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Preface

Thinking about the future perspectives of general algebra development
A.G. Kurosh [84] wrote in his book: “ . . . between the theory of universal alge-
bras and classical parts of general algebra there exists a great uncultivated gap.
The explorations began only in some places, isolated even, but between these
places there are some, whose exploration is by all means necessary. It should
be expected that just in this gap “belonging to no one” the main interests of
the general algebra will transfer during the coming decade.
In accordance with general tendencies of modern science, for example, physics,

new objects of study, new theories will appear not with the flow of decades,
but more often and often. It is impossible to stop this process, and trying to
do this would be unreasonable. This process can only be directed. In such an
axiomatic science as general algebra a great mind is not needed to create new
objects of study. It is more difficult to justify them. It is not even enough
to indicate the important ones among the introduced notions. The notion of
group is not justified by the existence of symmetrical groups on the arbitrary
sets, but by the fact that all the groups are exhausted by symmetrical groups
and their subgroups exactly up to an isomorphism.”
The exploration of this gap, which has been mentioned above, began with the

attempts to transfer the results known for classical algebras (in particular for the
groups) to the n-ary case. Therefore, first of all, it is necessary to mark the work
by E. L. Post [144], with whose appearance the birth and further development
of the theory of n-ary groups are connected. The development of this theory
is connected with the publishing of the article of S. A. Tchounikhine [210] and
finds its continuation in the works of V. A. Artamonov [4], S. A. Rusakov
[154], G. Čupona [16], W. A. Dudek [26, 31] and D. Dimovski [21]. Works
simultaneously appeared summarizing the semigroup and quasigroup results in
the n-ary case. The development of the polyadic semigroups theory and the
theory of n-ary quasigroup began with the work of L. M. Gluskin [56] and
V. D. Belousov [6], which are studied nowadays by many algebraists.
Every group is known to be isomorphic to some group of set substitutions

and any semigroup is isomorphic to some semigroup of set transformations
[14, 84, 105, 107]. Therefore, group theory (respectively semigroup theory) can
be considered as an abstract study about groups of substitutions (respectively
semigroups substitutions). Such an approach to these theories is justified, first
of all, by their multiple applications in geometry, functional analysis, quantum
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mechanics, etc. Although group theory and semigroup theory deal in particular
only with functions of one argument, the wider, but not less important, class of
functions remains outside their attention — the functions of many arguments
(in other words — the class of multiplace functions). Multiplace functions are
known to find various applications not only in mathematics itself, for example,
in mathematical analysis, but are also widely used in the theory of multi-valued
logics [79, 108], cybernetics [50, 145], and general systems theory [24, 25]. On
many multiplace functions, various natural operations are considered, first of
all, the superposition operation, i.e., the operation of forming new functions
as a result of substitution of one functions into others instead of their argu-
ments. However, the algebraic theory of superpositions of multiplace functions
has not been developed during a long period of time. K. Menger paid atten-
tion to the abnormality of this state in the mid-1940s of the previous century.
He stated, in particular, that the superposition operation of n-place functions
(n is a fixed natural number) has a property resembling the associativity, which
K. Menger called superassociativity [112–119]. As it has been proved later, this
property appeared to be fundamental in the fact that every set with a superas-
sociative (n+ 1)-operation can be isomorphically presented as a set of n-place
functions with the operation of superposition. This fact was first proved by
R. M. Dicker [20] in 1963, and the particular case of the given theorem was
showed by H. Whitlock [258] in 1964.
The theory of algebras of multiplace functions, which was called Menger al-

gebras (in the case of fixed arity functions) and Menger systems (the arity of
functions is arbitrary), continued its development in the works by V. A. Ar-
tamonov [3], M. I. Burtman [11, 12], F. A. Gadzhiev [42, 44], L. M. Gluskin
[51–56], F. A. Ismailov [75–78], F. Kh. Muradov [125–131], L. G. Mustafaev,
R. B. Feizullayev [132, 133], E. Redi [147–151], V. S. Trokhimenko [212–244],
J. Henno [57–73], Ja. V. Hion [74], B. M. Schein [172, 189, 244], Ja. N. Yaro-
ker [261, 262], W. A. Dudek [29, 30, 32], V. Kafka [80], H. Länger [85–100],
H. Lausch, W. Nöbauer, W. Philipp [102, 134, 136], K. L. Skala [195–197]. Si-
multaneously and independently from algebra theories and Menger systems,
beginning with the work of A. I. Mal’cev [106–108], the theory of iterative
Post, which found its use in polysemantic logics, was being carried out. We no-
tice in these works [42,44] a close connection between Post algebras and Menger
systems.
In solving functional equations, as it was shown by V. D. Belousov [6],

