regular. Consequently, ( is a stable
order. It is not difficult to see that from (3.4.32) we can deduce the v-nega-
tiveness of ¢ and the conditions (3.4.13)—(3.4.15). Thus, the system (G, o, A, ()
satisfies all the conditions of Theorem 3.4.5. Therefore, it is isomorphic to
a p.g-0. N-Menger algebra (®, 0, N, x¢) of n-place functions, where ® = P(G)
and P is the faithful representation considered in the proof of Theorem 3.4.5.
Moreover, the functions P(g;1) and P(g2) coincide on the common part of their
domains. To verify this fact we must prove that for every ¢ € G we have
(1,92) € §(ez.w,), where g4 and Wy are as in the proof of Theorem 3.4.5.
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Indeed, if g1[z] ¢ W, and g¢2[z] € W, for some z € G" U {(e1,...,e,)}, then
g < g1[Z] and g < g2[Z]. Thus g < g1[Z] A 92[Z], i.e., g1[Z] = ¢2[Z](g4), which
was to be proved. m|

Theorem 3.4.11. A Menger algebra of rank n is compatible if and only if for
alli,7 =1,...,n it satisfies the identities:

[Fli(x[7]) ] = =[7], (3.4.33)
[7li(z[al;9]) | = =[ul;(x[glig]) . (3.4.34)
Proof. Necessity. Let (G,0) be a compatible Menger algebra, P — an iso-
morphism of (G, o) onto such Menger algebra (®,O) of n-place functions for
which £p = @ x ®. Of course, any two functions from @ are semi-compatible.
Thus (e = xo, and, consequently, (p = xp. Therefore (p is a stable, weakly
steady and wv-negative order. So, for any z,y; € G, i = 1,...,n, we have
z[gli(x[7]) ] < x[g], where z <y «— (,y) € Cp.

To prove the converse inequality let f,g; € ® and P(x) = f, P(y;) = gi, for
it =1,...,n. Obviously, f[g](a) = f(g1(a),...,gn(a)) and f[g](a) = g;(a) for
all @ € pry f[g]. Therefore

flgl@) = f(g1(a), ..., 9i-1(a), f[gl(a), gi+1(a), ..., gn(a))
= flor---g9i-1 fl3] giv1---gnl(a) = flgl:(f[g)) |-

Hence f[g] C flgli(f[g])], which implies z[g] < z[g|;(z[g])]. This completes
the proof of (3.4.34).

T
T

Sufficiency. Let (G,0) be a Menger algebra of rank n satisfying all the con-
ditions of the theorem. It is easy to see that from (3.4.33 ) and (3.4.34) we
can deduce the identities ¢(t(g)) = t(g) and t1(t2(g)) = t2(t1(g)), where g € G,
t,t1,t2 € T,,(G). Consider on (G, 0) the relation

0 ={(g91,92) | g1 = t(g2) for some t € T,,(G)}.

Of course, ¢ is an [-regular v-negative quasi-order. It is also antisymmetric
and i-regular for every i = 1,...,n. Indeed, if x < y and y < x (here z < y
means (z,y) € 0), then z = t1(y) and y = tao(z) for some t1,t2 € T,(G).
Hence x = t1(t2(x)) = ta(t1(x)) and ¢1(z) = t1(t1(y)) = t1(y) = =, which gives
x = ta(x) = y. This proves the antisymmetry of 0. Further, if z < y, i.e.,
x = t(y) for some t € T,(G), then u[w|;z] = u[w|;it(y)] = t(u[w|;y]). Thus
u[w|;z] < wu[w|;y], which proves the i-regularity. Summarizing, ¢ is a stable
v-negative order.

Now let z < y and = < wu[w|;z], i.e., z = t1(y) and = = to(u[w|;z]) for
some t1,ta € T,(G). Since u[w|;x] = ulw|ite(u[w|;z])] = to(u|w|u[w|z]]) =
to(ulwl|;z]) = =z, we have x = u[w|;x] = w[w|t1(y)] = t1(u[w|;y]). Therefore
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x < u[w|y]. In this way we have proved that for all x,y,z,u € G, w € G",
1 =1,...,n, the following implication holds:

<y Az <u[w)z] — x < ulw|yl (3.4.35)

Finally, we consider the representation P of (G, 0), where

P=>" P w,, (3.4.36)
geG

e, = u(d(g)) U {(e1,e1),...,(ensen)}, €1,...,en — selectors in (G*,0%),
Wy = W,(6(g)). Because 0 is v-negative, then, evidently, W, = G'\ §(g). Also
Xp is v-negative, so d C xp. In fact, we have § = xp. Indeed, if (g1,92) € xp,
then

(Vg € G)(VZ € B) (9 < g1[z] — g < g2[7]) ,

where B = G™ U {(e1,...,e,)}. This, for g = g1 and = (ey,...,e,), gives
g1 < g2. Thus xp C 0, which proves § = xp. Moreover, from P(g1) = P(g2),
we get (g1,92) € xp and (g2, 91) € xp, i.e., g1 < g2 and g2 < g1. Hence g1 = go.
In this way we have proved that the representation P is faithful.
To complete this proof we must show £p = G x G. For this it is sufficient to
prove that
9 < q[z] N g < g2[Z] — 1[F] = g2[2](e4(5(g)))

for all g,91,90 € G and & € B. Indeed, if the premise of this implication
is satisfied and g < t(g1[Z]) for some ¢t € T,(G), then from g < go[Z] and
g < t(g1[z]), according to (3.4.35), we get g < t(g2[Z]). Analogously from
9 < g1[7] and g < t(g2[7]), we conclude g < ¢(g1[z]). So, 1[7] = g2[Z](c4((9)))-
This completes the proof. m]

3.5 Subtraction Menger algebras

As is well known, the set-theoretic inclusion C and the operations N, U can be
expressed by the set-theoretic difference (subtraction) in the following way:

ACB+«—> A\B=2, ANB=A\(A\B),
AUB=C\((C\A)n(C\ B)),

where A, B, C are arbitrary sets such that A € C and B C C.

Therefore, it makes sense to examine sets of functions closed with respect
to the subtraction of functions. Such sets of functions are called difference
semigroups, their abstract analogs — subtraction semigroups. Properties of
subtraction semigroups were found in [1]. The investigation of difference semi-
groups was initiated by B. M. Schein in [188].
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Below we present a generalization of Schein’s results to the case of Menger
algebras of n-place functions, i.e., to the case of algebras (®,0,\, ), where
® C F(A™, A), @ € ®. Such algebras will be called difference Menger algebras.

Definition 3.5.1. An algebra (G, —,0) of type (2,0) is called a subtraction
algebra if it satisfies the following identities:

x—(y—2z)=uzx, (3.5.1)
r—(r—y)=y—(y—u2), (35.2)
(z—y)—z=(r—2)—y, (3.5.3)
0-0=0 (3.5.4)

for all z,y,z € G.

Proposition 3.5.2. Any subtraction algebra satisfies the identity:
0=xz—ux. (3.5.5)
Proof. Below we give a short proof of this identity:
0=0-(0=(z-2)=0)=0-((0-0)=(z—2)) =0—-(0— (z —2))
=@-2)—((z-2)-0)=(—-2)— (¢ -0)—x)

=@—(z-0)-2)—z=2—u
which is what was required to show. m|

From (3.5.5), by using (3.5.1), we obtain the following two identities:

xr—0=z, 0—z=0. (3.5.6)

Similarly, from (3.5.2), (3.5.3), (3.5.5) and (3.5.6) we can deduce:
(z=y) = (z=2)) = (z-y) =0, (3:5.7)
(z—(z-y)—y=0 (3.5.8)

This means that a subtraction algebra (G, —,0) is a special case of BCK-alge-
bras studied by many mathematicians.

Definition 3.5.3. An algebra (G, o0, —,0) of type (n + 1,2,0) is called a sub-

traction Menger algebra of rank n, if (G,0) is a Menger algebra of rank n,

(G, —,0) is a subtraction algebra and the following conditions:
(x—y)lz1-zn] =x[z1 - 20)] — ylz1 - 2, (3.5.9)
ulil — (v — )] = ullsa] — ulalz — y)l, (35.10)
r—y=z—ti(x)=2—1t2(y) =0 — 2z —t2(x) =0 (3.5.11)

are satisfied for all z,y,z,u,21,...,2, € G, w € G" ¢+ = 1,...,n and
t1,12 € Tn(G)
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By putting n» = 1 in the above definition, we obtain a weak subtraction
semigroup 2 studied by B. M. Schein (cf. [188]). Such semigroups are isomorphic
to some subtraction semigroups of the form (®,0,\).

Theorem 3.5.4. Fach difference Menger algebra of n-place functions is a sub-
traction Menger algebra of rank n.

Proof. Let (®,0,\,9) be a difference Menger algebra of n-place functions
defined on A. The algebra (®,0) is a Menger algebra of rank n. The operation
\ satisfies (3.5.1), (3.5.2), and (3.5.3). Hence (®,\, @) is a subtraction algebra.
Thus, (®,0,\, @) will be a subtraction Menger algebra if (3.5.9), (3.5.10), and
(3.5.11) will be satisfied.

To verify (3.5.9), observe that for each (a,c) € (f\ g)[h1---hyn], where f,g,
hi,...,h, € ® a € A" c € A there exists b = (by,...,b,) € A" such that
(b,c) € f\ g and (@, b;) € h; for each i = 1,...,n. Consequently, (b,c) € f and
(b,c) € g. Thus, (a,c) € flh1---hy]. If (@,¢) € g[hi---hy], then there exists
d=(dy,...,d,) € A" such that (d,c) € g and (a,d;) € h; foreveryi =1,...,n.
Since hy,...,hy, are functions, we obtain b; = d; for all ¢+ = 1,...,n. Thus
b = d. Therefore (b,c) € g, which is impossible. Hence (a,c) & g[hy - hy).
This means that (a,c) € f[h1---hp]\g[h1 - hy]. So, the following implication:

b,c
b, c

(@,¢) € (f\g)[h1 - hn] — (@, c) € flhr---hn] \ g[h1 - - hn)

is valid for any a € A™, c € A, i.e.,

I\ -] C flha---ha] \ glha - -~ hal.

Conversely, let (a,c) € f[hi---hy) \ glh1---hy]. Then (a,c) € flhy---hy]
and (@,c) &€ g[h1---hy). Thus, there exists b = (by,...,b,) € A" such that
(b,c) € f, (b,c) € g and (@, b;) € h; for each i = 1,...,n. Hence, (b,c) € f\ g
and (a,c) € (f\ g)[h1--hn]. So,

(@,c) € flhy---hp]\ glh1---hn] — (@,c) € (f\ g)[h1- - Dy
for any @ € A", ¢ € A, i.e., f[h1---hn] \ glh1---hn] C (f\ g)[h1 - hy]. Thus,

(FNDlhy o] = flhr---hn] \ glha - ],

which proves (3.5.9).

Now, let (a,c) € u[w]i(f\ (f\g))] = u[@[:(f N g)], where f,g,u € &, & € P,
a € A", c € A. Then there exists b = (by,...,b,) € A" such that (a,b;) € fNg,
(@,b;) € wj, j € {1,...,n}\ {i} and (b,c) € u. Since (@,b;) € f N g implies

2 A weak subtraction semigroup (S, -, —) is a semigroup (S, -) satisfying the identities (3.5.1),
(3.5.2), (3.5.3), z(y —2) =zy —zz and (z — (z —y))z =2zz — (z — y)z.
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(@,b;) ¢ f\ g, we have (a,c) € u[w|;f] and (a,c) & ul@|;(f\ g)]. Therefore,
(@,c) € u[w]; f] \ ul@|;(f\ g)]. Thus, we have shown that for any a € A", c € A
holds the implication

(@ ¢) € u[wli(F\ (F\ )] — (@, ¢) € u[olif] \ ul@l:(f\ 9)],

which is equivalent to the inclusion u[@|;(f\ (f\ 9))] C u[@|if] \ u[@|;(f\ 9)]-

Conversely, let (a,c) € ulw|;f] \ v[@;(f\ g)]. Then (a,c¢) € ulw|;f] and
(@,c) & u[@|;(f\g)]. The first of these two conditions means that there exists b =
(b1,...,b,) € A" such that (a,b;) € f, (a,b;) € wj for each j € {1,...,n}\ {i}
and (b,c) € u. It is easy to see that the second condition (a,c) & u[w|;(f\ g)]
is equivalent to the implication

n
(v&)((d,di) efn N @d)ewn(de)cu— (ad)e g), (3.5.12)
Jj=L1j#i

where d = (dy, . ..,d,) € A". From this implication for d = b, we obtain

@b)efn \ (@b)ewnbe)cu— (ab)eyg,

J=Lj#i

which gives (@, b;) € g. Therefore (a,b;) € fNg= f\ (f\ g). This means that
(@,c) € ulwl;(f\ (f\ 9))]- So, the implication

(@,c) € ul@li fI\ ul@i(f\ 9)] — (@, ¢) € ul@i(f\ (f\9))]
is true for all @ € A", ¢ € A. Hence u[@|; f] \ u[@];(f\ g)] C ul@l;(f\ (f\ 9))]
Thus

ul@li(F\ (F\ 9)] = ul@laf]\ ul@li(f\ 9)]-
This proves (3.5.10).
To prove (3.5.11) suppose that for some f,g,h € ® and t1,to € T,,(P) we

have f\ g = @, h\ ti(f) = @ and h\ t2(g9) = @. Then f C g, h C t;(f) and
h C ta(g). Hence f = go Ay, s and pryh C pry f, where pry f denotes the

domain of f and A, ¢ is the identity binary relation on pr; f.
From the inclusion h C t2(g) we obtain

h=ho Aprlf C t2(g) © Aprlf = t2(g © Aprlf) = t2(f);

which means that (3.5.11) is also satisfied. This completes the proof that
(®,0,\, ) is a subtraction Menger algebra of rank n. O

To prove the converse statement, we need to consider a number of properties
of a subtraction Menger algebra of rank n, introduce some definitions and prove
some auxiliary propositions.

Let (G, 0,—,0) be a subtraction Menger algebra of rank n.
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Proposition 3.5.5. In any subtraction Menger algebra of rank n we have
Ofz1 - 2p] =0, [z 2-102541 - 2] =0
foralx,xy,...,0p, € G, i=1,...,n.
Proof. Indeed, using (3.5.5) and (3.5.9), we obtain
Ofz1 - xn) = (0= 0)[z1...20] =0[z1 - 25] — Oz - - 2] = 0.
Similarly, applying (3.5.10) and (3.5.5), we get
u[@]; 0] = u[w|i(0 = (0= 0))] = u[®]; 0] — u[w]:(0 = 0)] = u[w|; 0] — u[w]; 0] =0,
which was to be showed. m|
Let w be a binary relation defined on (G, 0, —,0) in the following way:
w={(z,y) e G x G|z —y =0}

Using (3.5.5), (3.5.6), and (3.5.7) it is easy to see that this is an order. In con-
nection with this fact we will sometimes write z < y instead of (z,y) € w.
Using this notation it is not difficult to verify that

0<z, z—-y<ua, (3.5.13)
r<y+—z—(z—y) =uz, (3.5.14)
r<y—xr—2z2<y—2z, (3.5.15)
r<y—z—y<z—u, (3.5.16)
r<yhu<v—ao—v<y—u (3.5.17)
holds for all x,y, z,u,v € G.
Moreover, in a subtraction algebra the following two identities:
(r—y)—y=1z—uy, (3.5.18)
(x—y)—z=(x—2)—(y—2) (3.5.19)

are true. The first is a consequence of (3.5.1). Indeed,
r—y=@-y -(y-(@@-y)=@-y -v
From (3.5.13), using (3.5.3) and (3.5.16), we obtain
(z—y)—z<(z—2)—(y—2)

On the other side, (3.5.7) implies ((z — 2) — z) — (y — 2) < (z — z) — y, which
together with (3.5.18) and (3.5.3) gives ((z —2) — (y — 2 r—y)—z) =
(=2)—2)=(y=2) - ((t-y)—2) < (z—2) —y) = (

(x —2)— (y — 2) < (x —y) — z. This, by (3.5.14) and (3.5.2), proves (3.5.19).
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Proposition 3.5.6. On the algebra (G,o0,—,0) the relation w is stable and
weakly steady.

Proof. Let x < y for some z,y € G. Then z —y = 0 and
(x—y)[z1 20 =0[z1- 2] = (0=0)[z1--- 2] =0[21 -~ 2] = 0[z1 -+~ 2,] =0
for all z1,...,2, € G. This, by (3.5.9), implies

x[zr"zn]—y[zr“zn]:(),

Le., z[z1-+ - z) <ylz1 - 2n). Thus, w is l-regular.

Moreover, from z < y, using (3.5.6), we obtain z— (z—y) = x, which together
with (3.5.2), gives y — (y — ) = x. Consequently, for any u € G, w € G™ we
have u[w|;(y—(y—x))] = u[w|; z]. This and (3.5.9) give u[w|; y]—u[w|;(y—z)] =
u[w|; x]. Hence, according to (3.5.13), we obtain u[w|; ] < u[w|; y]. Thus, w is

i-regular for every ¢ = 1,...,n. Since w is a quasi-order, the last means that w
is v-regular. But w also is [-regular, hence it is stable.
It is clear that w is weakly steady if and only if it satisfies (3.5.11).3 O

Proposition 3.5.7. The axiom (3.5.10) is equivalent to each of the following
conditions:

z <y — ulwli (y — )] = u[w]; y] — ulwl; 2], (3.5.20)
r<y —tly—z) =ty) —t(z), (3.5.21)
tx—(z—y)) =t(z) —t(xr—vy) (3.5.22)

forallz,y,ue G, weG", i=1,...,n,t € T,(Q).

Proof. (3.5.10) — (3.5.20). Suppose that the condition (3.5.10) is satisfied
and z < y for some x,y € G. Then, according to (3.5.14), we have

x—(r—y)=u.

Hence, by (3.5.2), we obtain y — (y — ) = x. Thus,
y—r=y—(y—(—x)),

(y — )] = ufw]i(y — (y — (y —x)))] =

which, in view of (3.5.10), gives u[w|;
@|;y] — u[w|;xz]. This means that (3.5.10)

ul[w]iy] — u[w]i(y — (y — )] = u]
implies (3.5.20).

(3.5.20) — (3.5.21).  From (3.5.20), it follows that for z < y and all
polynomials ¢t € T,,(G) of the form t(z) = wu[w|;z] the condition (3.5.21) is

3 In the case of semigroups the fact that w is weakly steady can be deduced directly from
the axioms of a weak subtraction semigroup (cf. [188]).
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satisfied. To prove that (3.5.21) is satisfied by an arbitrary polynomial from
T,(G) suppose that it is satisfied by some ' € T,,(G). Since the relation w is
stable on the algebra (G, 0, —,0), from z < y it follows t'(z) < t/(y), which in
view of (3.5.20), implies

ul@li (t'(y) = t'(x))] = u[@]it'(y)] — ul@i t'(2)].

But according to the assumption on ¢’ for < y, we have t'(y)—t'(z) = t'(y—x),
so the above equation can be written as

ul]it'(y — z)] = ul@]it'(y)] — ulo|;t'(z)].

Thus, (3.5.21) is satisfied by polynomials of the form t(z) = u[w|;t'(z)].

From the construction of 7,(G), it follows that (3.5.21) is satisfied by all
polynomials ¢ € T,,(G). Therefore (3.5.20) implies (3.5.21).

(3.5.21) — (3.5.22). Since, by means of (3.5.13), z — y < x holds for all
z,y € G, from (3.5.21) follows t(x — (x—y)) = t(z) —t(x —y) for any polynomial
t € T,,(G). Thus, (3.5.21) implies (3.5.22).