in some cases appears the necessity of inserting on the sets of multiplace
functions some binary operations of superposition and, as it was found, this
can be done in various ways. As a result algebraic constructions, such as
(2, n)-semigroups [199,260], positional algebras [6,200], polycategories, and poly-
cycloides [148–151] made their appearance, the exploration of which have just
began. And at last we have a number of works in which many vector-valued
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functions are studied. First of all there are the publications by M. D. Sandik
[158,159], G. Čupona [16], K. Trenčevski and D. Dimovski [211], B. Schweizer,
and A. Sklar [191–193], and many others.
Working in the sphere of substantiation of differential geometry, V. V. Vagner

in the beginning of the 1960s of the last century came to the conclusion concern-
ing the necessity of an algebraic approach in the study of semigroups of transfor-
mations [251–256]. He formulated problems which deal with the abstract char-
acterization of some classes of semigroups of partial transformations on which,
besides superposition, some additional operations and relations are defined. He
also formulated the task of describing all possible representations of semigroups
with the help of partial transformations. The explorations in this direction be-
ginning with the study of V. V. Vagner [246–256] were continued in the works
of D. A. Bredihin [8–10], V. S. Garvatckii [45–47], V. A. Molchanov [122,123],
V. N. Salii [155–157], and B. M. Schein [160–187].
The contents of this book is related to the direction that V. V. Vagner fol-

lowed. Sets of multiplace functions are studied in it, on which some naturally
defined operations and relations are introduced. The various classes of algebraic
systems of multiplace functions received in this way are described from the ab-
stract point of view. Besides, the description of all representations of Menger
algebras with the help of multiplace functions are presented in the book, as
well as the formation of each of them.
The book is divided into six chapters. In Chapter 1, the main notions of rela-

tions theory, algebraic systems and operations of closing are considered. Special
attention is paid to Section 1.4, in which the operations of closing are studied
due to their special importance for the next chapters. In Chapter 2, the notion
of Menger algebra is introduced and its special classes are studied. Connections
with some useful semigroups (Section 2.2) are described first, and then these
semigroups are used for the characterization of inverse Menger algebras (Sec-
tion 2.3). Further on, we investigate Menger algebras for which the diagonal
semigroup is a group (Section 2.4) and Menger algebras, which are quasigroups
(Section 2.5). Next, Menger algebras of semiclosure operations defined on an
ordered set (Section 2.6) are described. The chapter ends with the general the-
ory of representations of Menger algebras by relations and multiplace functions
(Section 2.7).
Chapter 3 is devoted to abstract characterization of different classes of Menger

algebras of multiplace functions partially ordered by such natural relations as
inclusion of functions, inclusion of domains, and the nonempty intersection of
domains. In Section 3.6 Menger algebras of n-place functions closed under the
restrictive product of functions are studied, and in Section 3.7 – closed under
the restrictive product of functions and projectors only.
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Studying the concrete class of algebras of functions, it is necessary in many
cases to keep some information about fixed properties of functions, which, as
it is known, are lost during isomorphism. For example, some of the functions
may have stable (fixed) points, others have the same domains or coincide on
the common part of their domains, etc. In order to have these properties of
functions we must introduce the signature of the corresponding algebras of
functions of some relations. Chapter 4 is devoted to the abstract description of
such algebras of multiplace functions. First, we describe the subsets of abstract
Menger algebras, which correspond to the sets of functions having common
stable (fixed) point, next — subsets that correspond to the sets of functions
having at least one stable point. Further on, Menger algebras of multiplace
functions are studied that coincide on the common part of domains (Section 4.4)
or have a nonempty intersection of domains (Section 4.5). The chapter ends
with the abstract characterization of some useful equivalence relations.
In Chapter 5, we describe sets of functions closed under Mann’s compositions

and projection relations on these sets.
In Chapter 6, the sets of functions of various arities are considered. The need