(3.5.22) — (3.5.10). By putting t(z) = u[w|; ] we obtain (3.5.10). o

On a subtraction Menger algebra (G, 0, —, 0) of rank n, we can define a binary
operation A by putting
rhy=z—(z—vy). (3.5.23)
By using this operation, the conditions (3.5.9), (3.5.14), and (3.5.22) can be
written in a more useful form:

ulwli(z A y)] = u[@]i 2] — u[@]i(z —y)], (3.5.24)
TLYy+— T Ay =z, (3.5.25)
tx Ay) =t(z) —tlx —y), (3.5.26)
where z,y,u € G, w € G"™, i = 1,...,n, t € T,(G). Moreover, from (3.5.9)

and (3.5.23), we can deduce the identity:
(x Ay)[z1- - 2n] =21 2] Aylz1- - 2] (3.5.27)

The algebra (G, A) is a lower semilattice. Directly from the conditions (3.5.1)
—(3.5.8) we obtain the following properties:

r<yhe<z—r<yAz, (3.5.28)
r<y—xAz<y Az, (3.5.29)
rAy=0—zx—y=u, (3.5.30)
(x—y) Ly =0, (3.5.31)
T A(y—2)=(rAy)—(z A 2), (3.5.32)
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r—y=x—(zAy), (3.5.33)
Ay —(y—2)=vAyAz (3.5.34)
(zhy)—z=(z—2) A (y—2), (3.5.35)
(hy)—z=(x—-2) Ay (3.5.36)

for all x,y,z € G.

Proposition 3.5.8. In a subtraction Menger algebra (G,0,—,0) of rank n the
following conditions

tx—y)=t(z) -tz Ly), (3.5.37)
t(z) —t(y) <tz —y) (3.5.38)

are true for each t € T, (G) and xz,y € G.

Proof.  From (3.5.33), we obtain t(x —y) = t(x — (x A y)) for every
t € T,(G). (3.5.23) and (3.5.13) imply x A y < x, which together with (3.5.21)
gives t(x — (x A y)) =t(z) — t(z A y). Hence, t(x —y) = t(z) — t(x AL y). This
proves (3.5.37).

Since z Ay < y, the stability of w implies t(z A y) < t(y) for every t € T,,(G).
From this, by applying (3.5.13) and (3.5.16), we obtain t(x) — t(y) < t(x) —
t(z A y) = t(x —y), which proves (3.5.38). O

By [0, a], we denote the initial segment of the algebra (G, —,0), i.e., the set of
all z € G such that 0 < < a. On any [0, a] we can define a binary operation
Y by letting:

zYy=a—((a—2x) A (a—y)) (3.5.39)

for all z,y € [0,a]. Tt is not difficult to see that this operation is idempotent
and commutative, and 0 is its neutral element, ie., x Yx =z, 2 Yy =y Y «x,
xY 0=z for all z,y € [0,al.

Proposition 3.5.9. For any x,y € [0,b] C [0, a], where a,b € G, we have
b—((b—z) A (b—y))=a—((a—x) A (a—1y)). (3.5.40)

Proof. Note first that b = b A a because b < a. Moreover, from z < b
and y < b, according to (3.5.16), we obtain a — b < a —x and a — b <
a —y. This, together with (3.5.28), gives a — b < (a — z) A (a — y). Thus,
(a=b)—((a—z) A(a—y))=0.

By (3.5.13), we have b — ((a — x) A (a — y)) < b, which implies

bAb—((a—xz)A(a—y))=b—((a—x) A (a—1)). (3.5.41)
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Obviously b=bAb=bAa, x=0bAz, y=>bAy. Therefore:*

b—((b—z)A(b—y)=bArb—((bra—-bAix)A(bAa—bAy))

(3532, (bA(a—z)AbA(a—1y))

=bAb—bA((a—x)A(a—1y))
(3532)bk(b—((a—w)k(a—y)))

b—((a—=)A(a—y))
=aib—((a—z)A(a—y))

(3.5.40)

(6528 (a—b) = ((a—2z) A (a—y))
(3.5.19) (a—((a—2x) A (a—1y)))
—((a—b) = ((a—x) A (a—1)))
=(a—((a—2) A (a—y)))—0
B39 ((a—2) A (a—1)),
which completes the proof. )

Corollary 3.5.10. The condition (3.5.40) is true for all z,y € [0,a] N[0, b].

Proof. Since [0,a] N [0,b] = [0,a A b] C [0,a] U [0,b], by Proposition 3.5.9, for
all z,y € [0,a] N[0, b] we have:

—((a—z)A(a—y)) =arb—((aAb—x)L(aAb—y)),
—((b—a2) A (b—y)=aArb—((aAb—1x) A (a Lb—1y)).
(

(
This implies (3.5.40). O

From the above corollary, it follows that the value of x Y y, if it exists, does
not depend on the choice of the interval [0, a] containing the elements x and y.
In [1] it is proved that for z,y, z € [0, a] we have

Tz A(xYy) =z, (3.5.42)
Y (zAy) =z, (3.5.43)
(xYy)Yz=zY (yY 2), (3.5.44)
crA(yYz)=(rAy)Y (zA2), (3.5.45)
zY (yAz)=(xYy) A(zY2), (3.5.46)
(xYy)—z=(r—2)Y (y— 2), (3.5.47)
r<zANy<z—zYy<z, (3.5.48)

4 To reduce the number of brackets we will write z A y — z instead of (z A y) — 2.
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y<z—x=(x—y) Yy, (3.5.49)
x=(xYy)—(y—ux), (3.5.50)
r=(xAy)Y (z—y). (3.5.51)

From (3.5.42) follows z < x Y y.

Proposition 3.5.11. If for some x,y € G there exists x Yy, then for allu € G,
zZ,we G, i=1,...,n there are also elements x[Z] Y y[Z] and u[w|; z] Y u[w|; y],
and the following identities are satisfied:

(z Y y)[z] = =[z] Y y[z], (3.5.52)
ulw];(z Y y)] = u[w|; 2] Y u[wl]; y]. (3.5.53)

Proof. Suppose that an element x Y y exists. Then z < a and y < a for some
a € G, which, by the l-regularity of the relation w, implies z[Z] < a[z] and
y[Z] < a[z] for any Z € G™. This means that x[z] Y y[Z] exists and

@y y)E “Z (@ = ((a—2) A (a - )3

This proves (3.5.52).

Further, from z < a, y < a and the i-regularity of w, we obtain u[w|; z] <
u[w|; a] and ulw|; y] < u[wl|; a]. Hence, there exists an element u[w|; x] Y u[w|; y].
Since x < z Yy and y < x Y y, we also have u[w|; z] < u[w|;(z ¥ y)] and
u[w|; y] < u[w|;(z Y y)], which, according to (3.5.48), gives

u[w|; ] Y u[w|; y] < u[w|;(z Y y)]. (3.5.54)
On the other side, the existence of u[w|; ] Y u[w|; y] implies,
u[w|; ] < u[w|; z] Y u[w|;y] and wu[w|; y] < u[w|; z] Y u[w|; y].
Moreover, by (3.5.38) and (3.5.50), we have
ul@|i(z Y y)] —ul@]i(y — 2)] < uldli((z Y y) = (y — 2))] = u[d]; z].
Consequently,

ulwli(z Y y)] — ulw|;(y — )] < ulo]; ] Y ulo]; y]. (3.5.55)
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But y — z <y, so, ul@li(y — )] < uli)iy] and
u[@li(y — )] < ulwliz] Y u[w]iy).
This and (3.5.55) guarantee the existence of an element
(ul@li(z Y y)] = u[@|i(y — 2)]) Y u[@]i(y — )]
such that
(u@i(z Y y)] = u[@|i(y — 2)]) ¥ ul@]i(y — )] <u[@]; 2] Y u[o];iy]. (3.5.56)

Since ulw|;(y — x)] < u[w|; y] < u[w];(z Y y)], the last inequality and (3.5.49)
imply

(uf@]i(z Y y)] = ul@li(y — 2)]) Y w[@|i(y — )] = u[@]i(z Y y)],
which together with (3.5.56) gives
ulwli(z Y y)] < ulwli ] Y u[wl; y].
Comparing this inequality with (3.5.54) we obtain (3.5.53). O

Corollary 3.5.12. If for some x,y € G an element x Y y exists, then for any
polynomial t € T,,(G) an element t(x)Yt(y) also exists and t(xYy) = t(x) Yt(y).

Proposition 3.5.13. For all z,y € G and all polynomials t1,ty € T, (G) we
have:
ti(z A y) Ata(z—y) =0.

Proof. Let ti(z Ay) Ata2(x—y) = h. Obviously h < t1(z Ly) and h < ta(x —y).
Since t2(x — y) < ta(z), we have h < to(x). Thus, z Ay <z, h < t1(x A y) and
h < ta(z). This, in view of Proposition 3.5.6 and (3.5.11), gives h < ta(z A y).
Consequently,

h<talz—y) Ata(z A y). (3.5.57)

Further, by (3.5.37) and (3.5.18), we obtain

ta(x —y) —ta(z A y) = (t2(x) — ta2(x L y)) — ta(z A y)
=ta(z) —t2(z L y) = to(x — y).
Therefore, by (3.5.23), we have
ta(z—y) Ata(z Ay) = ta(x—y)— (ta(z—y) —ta(z Ay)) = ta(z—y)—t2(x—y) =0,

which together with (3.5.57) implies h < 0. So, h = 0. This completes the
proof. m]
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Proposition 3.5.14. For all x,y,z,9 € G and all polynomials ty,ts € T,,(G)
the following conditions are true:

ti(z Ay) Ata(y) =ti(xz Ay) Ata(z A y), (3.5.58)
ti(x Ay A z) Ata(y) <ti(x Ay) Ata(y A 2), (3.5.59)
g<tifz Ay)ANg<talyhz) — g <talx Ay A 2). (3.5.60)

Proof. To prove (3.5.58) observe first that for z = t1(x A y) A t2(y) we have
z < t1(zhy) and z < t2(y). Since the relation w is weakly steady and x Ay < y,
from the above we conclude z < to(x A y), ie., t1(z A y) A ta(y) < to(z A y).
This, by (3.5.29), implies

ti(z L y) Ata(y) <ti(z A y) Ata(x Ay).

On the other side, the stability of w and x A y < y imply ta2(x A y) < t2(y)
for every ty € T,,(G). Hence

ti(z Ly) Ata(x Ay) <ti(x Ay) Ata(y)

by (3.5.29). This completes the proof of (3.5.58).
Further:

ti(x Ay A z) Ata(y) =t1((x A 2) Ay) Ata(y)

B394 (@ A 2) K y) Ata((@ A 2) A y)

<tz A y) Ata(y A 2)

proves (3.5.59).
Finally, let g < t1(z A y) and g < t2(y A z). Then

(3.5.26)

g<ti(z hy) Ata(y A z) = ti(z Ly) A (t2(y) —ta2(y — 2))
(3:5.32) (tl(x Ay) A t2(y)) B (tl(x A y) Aoy — Z))
(3.5.58

5.58) (tl(:cjky) Atg(xky)) - (tl(xky) Mg(y—Z))

s ti(z A y) A (tg(ac Ay) —ta(y — Z)) Sta(r Ay) —ta(y — 2)

(3.5.38) 3.5.34
< b(ay--2) "BV b ay ).

This proves (3.5.60) and completes the proof of our proposition. m|

Corollary 3.5.15. For all z,y,z € G and all polynomials t1,ty € T, (G) we

have:
ti(x Ay A z) Ata(y) =ti(x A y) Ata(y A 2). (3.5.61)
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Proof. We have t1(x A y) Ata(y A z) < ti(x A y) and t1(z L y) A ta(y A 2) <
ta(y A 2), so by (3.5.60) we obtain t1(z A y) A ta(y A 2) < t1(z Ay A 2).
Considering now that t1(z A y) Ata(y A 2) < t2(y A 2) < ta(y), by (3.5.28), we
get t1(z L y) Ata(y A z) <ti(x Ay A z) A ta(y). Taking now into account the
condition (3.5.59) we obtain (3.5.61). O

Definition 3.5.16. By a determining pair of a subtraction Menger algebra
(G,0,—,0) of rank n we mean an ordered pair (¢*, W), where ¢ is a v-regular
equivalence relation defined on (G, 0), e* = eU{(e1,e1),...,(en,en)}, €1,...,€n
are selectors of a unitary extension (G*,0*) of (G,0) and W is the empty set
or an [-ideal of (G, 0) which is an e-class.

Definition 3.5.17. A nonempty subset F' of a subtraction Menger algebra
(G,0,—,0) of rank n is called a filter if:
(1) 0¢&F;
(2) e FAz<y—y€eF;
B) ze FANye F—z A yeFlF
for all z,y € G.

If a,b € G and a £ b, then [a) = {z € G|a < z} is a filter with a € [a) and
b ¢ [a). By Zorn’s Lemma, the collection of filters which contain an element a,
but do not contain an element b, has a maximal element which is denoted
by Fyp. Using this filter we define the following three sets:

Wap ={z € G|Vt € T,(Q)) t(x) € Fap},
cap ={(z,y) eGXGlz Ayg Wy Va,ye Wyt
€ap = CapU{(e1,€1), ..., (en,en)}.
Proposition 3.5.18. For any a,b € G, the pair (€} ;,, Wa ) is the determining
pair of the algebra (G, 0,—,0).

Proof. First we show that e, is an equivalence relation on G. It is clear
that this relation is reflexive and symmetric. To prove its transitivity, let
(x,v), (y,2) € €qp. We have four possibilities:

(@) 2 Ay g Wap ANy A zg Wap,
(b) x hy & Wap A y,z € Wayp,
c) 2,y € Wap ANy Az g Wap,
(d) =,y € Wap A y,2 € Way.

In the case (a), we have ti(z A y),ta(y A 2) € F, for some t1,ty € T,(G).
Since Fy is a filter, then, obviously, t1(x Ay) Ata2(y A 2) € F, . This, according
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to (3.5.61), implies t; (z Ay Az) Ata(y) € Fup. But ti(zhyiz)Ata(y) < ti(zAz),
hence also t1(x A 2) € Fop, ie., x k2 & Wy Thus, (x,2) € g4

In the case (b), from x Ay & Wy follows t(x L y) € Fy for some polynomial
t € T,,(G). But A y <y, and consequently t(z A y) < t(y). Thus t(y) € Fop,
ie, y & Wsp, which is a contradiction. Hence the case (b) is impossible.
Analogously we can show that the case (c) is also impossible. The case (d) is
obvious, because in this case =,z € W, which means that (x,z) € 4. This
completes the proof that e, is transitive.

Moreover, if x € Wy, then t(x) & F, for every t € T,(G). In particular, for
all t(z) = t'(u[w|; x]) € T,(G) we have t'(u[@|; x]) € Fop. Thus, ulw|; x] € W,
for every i = 1,...,n. Hence, Wy is an i-ideal of (G, 0), and consequently, an
l-ideal. It is clear that W, is an g, j-class.

Next, we prove that the relation e, is v-regular. Let @ = y(,5). Then
r Ay & Wyporaz,y € W,y Inthe case z,y € W, we obtain u[w|; x], u[w|; y] €
Wap because W,y is an l-ideal of (G, 0). Thus, u[@|; ] = u[w|; y|(gq,p). In the
case where z A y & Wy the elements u[w|; ], u[w|; y] simultaneously belong
or not belong to W, . Indeed, if u[wl|; z], u[w|;y] € W,yp, then obviously
wlw|; ] = u[wl|; y](eqp). Now, if uw|;x] € Way, then t(uw|;z]) € Fuy for
some t € T,(G). Since x Ay & Wyy, then also ti(x A y) € F,yp for some
t1 € T,,(G). Thus ti(z A y) A t(ulw]; x]) € F,p, which, by (3.5.58), implies
(2 A y) A H(ul@li(z A y)]) € Fag. But 1z A y) 4 tu[@li(z A p)) < tulo) ),
hence t(u[w|;y]) € Fup, ie., ul@wl;y] ¢ Wap. So, we have shown that
x Ay & Wep and u[w|;x] ¢ Wy imply u[w|iy] € Wep. Similarly we can
show that X y & Wy, and w[w|; y] € W, imply u[@|; 2] € W, . Therefore,
we have proved that in the case x Ay & Wy the elements u[wl; z], u[®|; y]
simultaneously belong or not belong to W, ;.

So, if for x Ay & Wy, we have u[w|; x], u[w]; y| € Wap, then clearly u[w|; z] =
u[w|; y](€qp). Therefore assume that u[w|; x] € W, (hence uw|;y] € Wap).
Thus, z Ay & Wap, ul@w|iz] € Wap, ie., t(x Ly) € Fup, ti(u[w];z]) € Fop
for some t,t; € T,,(G). Hence, t(y A x A y) A ti(u[w];z]) € Fyp. From this,
according to (3.5.61), we obtain t(y A x) At (u[w|;(x L y)]) € Fup. This implies
ti(u[w]i(x A y)]) € Fap. Since ufw|i(z A y)] < u[w|;z] and uw|;(z A y)] <
u[w|; y], we have u[w|;(z A y)] < u[w]; x] X uw|; y], which, by the stability of
w gives t1(u[w|;(x A y)]) < ti(u[w|; 2] A u[w|;y]). Consequently, ¢ (u[w|; x| A
ulw|;y]) € Fap, so ulw|;xz] A ulw|;y] € Wap, ie., ulw|;z] = u[w]; y](eqp). In
this way we have proved that the relation €, is ¢-regular for every ¢ = 1,...,n.
Thus it is v-regular. O

Proposition 3.5.19. All equivalence classes of 4, except of Wy, are filters.

Proof. Indeed, let H # W, be an arbitrary class of ,;. If + € H and x < y,
then x Ay = « ¢ Wy, consequently, (z,y) € €,5. Hence, y € H. Further,
let z,y € H, then (z,y) € €4p. Thus z Ay & Woy, ie., t(z L y) € Fyy for
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some t € T,(G). But Ay = « A (z A y), hence, t(z A (x X y)) € Fyp and
A (xAy) € Wap. Sox=x Ay(eqp). This implies ¢ A y € H. Thus, we have
shown that H is a filter. m|

Proposition 3.5.20. If x Y y exists for some x,y € Wy, then x Y y € Wy,

Proof. Let x Y y exist for some x,y € Woy. If Yy & Wy, then t(x Y y) € Fyp
for some t € T, (G), and, according to Corollary 3.5.12, t(z Y y) = t(z) Y t(y).
If t(z) & Fop, then F,j is a proper subset of the set

U={ueG|(3z€Fup)zAt(x) <u}

because t(z) € U.

We show that U is a filter. 0 ¢ U because, by (3.5.13), we have 0 < z A t(x)
for any z € F,p. Let s € U and s < 7. Then z A t(x) < s for some z € Fg,.
Consequently, z A t(x) < r, so r € U. Now let s € U and r € U, ie.,
21 At(z) < sand 2o A t(x) < r for some 21,20 € Fyp. Since Fyy is a filter, we
have z; A 2o € Fyp. Hence, (21 A 22) A t(x) < s A r, which implies s A 7 € U.
Thus U is a filter. But by assumption F,; C U is a maximal filter, which
does not contain b, so b € U. Consequently, z; A t(x) < b for some 21 € Fg.
Similarly, if t(y) & Fap, then 23 A t(y) < b for some 2o € F,;. This implies
zAt(x) <band z A t(y) < bfor z = 21 A z9. Hence (z A t(z)) Y (2 A t(y))
exists and

(zAt(@) Y (zAt(y) =2 A (t(x) Yty)) =2z At(x Y y) € Fop

by (3.5.45). But (z A t(z)) Y (2 A t(y)) < b by (3.5.48), 50 z A t(z Y y) < b.
Since z A t(x Y y) € Fuy, then, obviously, b € Fy 3, which is impossible. So,
t(x) € Fop or t(y) € Fuyp, hence o & W, or y & Wy, which is contrary to
the assumption that xz,y € W, ;. Thus, the assumption that x Yy & W, is
incorrect. Therefore x Y y € Wy, m]

It is clear that a representation P : G — F(A", A) of a Menger algebra (G, 0)
is a representation of a subtraction Menger algebra (G, o0, —,0) if

Pz —y) = P(x)\ P(y) and P(0)=2

for all z,y € G.