to study such sets appears, for example, in many-valued logics, programming,
and in the algebraic theory of automaton [50, 106–108, 145, 153]. The theo-
ries that study these sets of functions are the theory of Menger systems (Sec-
tion 6.1), T -Menger systems (Section 6.2), positional algebras (Section 6.3), as
well as iterative and pre-iterative algebras of multiplace functions (Section 6.4).
In Section 6.5 we describe sets of functions of various arities closed under some
composition; in Section 6.6 the same sets of functions but with one distinguished
projector. The chapter ends (Section 6.7) with the description of algebras of
vector-valued functions, which have many interesting applications in different
branches of mathematics.
Our book does not pretend to be complete considering the various questions

connected with algebras of multiplace functions. Its contents are completely
defined only by the authors’ tastes. For readers interested in future study, we
present quite a wide bibliography on the given subject at the end of the book.

Wrocław and Vinnytsia, Wiesław A. Dudek and Valentin S. Trokhimenko
January 2012
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Chapter 1

Main concepts

1.1 Elements of theory of relations

Later on, we shall use the following notations of mathematical logic:
∼ — denotes negation,
∧ — conjunction,
∨ — disjunction,
−→ — implication,
←→ — equivalence,
∀ — universal quantifier,
∃ — existential quantifier,

where first operates negation, then conjunction, disjunction, implication, and,
at last, equivalence. Conjunction of a finite number of statements An ∧An+1 ∧

· · · ∧An+m will be denoted by
n+m∧
i=n

Ai.

We shall also use ordinary notations from set theory:
′ — denotes a complement,
∩ — intersection,
∪ — union,
\ — difference of sets,
⊂ — inclusion,
∅ — the empty set,

P(A) — the family of all subsets of a set A,
{a | Π(a)} — the set of these elements a which have the property Π(a).

The ordered n-tuple of elements a1, . . . , an is denoted by (a1, . . . , an), the
Cartesian product of sets A1, A2, . . . , An — by A1×A2× · · · ×An. In the case
A1 = A2 = · · · = An = A, we shall write An. The element (a1, . . . , an) of An

will be also denoted by ā or by an if all ai will be equal to a. By (ā|i b) we
denote the element (a1, . . . , ai−1, b, ai+1, . . . , an).
Every subset ρ of the set A×B is called a binary relation between the elements

of the sets A and B. In the case A = B, the relation ρ is called homogeneous.
For ρ ⊂ A× B, a ∈ A, and H ⊂ A, by ρ〈a〉 and ρ(H), we denote the subsets
of B defined in the following way:

ρ〈a〉 = {b | (a, b) ∈ ρ}, ρ(H) =
⋃
{ ρ〈a〉 | a ∈ H }.
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If ρ(H) ⊂ H, then H is called a ρ-saturated subset. We can easily see that
the following conditions are true:

ρ1 ⊂ ρ2 ←→ (∀a) (ρ1〈a〉 ⊂ ρ2〈a〉),

ρ1 ⊂ ρ2 −→ ρ1(H) ⊂ ρ2(H),

ρ ′〈a〉 = (ρ〈a〉)′,
H1 ⊂ H2 −→ ρ(H1) ⊂ ρ(H2),

ρ
(⋃

i∈I
Hi

)
=
⋃
i∈I

ρ(Hi), ρ
(⋂

i∈I
Hi

)
⊂
⋂
i∈I

ρ(Hi),(⋃
i∈I

ρi

)
(H) =

⋃
i∈I

ρi(H),
(⋂

i∈I
ρi

)
(H) ⊂

⋂
i∈I

ρi(H).

For every relation ρ ⊂ A×B, there is the so-called inverse relation ρ−1 defined
as

ρ−1 = {(b, a) | (a, b) ∈ ρ} ⊂ B ×A,

which has the following properties:(
ρ−1
)−1

= ρ,

ρ1 ⊂ ρ2 ←→ ρ−11 ⊂ ρ−12 ,(⋃
i∈I

ρi

)−1
=
⋃
i∈I

ρ−1i ,
(⋂

i∈I
ρi

)−1
=
⋂
i∈I

ρ−1i .

The composition (superposition) of binary relations ρ ⊂ A×B and σ ⊂ B×C
is a relation σ ◦ ρ ⊂ A× C defined by the equality

σ ◦ ρ = {(a, c) | (∃b ∈ B) (a, b) ∈ ρ ∧ (b, c) ∈ σ}.