With each determining pair (¢*, W) is associated a simplest representation
Pex wy of (G, 0), which assigns to each element g € G an n-place function
P« w(g) defined on H = Ho U {{e1},...,{en}}, where Ho is the set of all
e-classes of G different from W such that

(Hl,... ,Hn,H) € P(E,W)(g) — g[Hl e Hn] C H,
for (Hi,...,Hy) € HyU{({e1},....{en})} and H € H.
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Theorem 3.5.21. FEach subtraction Menger algebra of rank n is isomorphic to
some difference Menger algebra of n-place functions.

Proof. Let (G,0,—,0) be a subtraction Menger algebra of rank n. Then the

suim
P= 3 P, w.
a,beG, ab

of the family (P(Eﬁ,b,Wa,b))
resentation of (G, o).

Now we show that P is a representation of (G, o0, —,0). Let Hg be the set of
all ,p-classes of G different from W, ;. Consider the collection of Hy, ..., H,,
H € H, where H = Ho U {{e1},...,{en}}, such that (Hy,...,H,, H) €
P(sj;b,Wa,b)(gl —g2) for some g1, 92 € G. Then, obViously, (g1 —g2)[H1--- Hy) C
H # Wy. Thus (91 — g2)[Z] € H for each T € Hy X - - - x Hy,, which, by (3.5.9),
gives ¢1[Z] — ¢2[z] € H. But ¢1]7] — ¢2[%] < ¢1[Z] and H is a filter (Proposi-
tion 3.5.19), hence ¢1(z] € H. Thus (¢1[z] — ¢2[Z]) A g2[Z] = 0, by (3.5.31).
Consequently, (g1[Z] — g2[Z]) A g2[Z] € W p, because the other g, p-classes, since
they are filters, do not contain 0. This means that g;[Z] — g2[Z] # g2[Z ](€a7b)
Hence, g2[Z] ¢ H. Therefore gi[H;y---H,| C H and galh1---Hy| N H = &,
which implies

wbEG, ath of simplest representations of (G, 0) is a rep-

(Hy,..o, Hy, H) € Pex w1 (91) \ Pz w,.,)(92)-
In this way, we have proved the inclusion

Pler , wan(91 = 92) C Plez w, ) (91) \ Pz, w, ) (92)- (3.5.62)

ab’

To show the reverse inclusion let
(Hy,..o, Ho, H) € Pex | w, ) (91) \ Pz w,,)(92)-

Then (Hy,...,Hy H) is in P W, »)(91) but not in F- o Was) )(92), ie.,
gi[H1---Hy| C H and go[H; --- H ]ﬂH @. So, g1[x] € H and go[z] §ZHfor
T € Hy x--- x Hy. Since g1[Z] A g2[Z] &€ Wy implies ¢1[Z] = g2[Z](gq,5) and
92| € H, we get a contradiction and conclude that g1 [Z] A g2[Z] € Wy,

If g1[z] — g2[%] € Wyyp, then, by (3.5.51) and Proposition 3.5.20, we ob-
tain g1[#] = (91[7] A g2[2]) ¥ (91[2] - g[]) € Wo,p. Consequently, g1(Z] € Wop,
which is impossible because ¢i[z] € H. Thus, (¢1[z] — g2[Z]) A g1[T] =
g1[z] — g2[z] & Wap. Hence, g1[Z] — g2[Z] = ¢1[%](4). This implies that
(g1 — 92)[Z] = q1]%] — g2[%] € H. Therefore, (g1 — g2)[H1 -+ Hp] C H, ie.,
(Hy,...,Hn, H) € Pex W, W, (91 — g2). So, we have proved

Blez , War)(91) \ Pz, w,.,)(92) C Pler, w,,) (91 — 92)-
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This together with (3.5.62) proves

Plez , wa (91 — 92) = Plex, w, ) (90 \ Pz, w.,,)(92),

a,b?

which means that P(g1 — g2) = P(g1) \ P(g2) for g1,92 € G. Further on,
P(0) = P(0—0) = P(0)\ P(0) =@, so P is a representation of (G, 0, —,0) by
n-place functions.

We show that this representation is faithful. Let P(g1) = P(g2) for some
g1, 92 € G. If g1 # go, then both inequalities g1 < go and go < g1 can not occur
the same time. Suppose that g1 £ go. Then g, € Fy, 4, and, consequently,

({61}7"'7{en}7Fg1,92) 6P( b ngng)(QQ)-

€91.92°

Since P(E* Wi .99 )(91) = P(

5 o Wy, 0,)(92), then, obviously,

.
€91.92°

({61}7"‘7{6n}7Fg1792) eP( * ngygz)(QQ)'

€g91.92°

Thus {g2} = g2[{e1} - {en}] C Fy, 4o, hence go € Fy, 4,. This is a contradic-
tion because Fy, 4, is a filter containing g; but not containing gs. The case
g2 % g1 is analogous. So, the supposition g # g2 is not true. Hence g1 = g2
and P is a faithful representation. The theorem is proved. m|

3.6 Restrictive Menger algebras

The algebra (®, 0, 1>), where @ is the set of some n-place functions closed with
respect to the Menger composition O and the restrictive product > of functions,
will be called a restrictive Menger algebra of n-place functions.

Theorem 3.6.1. An algebra (G,o0,») of type (n+ 1,2) is isomorphic to a re-
strictive Menger algebra of n-place functions if and only if (G,0) is a Menger
algebra of rank n, (G,») is an idempotent semigroup and the following three
identities hold:

zl(yr » z1) (Y » z)] =y B By B xer 2, (3.6.1)
(> y)lz1-zn]) = x[z1 - 20] ® yl21 - 2], (3.6.2)
Y Z=yr ez (3.6.3)

Proof. Necessity. Let (®,0,r>) be a restrictive Menger algebra of n-place
functions. Of course, > is an idempotent operation. Moreover,

(a > ﬁ) >y=70° Aprl(o¢l>ﬁ)

for all a, 8,7 € ®. Indeed, if (a,a) € Ay (asp), then @ € pry(a > B), ie.,
(a,b) € a > 8 for some b. Thus (G,b) € a > B = o Ay o So, there is ¢
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for which (@, ¢) € Ay o and (¢,b) € 3. Hence @ = ¢ € pry«, and consequently,
(a,b) € 3. Therefore a € prya and a € pry3, which implies (@,a) € Apr o and
(@,a) € Ay p. Consequently, (@,a) € Apr g0 Apryo. This proves the inclusion
Apry(asB) C Dopr,p © Lprya- The proof of the converse inclusion is similar.

Using this identity, we obtain

(Oé > 6) >y=70 Aprl(abﬂ) =70 AprlB © Aplrloc
=(yo Aprlﬁ) 0 A101f1a =(B>7)o Aprloz =a> (B>7),

which proves that (G,r>) is a semigroup.
For all o, B;,7; € ,7=1,...,n we have also

al(Br>m) - (Bn > )l = al(10Lpry 1) - (9 © Dpr, 6,)]
:O‘['Yl""Yn]oAprlﬁnO"'OAprlﬁl
:51>"'I>6n|>04['71""7n]-

This proves (3.6.1).

Nowlet o, 8,7, € ®,i=1,...,n, where ® C F(A", A). Suppose that (a,c) €
(> B)[y1++n] for some @ € A", ¢ € A. Then there exists b € A" such that
(@,b;) €vi,i=1,...,n,and (b,c) € a > B. But b € prya implies (b,d) € « for
some d € A. Thus (a,d) € afy;---vy,] and @ € pryafys - - -y,]. This, together
with (@, c) € B[y1 - Y], proves (a,c) € afyr -+ vn] > B[y1 -+ yn). Therefore

(@ B)v1- vl Calyr---yal &> By vnl

To prove the converse inclusion let (a,c) € afy1---vn] > B[y1 - Yn). Then
a € priafyr -y, and (@, c¢) € Bly1 -+ - vn). From a € priafy - - -y, we deduce
the existence of a d such that (a,d) € af[y;---7y,]. We can therefore select
€ = (e1,...,ep) € A" for which (a,e;) € v, i = 1,...,n, and (,d) € a.
Obviously (a@,c) € B[y1---7n] implies (@, b;) € 75, i = 1,...,n, and (b,c) € B
for some b € A™. Since all ~; are functions, from (@,e;) € v; and (a,b;) € v
we obtain b; = e;, i = 1,...,n, i.e., b =&. So, (b,d) € a. Hence b € prja and
(b,c) € a > B. Thus (a,c) € (a > B)[y1 - Vn], which proves the inclusion

afyr- ] > B ] C (> B)vi -l

This completes the proof of (3.6.2).
For all o, 8,7 € ® we have also

(aB) >y =700 (a8 =7 Lpr,;8° Lpria =7 © Lpr gprya
=7° Aprlaﬂprlﬁ =70 Aprla © APH/B = (a > 7) © Aprlﬂ = B > (a > 7)'

This proves (3.6.3). The proof of the necessity part is complete. m]
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The proof of the sufficiency will be based on some auxiliary results. In order
to introduce them note that every algebra (G, 0,») of type (n+1,2) satisfying
all the conditions of Theorem 3.6.1 will be called a restrictive Menger algebra
of rank n. In this algebra, we define two binary relations

ag={(z,y)|zwy=2x} and as={(z,y)|y» x==zx}

As one can verify without any difficulty, these relations are, respectively, a stable
order and quasi-order in the semigroup (G, »).

Proposition 3.6.2. For any x,y € G we have

ay Lo agnas = ay, (3.6.4)
(x»y,y) €ag, (zw»y,z) € as. (3.6.5)

Proof. If (z,z) € a;lo ag and (z, z) € ag, then there is y such that (x,y) € ay
and (y,z2) € a;l. Hence (z,y) Eagand x> y=x, 2> y=2, z» =1,
which together with (3.6.3) give

xpz=zw (zpy)=(CEZrPz)py=cry=umr

Thus (z,2) € ag, ie., a;l o agNag C ag. To prove the converse inclusion,
observe that if (x,y) € a4, then x » y = x. Hence, by (3.6.3), we have
r=xwz=(@xryrr=(yr»z)»z=ym» z Thus (z,y) € as, iec.,
ag C ag. Since qy is reflexive, we have Ag C ag and Ag C a;l, which means
that ag = Agoay C a;l o ag. These two inclusions imply oy C a;l o agNas.
This completes the proof of (3.6.4).

The proof of (3.6.5) is trivial. O

Proposition 3.6.3. If (G,o0,») is a restrictive Menger algebra of rank n, then
in the algebra (G, o) the relation ag is stable, the relation o is l-reqular and
v-negative and the condition (3.2.2), where v < y +— (z,y) € ag and x T
y «— (z,y) € ag, is satisfied.

Proof. Let x < y and x; < y; forall i = 1,...;,n. Then z = = » y
and z; = x; » y;, ¢ = 1,...,n. From x = = » y, by (3.6.2), follows
xlzr- ] = (@ » y)rr- -] = x[r1- 2] » ylxr - x,], which implies
xlz1-xp] < ylrr - xp]. From the identities z; = z; » y; and (3.6.1) we
obtain ylz1 - w,] = ylzr » y1-zn > ya] = 21 B x> Yy Yl
whence, by (3.6.5), we obtain x1 » -+ » =, » yly1 - Yn] < yly1- - yn), and
consequently, y[z1---2z,] < yly1---yn]. Therefore x[zy - x,] < ylyr - ynl-
This proves that «g is stable.

Now let z C y, ie., y » = x. Then (y » x)[z1- 2] = z[z1-- 20],
whence, by (3.6.2), we deduce y[z1---2zp] » @[z1---2,] = 2[z1---2,). Thus
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x[z1 - zn] T ylz1-- - zn). So, ay is l-regular. Further, using the idempotency
of », (3.6.1) and (3.6.3) we obtain

=z[(y1 » y1) - (Yim1 » yim1) (5 » ¥i) » ¥i) i1 » Yir1) -+ (Yn > Yn)]

=y By B (Y oY) B Yir1 > Y B T[y1 Yl

=Y YL By ey B[y

=y » [y » y1) - (i1 > yie1) (U » i) Wi ® Yir1) - (Yn » n)]

=y > zy1 - ynl,
which implies z[y; - --yn] T y; for every ¢ = 1,...,n. This shows that «ay is
v-negative.

To prove (3.2.2) assume that © < y, 2 C z and z T u[@ |;y]. Then z =z » y,
z » z = z and u[w|;y] » z = z. The last identity implies x » u[w |;y] »
z = x » z, whence we obtain u[w@|;(z » y)] » z = z. So, u[w|;z] » z = z,
ie., z C wu[w|;xz]. This completes the proof of (3.2.2) and the proof of our
Proposition. m|

Proposition 3.6.4. Let (¢*, W) be the determining pair of a Menger algebra
(G,0) of rank n, where e* = e U{(e1,e1),...,(en,en)}, €1,...,6, — are the
selectors in (G*,0*). Then

P(a*,W)(gl > o) = Plex w (g1) > P(€*7W)(92) (3.6.6)
holds for all g1, g2 € G if and only if for all g1, g2 € G the implications

gP» REW —g&WA g » g =gle), (3.6.7)

91,92 € W — g1 » g2 = g2(¢) (3.6.8)
are satisfied.

Proof. Tt is obvious that the conditions (3.6.7) and (3.6.8) are respectively
equivalent to

YyEWAg»gp=ylE) —adWAa g =y,
YEWAN@EWA g=yle) — g » g2 =yle).

The above system of implications is equivalent to the statement
VygW) (gr»g2=yle) «— g1 €W A g2 =y(e)).

Applying (3.6.2) to this equivalence, we conclude that it is equivalent to
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(VE)(Vy € W) ((g91 » g2)[Z] = y(e) «— q[Z] € W A g2[Z] = y(e)),
where Z € (G \ W)™. This is equivalent to (3.6.6). O

Proof of Theorem 3.6.1. Sufficiency. Let (G, o0,») be the restrictive Menger
algebra of rank n. Tt is evident that the system (G, 0, ag, ;) is a f.0.p. Menger
algebra. So, we can use the constructions presented in the proof of Theo-
rem 3.2.1. In particular, we consider the following representation of a Menger
algebra (G, o0):
P =2 Peyw.(as):
geG

where €4 = e,(aq(g)) Ney(as(g)). Theorem 3.2.1 shows that P is a faithful
representation of (G, 0) by n-place functions. For this representation we have
also (p = ayg and xp = as.

The proof of the equality P(g1 » g2) = P(g1) > P(g2) can be reduced to
the proof that all determining pairs of the type (3, Wy(as(g))) satisfy con-
dition (3.6.6). In view of Proposition 3.6.4, this fact will be proved if we
prove that these determining pairs satisfy the conditions (3.6.7) and (3.6.8).
To prove (3.6.7), observe first that W, (as(g)) = G \ as(g) for every g € G,
because ay is v-negative. From (3.6.1) we conclude z » t(y) = t(x » y) for
all 7,y € G, t € T,(G). So, if g1 » go & Wy(as(g)), then (g,g1 » g2) € as,
ie, g1 » g2 » g=g. As (g1 » g2,91) € s, then (g,91) € as. Therefore
g1 & Wy(ag(g)). Now, let us show that the condition go = g1 » g2(gy), ie.,
go = g1 » gg(sai@) for every ¢ = d, s, is equivalent to the condition

(Vt € T (G)) (t(g2) € ai(g) «— t(g1 » g2) € ai(g) ) for every i = d, s.

Let t(g2) € aqlg), ie., g » t(g2) = g. Then t(g » g2) = g. But g1 ¢
Wy(as(g)), ie., g1 » g = g. Hence t(g1 » g » g2) = g. Consequently,
t(g » g1 » g2) = g. Therefore g » t(g1 » g2) = g, which means that
tlg1 » g2) € aafg). So, t(g2) € aa(g) implies t(g1 » g2) € aafg). On the
other hand, if t(g1 » g2) € ag(g), then g » (g1 » g2) = g, and, consequently,
g » g1 » t(g2) = g. This, by (3.6.3), is equivalent to g1 » g » t(g2) = g.
Because g1 » g = g, the above implies g » t(g2) = g, ie., t(g2) € aq(g).
Hence go = g1 » g2(€q,(g))- Now let t(g2) € as(g), ie., t(g2) » g = g, which
is equivalent to g » ¢(g2) » g = g. From this, we have t(g » g2) » g = ¢.
But g = g1 » g, so, using condition (3.6.3) we get g = t(g1 » g » g2) »
g=1tgw» g » g)»g=gr»tg »g) »g=1tg»gp »g=yg
Hence t(g1 » g2) € as(g). Thus t(g2) € as(g) implies t(g1 » g2) € as(g). In
a similar way, we can verify the converse implication. These two implications
prove ga = g1 » g2(€q,(g))- In this way, we have proved that g» = g1 » g2(g).
This completes the proof of (3.6.7).

The proof of (3.6.8) is analogous. O
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A restrictive Menger algebra (G, o, ») of rank n > 2 is called special, if for
alli=1,....n, u,z,y € G, w € G™ the following condition

u[wlz] = ulwliy] — u[w|iz] » x = u[wly] »y (3.6.9)
is satisfied.

Theorem 3.6.5. A Menger algebra (G,o0,») of rank n > 2 is isomorphic to
a restrictive Menger algebra of reversive n-place functions if and only if it is
special.

Proof. Let (®,0,1>) be a restrictive Menger algebra of reversive n-place func-
tions. Assume that ¢[¢)|;a] = ¢[i];8] for some ¢, o, € @, ) € P, i €
{1,...,n}. Then p[lia] o Ay = @[p|iB] o Ap, where H = prip[Yfa] =
prio[v];8]. Hence p[v|;a 0 Ag] = ¢[h];8 o Ay]. Since all functions in @ are
reversive, the last equality implies o o Ay = Bo Ay, ie., p[l;al > a =
¢[]; 8] > B, which proves the necessity.

To prove the sufficiency, consider a special restrictive Menger algebra (G, o, »)
of rank n > 2 and the relation 5m<a(;1 o ag,as(g)) defined on (G, o) for every
fixed m € N and g € G. We prove by induction that this relation satisfies the
implication

(91,92) € €m<a;1 oag,as(g)) — g» g1 =g » go. (3.6.10)

First assume that (g1,92) € eo(ay’ 0 ag, as(g)). Then (g1,92) € o' o ag and
g1,92 € as(g), whence g1 » go = g2 » grand g1 » g =g, g2 » g =g.
Therefore g » g1 » go =g ®» g2 » g1 and g1 » g » go = go » g » g1. So,
g » g2 = g » g1, which means that for m = 0 the implication (3.6.10) is true.

Let it be valid for some m = k. Then for (g1,¢92) € ekH(a;l o ag, as(g))
there are q,7,u,s,c,d, z,w,0 for which we have g, = u[wl|,¢c], g2 = u[wl|,d],
91,92 € as(g) and (s[v], ], 2), (z,s[v]|.d]) € 5k<a510ad,as<g>>. By hypothesis,
the last condition implies

g » s[0|yc] = g » s[v].d].
Hence s[v].(g » ¢)] = s[o|.(g » d)], which according to (3.6.9), gives
s[ol.(g » ¢)] » g » ¢ = s[v],(g » d)] » g » d. Further on, using the
idempotency of the operation » and the conditions (3.6.1), (3.6.3), we obtain
s[ol,.c] » g » ¢ = s[o|.d] » g » d. (3.6.11)
As s[v|,c], s[v|.d] € as(g), then s[v],c] » g = ¢g and s[o|,d] » g = ¢g. This,

together with (3.6.11), gives g » ¢ = g » d. Therefore, u[w|4(g » ¢)] =
u[w|q(g » d)], which is equivalent to g » wu[w|,c] = g » u[w|,d]. Thus
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g » g1 =g » g2. So, the implication (3.6.10) is valid for m = k + 1. Hence,
by induction, it is valid for every m € N.
Using the implication (3.6.10) it is not difficult to prove that

(91,92) € em{ay' o aq,as(g)) — (g1,92) € aa, (3.6.12)

(91, 92) € em(ay’ o ag, as(g)),

_ } — z[flig1] € as(g) (3.6.13)
z[7)ig2] € as(g)

foralmeN,i=1,...,n, g,91,92, 2 € G, g € G".