It is clear that the composition of relations is an associative operation and

σ ◦
(⋃

i∈I
ρi

)
=
⋃
i∈I

(σ ◦ ρi),
(⋃

i∈I
σi

)
◦ ρ =

⋃
i∈I

(σi ◦ ρ),

σ ◦
(⋂

i∈I
ρi

)
⊂
⋂
i∈I

(σ ◦ ρi),
(⋂

i∈I
σi

)
◦ ρ ⊂

⋂
i∈I

(σi ◦ ρ),

where ρi ⊂ A×B, ρ ⊂ A×B, σ ⊂ B × C, σi ⊂ B × C;

ρ1 ⊂ ρ2 ∧ σ1 ⊂ σ2 −→ σ1 ◦ ρ1 ⊂ σ2 ◦ ρ2,

where ρ1, ρ2 ⊂ A×B, σ1, σ2 ⊂ B × C;

(σ ◦ ρ)−1 = ρ−1 ◦ σ−1, (σ ◦ ρ)(H) = σ(ρ(H)),

where H ⊂ A, ρ ⊂ A×B, σ ⊂ B × C.
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By the first and the second projection of the relation ρ ⊂ A×B we mean the
subsets pr1ρ and pr2ρ of A and B, respectively, defined in the following way:

pr1ρ = {a | (∃b ∈ B) (a, b) ∈ ρ},

pr2ρ = {b | (∃a ∈ A) (a, b) ∈ ρ}.

It is clear that

pr1ρ = ρ−1(B), pr2ρ = ρ(A),

pr1(σ ◦ ρ) = ρ−1(pr1σ) ⊂ pr1ρ,

pr2(σ ◦ ρ) = σ(pr2ρ) ⊂ pr2σ.

Let �A be the identical binary relation on A (in other words: a diagonal of
the set A), i.e.,

�A = {(a, a) | a ∈ A}.
A homogeneous binary relation ρ ⊂ A×A is called

• reflexive, if �A ⊂ ρ,

• partially reflexive, if �pr1ρ ∪ pr2ρ ⊂ ρ,

• symmetric, if ρ = ρ−1,

• transitive, if ρ ◦ ρ ⊂ ρ,

• antisymmetric, if ρ ∩ ρ−1 ⊂ �A.

A reflexive and transitive binary relation is called a quasi-order, an antisym-
metric quasi-order is called an order. A reflexive and symmetric binary rela-
tion is a quasi-equivalence, and a symmetric and transitive relation is a partial
equivalence. A reflexive, symmetric, and transitive binary relation is called an
equivalence relation or an equivalence. Each quasi-order ρ on A induces on A
an equivalence ε = ρ ∩ ρ−1.
Let ε ⊂ A × A be an equivalence relation, then instead of (a, b) ∈ ε we

shall often write a ≡ b (ε). For each a ∈ A, the subset ε〈a〉 is called an ε-class
(an abstract class or a block) containing a. The set of all ε-classes is denoted
by A/ε and is called a quotient set or a factor set of A with respect to ε. One
can show that ε-classes form a partition of the set A, i.e.,

(1)
⋃
a∈A

ε〈a〉 = A,

(2) ε〈a〉 ∩ ε〈b〉 = ∅ for any a, b ∈ A, where a �≡ b.

Clearly a ≡ b (ε) if and only if ε〈a〉 = ε〈b〉.
An n-ary relation (or n-relation) between elements of the sets A1, A2, . . . , An

is a subset ρ of the Cartesian product A1 × A2 × · · · × An. If A1 = A2 = · · ·
= An, then the n-relation ρ is called homogeneous. Later on, we shall deal with
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(n+ 1)-ary relations, i.e., relations of the form ρ ⊂ A1 × A2 × · · · × An × B.
For convenience, we shall consider such relations as binary relations of the form

ρ ⊂ (A1×A2×· · ·×An)×B (or ρ ⊂
( n

×
i=1

Ai

)
×B). In the case of homogeneous

(n+ 1)-ary relations we shall write ρ ⊂ An ×A.

Let ρ ⊂
( n

×
i=1

Ai

)
×B be an (n+1)-ary relation, ā = (a1, . . . , an) an element

of A1 × A2 × · · · × An, Hi ⊂ Ai, i = 1, . . . , n. Then by ρ〈a1, . . . , an〉 and
ρ(H1, . . . , Hn) we denote the subsets, which are defined in the following way:

ρ〈ā〉 = {b ∈ B | (ā, b) ∈ ρ},

ρ(H1, . . . , Hn) =
⋃
{ ρ〈ā〉 | ā ∈ H1 ×H2 × · · · ×Hn}.