Consider now the family of determining pairs ((8;, Wg))g of a Menger alge-

eG
bra (G,o0), where ¢, = 6(0[;1 o ag,as(g)) U {(e1,e1),...,(en,en)},
Wy = G\ as(g), e1,...,e, — the selectors of (G*,0"). Let P be the sum
of the family of simplest representations determined by these pairs. Since the
relations «y and «y satisfy the conditions (3.6.12) and (3.6.13), the system
(G, 0, aq, ;) satisfies all assumptions of Theorem 3.3.1, i.e., it is a strong f.0.p.
Menger algebra. So, P, as it was shown in the proof of Theorem 3.3.1, is
a faithful representation of (G, 0) by reversive n-place functions.

To complete this proof, we must prove that P(g1 » g2) = P(g1) > P(g2)
for all g1,92 € G. For this, it is sufficient to show that each determining pair
(g5, Wy) satisfies (3.6.7) and (3.6.8). Let g1 » g2 € as(g), i.e., let g1 » go »
g=9g. Theng=g1» g1 » g2 » g=g1 » g. Thus g1 € as{g). Similarly we
show gy € as(g). From (go, g2) € aq(g) and (g1 » g2, 92) € ag we conclude

(92,91 » g2) € (' 0 ag) Nas(g) x aslg) C elay’ 0 aq,as(g)),
which proves (3.6.7). If ¢g1,92 € as(g), then g1 » g = g, g2 » g = g and
(g1 » g)» (g2 » g) = g » g =g. But, on the other side,

(> g)» (2> g)=(@i»g)»grg=(91»g)»g.

Hence (g1 » g2) » g = g. This gives g1 » g2 € as{(g). Now, applying the just
proved relation (g1 » g2,92) € a;l o ag, we obtain

(g1 » 92,92) € olay’ o ag,as(g)) Celay’ oaq, as(g)).

So, condition (3.6.8) also takes place. The proof is complete. |

Let @ be the set of (reversive) n-place functions closed with respect to the
Menger composition O, set-theoretic intersection N and restrictive product >
of functions. Algebras, isomorphic to the algebra of the form (®,0,N,>), are
called (strong) restrictive A-Menger algebras of rank n. Their characterization
is given by the following theorem.
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Theorem 3.6.6. An algebra (G,o0, A,») of type (n + 1,2,2) is a restrictive
A-Menger algebra of rank n if and only if
(a) (G,o,w») is a restrictive Menger algebra of rank n,
(b) (G, A) is a semilattice,
(c) the identities
zA(ywz)=y» (v A2), (3.6.14)

(xAy)»py=xAy (3.6.15)
and (3.4.1) are satisfied.

Proof. The necessity of these conditions is obvious. We prove the sufficiency.
For this assume that (G, o, A, ») satisfies all these conditions. First observe
that the relation oy coincides with the natural order < in the semilattice (G, A).
Indeed, if z < y, i.e., x L y = x, then (x A y) » y = x » y. This, according to
(3.6.15), gives x A y = = » y. Hence x » y = z, i.e., (z,y) € ag. Conversely,
if (z,y) € ag, then y A (z » y) =y A x, and x » y = y A z, by (3.6.14).
So, y Az =z, i.e., x < y, which was to be proved. Further on, since (G, 0,») is
a restrictive Menger algebra, (G, 0, ayg, o), as it was proved, is a f.o.p. Menger
algebra. Thus, ay is stable in (G, 0), and ay is | -regular and v-negative.

Now, we show that (G, o0, A, as) satisfies all assumptions of Theorem 3.6.1.
For this it is sufficient to check just the conditions (3.4.13)—(3.4.15). Let = C
x Ay, where C is the relation ag, then (z A y) » 2 = x. From this, according
to (3.6.15), we get Ay = x, i.e.,, x < y. So, (3.4.13) is satisfied. Next, from
(3.6.15) we have x; A y; < y; for every i = 1,...,n, which together with the
stability of ag gives u[(z1 Ay1) -+ (@ Ayn)] < ufyr - - - yp]. This proves (3.4.14).
To prove (3.4.15) observe that

ypz=zryAzCyAzCulwz] — zCul®(yAz) (3.6.16)
for all x,y,z,u€ G, w e G" and i =1,...,n. Indeed, if y » 2 = z » y, then
zA(ywz)=2zA(z»y).

This, according to (3.6.14), gives y » 2z = z » (2 L y). Since z Ay C z, from the
above formula we obtain z » (2 A y) = z A y, and, consequently, y » z = z A y.
In view of the fact that the order ay is v-negative the condition z C wu[w|;z]
implies = C z, i.e., z » x = z. Thus, according to the definition of «ay, the
condition z C u[w|;2] is equivalent to the condition u[w|;z] » © = x. Therefore

r=y»x=ypuz]»zx=uloiy»z)]»z=udli(zAy)»z,

ie., z C u[w|(y A z)]. This proves (3.6.16). Now, according to (3.6.14), we
have (y A z) »(z Av)=zp(yAzAv)and (z Av) B> (yLz) =20 (yAzAv).
Hence

(yrz)» (zAv)=(zA0v)» (yA2).
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So, from (3.6.16), we can conclude (3.4.15). Thus, all the constructions and
arguments, used in the proof of Theorem 3.4.5 are valid for (G, 0, A, asy).

Let P be the sum of the family of these simplest representations, which
correspond to the determining pairs from the family ((e;, Wy))geq, where

g =1{(91,92) 19T g1 A g2 or g1,92 € Wy}, Wy =G\ ag(g).

In the proof of Theorem 3.4.5, it was proved that the representation P is faithful
and satisfies the identity P(g1 Ag2) = P(g1)NP(g2). It also satisfies the identity
P(g1 » g2) = P(g1) > P(g2). To verify this identity it is sufficient to prove
that the conditions (3.6.7) and (3.6.8) are valid for each determining pair. Let
g1 » g2 & Wy, ie., g C g1 » g2. Then g C g1, which gives g1 & W,. Since
g1 » g2 < go implies (g1 » ga) A ga = g1 > g2, we have also (g1 » g2) L ga & Wy,
ie., g1 » g2 = g2(gq). So, condition (3.6.7) is satisfied. Now, if g1 ¢ W, and
g2 & Wy, then g1 » g =g and g2 » g = g. Hence g1 » g2 » g =g1 » g = g,
ie., g C (g1 » g2). As it is easy to see, since (g1 » g2) » g2 = g2 » (g1 » g2),
by applying (3.6.16) in the relation above we obtain g = (g1 » ¢2) A g2, i.e.,
g1 » g2 = g2(e4). This proves (3.6.8) and completes our proof. O

Corollary 3.6.7. A restrictive A-Menger algebra of rank n > 2 is strong if
and only if it satisfies (3.4.3).

Proof. Indeed, let u[w|;g1] ¢ Wy and u[w|;g1] = u[w];g2](e4), where W, and
g4 are as in the last proof. Then g C w[w|;g1] A u[w|;g2]. Applying (3.4.3) to
this condition, we obtain g T u[w|;(¢g1 A g2)]. But u[w|i(¢1 A g2)] T g1 A g2
implies g T g1 A g2, i.e., g1 = ga2(eg). So, the restriction of g, to as(g) is
v-cancellative. Thus, P is a representation by reversive n-place functions, which
was to be proved. m|

Finally, we consider restrictive D-Menger algebras of n-place functions, i.e.,

n+1
algebras of the form (®,0,r>, A ), where ® C F(A", A) and n > 2.

Theorem 3.6.8. An algebra (G,0,»,¢e) of type (n+ 1,2,0), where n > 2, is
isomorphic to some restrictive D-Menger algebra of n-place functions if and
only if

(a) (G,o,») is a restrictive Menger algebra of rank n > 2,

(b) (G, A), where x Ay = elxy™ 1] for all x,y € G, is a semilattice,

(c) the conditions (3.4.16), (3.6.15) and

epg=9g—gle"l=g (3.6.17)

are satisfied.
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Proof. As it is not difficult to see, the algebra (G, o, A,») satisfies all the
assumptions of Theorem 3.6.6. Thus to prove the above theorem, we can use
the same arguments as in the proof of Theorem 3.6.6, in this case however,
instead of the representation from the proof of Theorem 3.6.6, we consider the
representation from the proof of Theorem 3.4.6, i.e., the representation

P = Z P(EZ,Wg) + Z P(597Wg)’

geG’ geG"

where G’ = {g|e € as(g)}, G" = {g|e € as(g)} and e4,¢;, W, are as in the
proof of Theorem 3.6.6. Therefore P(g1» g2)=P(g1)> P(g2) for all g1,¢92€G.
To prove that the representation P is faithful it is sufficient to prove that (p

n+1
coincides with the natural order of (G, A). The equality P(e) = A 4, where A
is some set, can be proved analogously as in the proof of Theorem 3.4.6. m|

Finally note that an algebra (G,o0,»,¢) is isomorphic to some restrictive
D-Menger algebra of reverse n-place functions, where n > 2, if and only if the
assumptions of Theorem 3.6.8 are satisfied and the identity (3.4.3) holds.

3.7 Functional Menger systems

On the set F(A™, A) of all n-place functions defined on A we can consider n
unary operations Ri, ..., R, such that for every function ¢ € F(A", A) R;p
is the restriction of n-place projectors defined on A to the domain of ¢, i.e.,

Rip=p> I} (3.7.1)

for every ¢ = 1,...,n, where I* is the ith n-place projector on A. In other
words, R; ¢ is an n-place function from F (A", A), which satisfies the conditions

priRi ¢ = prig, (3.7.2)
a€prip — Ripla) = a; (3.7.3)

for any a € A™. Algebras of the form (®,0,R1,...,R;,), where @ is a subset
of F(A™, A), are called functional Menger systems of rank n.