It is clear that

pr1ρ = {ā ∈
n

×
i=1

Ai | (∃b ∈ B) (ā, b) ∈ ρ},

pr2ρ = {b ∈ B | (∃ā ∈
n

×
i=1

Ai) (ā, b) ∈ ρ}.

With every sequence σ1, σ2, . . . , σn, ρ of (n+1)-relations such that σi ⊂ A1

× · · · × An × Bi, i = 1, . . . , n, and ρ ⊂ B1 × · · · × Bn × C, is connected the
(n+ 1)-ary relation

ρ[σ1 · · ·σn] ⊂ A1 × · · · ×An × C,

defined as follows:

ρ[σ1 · · ·σn] = {(ā, c) | (∃b̄ ) (ā, b1) ∈ σ1 ∧ · · · ∧ (ā, bn) ∈ σn ∧ ( b̄, c) ∈ ρ},

where b̄ = (b1, . . . , bn) ∈ B1 × · · · ×Bn. Obviously:

ρ[σ1 · · ·σn](H1, . . . , Hn) ⊂ ρ(σ1(H1, . . . , Hn), . . . , σn(H1, . . . , Hn) ),

ρ[σ1 · · ·σn][χ1 · · ·χn ] ⊂ ρ[σ1[χ1 · · ·χn ] · · ·σn[χ1 · · ·χn ] ],

where1 χi ⊂ A1 × · · · × An × Bi, σi ⊂ B1 × · · · × Bn × Ci, i = 1, . . . , n and
ρ ⊂ C1 × · · · × Cn ×D.
The (n + 1)-operation O : (ρ, σ1, . . . , σn) �→ ρ[σ1 · · ·σn] defined as above is

called a Menger superposition or a Menger composition of relations.
Let

n
�A= {(a, . . . , a︸ ︷︷ ︸

n

) | a ∈ A}.

1 It is clear that the symbol ρ[σ1 · · ·σn][χ1 · · ·χn ] must be read as μ[χ1 · · ·χn ], where
μ = ρ[σ1 · · ·σn].
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The homogeneous (n+ 1)-relation ρ ⊂ An+1 is called

• reflexive, if
n+1
� A⊂ ρ,

• transitive, if ρ[ρ · · · ρ] ⊂ ρ,

• n-quasi-order, if it is reflexive and transitive.

Let AH = (H i
b)

i∈I
b∈B be a fixed family of subsets of A uniquely indexed by the

elements of the set B. Let ρ be an (n + 1)-relation on the set A. By
∧
ρH we

denote the relation called H-derived from ρ and defined in the following way:

∧
ρH ⊂ An

H × AH,(
(H i

b̄)
i∈I , (H i

a)
i∈I) ∈ ∧

ρH ←→ (∀i ∈ I)
(
ρ(Hi

b1 , . . . , H
i
bn) ⊂ Hi

a

)
,

where (H i
b̄
)i∈I = ((H i

b1
)i∈I , . . . , (H i

bn
)i∈I), b̄ = (b1, . . . , bn).

The family of subsets H is called admissible for the (n+1)-relations σ, ρ1, . . . ,
ρn ⊂ An+1 if

(1) (∀i ∈ I) (σ[ρ1 · · · ρn](H i
b̄
) ⊂ Hi

a) −→
{
(∃c̄ ∈ Bn)(∀i ∈ I)(∀k = 1, . . . , n)

ρk(H
i
b̄
) ⊂ Hi

ck
∧ σ(H i

c̄) ⊂ Hi
a

(2) (∀i ∈ I) (H i
b1

= H i
b2
) −→ b1 = b2,

where c̄ = (c1, . . . , cn).

One can show that for any family H which is admissible for the (n+ 1)-rela-
tions σ, ρ1, . . . , ρn, we have

∧
σ[ρ1 · · · ρn]H=

∧
σH [

∧
ρ1H · · ·

∧
ρnH],

where the relation used on the left side is H-derived from σ[ρ1 · · · ρn].

1.2 Functions and operations

A binary relation ρ ⊂ A×B is called one-valued (or a function) if

(∀a ∈ A)(∀b1, b2 ∈ B) ( (a, b1) ∈ ρ ∧ (a, b2) ∈ ρ −→ b1 = b2).