Such algebras (with some additional operations) were first studied in [80,192]
and [193]. For example, V. Kafka considered in [80] an algebraic system of the

n+1

form M = (®,0,R1,...,Rn, L,C), where & C F(A", A) and Lo = A, , for
every ¢ € @. Such an algebraic system satisfies the conditions:

(A1) (®,0) is a Menger algebra,
(Ag) C is an order,
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(A3) the following identities are satisfied:

e[Rig- Ruyp] = o,
Ri(el - ml) = Ri((Rje) v ),
(Lp)p- 0] =@,

(Ag) L(p[yr---m]) C Loy forall o, y1---ym € P,
(A5) @ has elements I, ..., I, such that ¢[[;---I,] = ¢ and

vi C I — Rivi C v,

n
e C NI — Lo C o,

j=1
Yo C Iy — Yele1 - ¢n] C @k,
n
k/\ (v CIx) — @] C o,
=1

n
Riv; C kﬂ Rive — i1+l = 5,
-1
9 CY—9=1v[p1-pn] forsome p1 CI,....,pn C Iy

for all o, 01,..., @, Y1,y € P and 4,5,k € {1,...,n}.

It is proved in [80] that if an algebraic system (G, o0, Ry, ..., Ry, L, <) satisfies
the above conditions, then there exists an isomorphism of the algebra (G, o) into
(F(A™, A),O) which transforms the order < into the set-theoretical inclusion.
However, A1 — A5 do not give a complete characterization of systems of the
form (®,0,R1,...,Rn, L, C).

Let (G,o0,R1,...,Ry) be an algebra of type (n + 1,1,...,1) which satisfies
the identities:

z[g][z] = x[yl[ ]+ ynlZ]], (3.7.4)
z[Rz- - Roa] =, (3.7.5)
zlaliz][Ray - Royl = z(a]; 2[Ry - Ryyll, (3.7.6)

Ri(z[Ray - Rpyl) = (Riw)[R1y - - - Ry, (3.7.7)
z[R1y - Ryyl[Riz -+ Rpz] = x[Riz -+ Ruz|[Ruy - - Ry, (3.7.8)
R;(z[g]) = Ri((Re)[7]), (3.7.9)
(Rix)[7] = i Ra(x[7]) - - - B ([7])] (3.7.10)

foralli,k=1,....,n

Theorem 3.7.1. Fach functional Menger system (®,0,Rq,...,Ry) of rank
n satisfies the identities (3.7.4) —(3.7.10).
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Proof. The identity (3.7.4) is obvious. Furthermore, for every ¢ € ® we
have p[Rip - Rnp] = ¢l > 1) (¢ > I})] = ¢ > @[I{" - 1I;] and
oI --- I = ¢. Thus p[Rip---Rnp| = ¢ > ¢ = ¢, which proves (3.7.5).
Since for any «, 5 € ® we have a[R15---R,0] = B > «, for all p,a, € P,
P € ®" and i = 1,...,n, we have also o[blia][R1B - Rn B] = B > p[Ylia] =
elli(B > a)] = e[| a[R1B - - - RpB]]. This proves (3.7.6). Because a > 8 >
v = > ar> v holds for all a, 3,7 € ®, then, evidently, R;(p[R1¢ - - Rnt]) =
Ri(p>o)=@W>)> I =9p>(p> I]') =9 > Rip = (Rip)[R1y) - Rn¥]
for i = 1,...,n and p,¢» € ®. Similarly y[R18--  R.0][R1ia-- - Rpa] =
Y[Ria - Rpa][R1S---Rpf]. So, (3.7.7) and (3.7.8) are proved too.
Now let ¢, 1,...,1, € ®, then, according to (3.6.1)—(3.6.3) and (3.7.1),
we obtain
Ri((Rep)[h1 -+ tbu]) = (o & IP) b1 -+ - hu] &> I}

:90[1/)1"'7/}71] > I;?le/)n] > I}

= @1 Yp] > h1 D> D> Py DYy > I

= 1B Dt B ] B I

= @l hn] > I = Ri(plthr - - ).
So, we proved (3.7.9). Further we have

Ri(pln - n]) = (o > L)1+ - - hn]
= @1 p) & I thr -1y
=1 Pp] > P > D P D Yy
=1 Dy @[] DY
= p[h1- Y] > i
= i[Ru(p[or - ¥n]) - Rul@tor - ¥n))],

which proves (3.7.10). The proof is complete. O

Assume that the algebra G = (G,o0,Ry,...,R,) satisfies the identities
(3.7.4)—(3.7.10) and consider on it the new operation » defined by the for-
mula x » y = y[Riz - Ryz].

Proposition 3.7.2. (G,0,») is a restrictive Menger algebra of rank n.

Proof. Indeed, by (3.7.4), (G,0) is a Menger algebra of rank n. From (3.7.5)
and (3.7.8), we obtain:

zpx=x and z» (y»x)=y» (2> ).

From (3.7.6), it follows that y » x[al; 2] = z[a|;(y » z)] for every i = 1,...,n.
Applying the idempotency of » to this identity we obtain (3.6.1). Furthermore,
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using (3.7.7), we have

Z[Ri(z »y) - Ru(z » y)]

[Riy[Riz -+ Rpx]- - Rpy[Rix - - - Ryxl]
Z[(Ruy)[Rrz - - - Rpa] - - (Rpy)[Rax - - - Ryl
z[Riy- - Rpyl[Rix - - - Rpa]

=(y» z)[le-~~an] =z» (y» z).

(z»y)» 2z

z

This means that the operation B is associative. Now, according to (3.7.10),

(@ > y)[z] = y[Riz - - Rual[Z] = y[(Raz)[2] - - - (Rna) []]
= yla[Ruz[Z] - - Rpz[2]] - zn[Raa[Z] - - Rp[Z]]]
= y[Z][Raz[Z] - - Rpa[2]] = x[2] » y[Z],

which proves (3.6.2). The proof is complete. |

Since (G,o,») is a restrictive Menger algebra, we can consider on G the
relations ag and «g, which, as it is known, satisfy all the conditions of Theo-
rem 3.2.1. Thus, (G, 0, aq, o) if a f.0.p. Menger algebra of rank n.

Below we describe the fundamental properties of oy and ay connected with
the operations R;, © = 1,...,n. For simplicity’s sake, the relation ay will be
denoted by <, while the relation g — by LC.

Proposition 3.7.3. Rix = (R;z)[Rix--- Ryx] and R;x = R;Rxx hold for
allx € G and i,k=1,....n

Proof. Indeed, using (3.7.5) and (3.7.7), we get
Rix = Riz[Rix -+ Ryx| = (Riz)[Rix - - - Ry

for every z € G and i = 1,...,n. Next, using (3.7.5), (3.7.9) and the just
proved identity, we obtain R;z = R;z[Rix--- Ryz] = Ri(Rix)[Riz -+ Ryx] =
R;Ryx. O

Proposition 3.7.4. For all x,y € G and everyi=1,...,n
(a) = <y implies Rz < Ry,
(b) the condition R;x < Ry is equivalent to x T y.

Proof. (a) Let x < y for some z,y € G. Then x = z » y and

Rix = Ri(z » y) = Rjy[Rix--- Ryx], which, by Proposition 3.7.3, gives
= Riy[RiR;x--- R,R;x]. Applying (3.7.7) to this identity, we obtain

Rix = (Ryy)[R1Rix - -+ Ry Rix], i.e., Rix = (R;x) » (R;y). Thus R;z < R;y.
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(b) If z C y, then y » z = x and Rjz[R1y---Ryy] = R;x for every i =
1,...,n. This, by means of (3.7.7), gives (R;x)[R1y - Rny] = R;x. Applying
to this identity condition (3.7.10), we obtain

= (Riy)[Ra(y » z) - Ruly » 2)] = (Riy)[Baz - - - Ryl
= (Ryy)[R1Rix - - - Ry Riw] = (Ryw) » (Riy),

ie.,, Ryx < R;y. Conversely, if R;x < R;y holds for some i = 1,...,n, then,
by the previous proposition, it also holds for every ¢ = 1,...,n. Thus for every
i =1,...,n we have R;x C R;y, because ag C as. The last condition is equi-
valent to (R;y) » (R;z) = Rz, i.e., to (Rx)[R1y--- Rpy] = R;xz. Therefore
we have y » R;x = R;x, and consequently

y»x=y» z[Rix- - Ryx|=x[Riz- - Ryz|[R1y- - Ryy]
=z[(y » Riz) - (y » Rpx)] = 2[Riz -+ Ryx] = x.

So, x C y and the proof is complete. |

Proposition 3.7.5. Foralli=1,...,n and x,y,y1,...,Yn € G we have:
(a) Riz T x and x C Rz,

(b) (Riz)[y1 -+ yn] < i,
(¢) x[R1y--- Rpy] < x.

Proof. (a) Since z < z is valid for every x € G, by Proposition 3.7.4 we also
have R;(R;x) < R;z. So, R;xz C x. The proof of x C R;x is analogous.

(b) Using (3.7.9) and (3.7.10) we get

(Riz)[y1 - yn) » i = il R1(Rix)[y1 -+ yn] - - Ru(Ri)[y1 -+ - ynl]
= yi[Raw[yr - yn] - Ruzlyr - ynl] = (Riw) [y - - - yn]-

Thus (Rix)[y1 - yn] < i
(c) It is trivial: z[Ryy--- Ryy] = y » = < z, by Proposition 3.7.2. o

For every element g of the algebra G we define the relation p, C G x G
letting:
pg = (ag' o agNas(g) x as(g)) Uallg) x ailg),

where a/(g) = G \ as(g). It is clear that p, is a quasi-equivalence. On
(G,0) it is also i-regular for every i = 1,...,n. Indeed, if (g1,92) € py and
91,92 € al(g), then u[w|; g1], u[w|; g2] € al{g) because a(g) is an l-ideal. So,
(ul@li g1], ul@l]i g2]) € pg. If g1, 92 € as(g), then, obviously, (g1, 92) € ay ' o v,
ie., g1 < z and go < z for some z € G. These ine