For a function ρ instead of ρ ⊂ A×B we write ρ : A −→ B.
The relation ρ is a function if and only if for each a ∈ pr1 ρ the set ρ〈a〉

contains only one element (denoted by ρ(a)). A function f : A −→ B, where
pr1 f = A, is called full (or a mapping A into B).2 If additionally pr2 = B,

2 Otherwise, it is called a partial mapping.
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then f is called a mapping of A onto B. A binary relation ρ ⊂ A×B is called
inversely single-valued if its inverse relation ρ−1 is single-valued. The function
f : A −→ B is called one-to-one if f−1 is a function, too, i.e.,

(∀a1, a2 ∈ pr1 f) ( f(a1) = f(a2) −→ a1 = a2 ).

For two arbitrary sets A and B by T (A,B), we denote the family of all
mappings from A to B. By F(A,B) we denote the family of all partial mappings
from A to B. The set of all partial mappings A into B, which are one-to-one,
is denoted by R(A,B). It is clear that R(A,B) ⊂ F(A,B) and T (A,B) ⊂
F(A,B).
If A = B, then the above sets are denoted by T (A), F(A) and R(A), respec-

tively.3 It is easy to see that if f, g ∈ F(A), then f ◦ g ∈ F(A). The analogous
statement is true for T (A) and R(A).
Also it is not difficult to see that for every f ∈ F(A,B) and arbitrary sets

Y1, Y2 ∈ P(B) we have

f−1(Y1 ∪ Y2) = f−1(Y1) ∪ f−1(Y2),

f−1(Y1 ∩ Y2) = f−1(Y1) ∩ f−1(Y2),

f−1(Y1 \ Y2) = f−1(Y1) \ f−1(Y2).

Every element of the set F(
n

×
i=1

Ai, B) is called an n-ary (partial) function or

a partial n-operation.4 Elements of T (
n

×
i=1

Ai, B) are called full n-ary functions

or n-operations.5 In the case A = A1 = · · · = An = B these sets are denoted
by F(An, A) and T (An, A), respectively. Clearly these sets are closed under
Menger composition of n-place functions.

A function f ∈ F(
n

×
i=1

Ai, B) is called reversive if for any i = 1, . . . , n the

following condition holds:

(∀ ā|ib1, ā|ib2 ∈ pr1 f) ( f(ā|ib1) = f(ā|ib2) −→ b1 = b2 ),

where (ā|ib) denotes (a1, . . . , ai−1, b, ai+1, . . . , an). The set of all reversive n-place

functions is denoted by R(
n

×
i=1

Ai, B). A reversive partial n-place operation is

3 The elements of T (A) are called transformations of the set A, the elements of the other
sets are called partial and one-to-one transformations respectively.

4 In many papers the term “n-ary” is replaced by “n-place,” i.e., we have n-place functions,
n-place relations, etc.

5 In the case n = 0, we obtain nullary operations, which, in fact, are fixed elements of the
set B.
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also called a partial n-ary quasigroup. The set of all partial n-ary quasigroups is
denoted by R(An, A). The Menger composition of the reversive n-ary functions
(for n � 2) is not a reversive function in general.
A function Ini ∈ T (An, A) defined by Ini (a1, . . . , an) = ai for any a1, . . . ,

an ∈ A is called the n-ary projector of the set A.

Let f ∈ F(
n

×
i=1

Ai, B) be an arbitrary n-ary function and H ⊂
n

×
i=1

Ai. By f |H
we denote the restriction of the function f to the set H, i.e.,

f |H = f ◦ �H .

Further, we will consider the restrictions of some functions to the domains of
other functions. To study such restrictions, we shall use a binary operation
called a restrictive product of functions � defined as follows:

f � g = g| pr1 f = g ◦ �pr1 f .

Now let Φ be an arbitrary subset of n-ary functions defined on the set A.
We will consider the following relations on Φ:

• inclusion
ζΦ = {(ϕ, ψ) ∈ Φ×Φ | ϕ ⊂ ψ },

• inclusion of domains

χΦ = {(ϕ, ψ) ∈ Φ×Φ | pr1ϕ ⊂ pr1ψ },

• equality of domains

πΦ = {(ϕ, ψ) ∈ Φ×Φ | pr1ϕ = pr1ψ },

• co-definability

γΦ = {(ϕ, ψ) ∈ Φ×Φ | pr1ϕ ∩ pr1ψ �= ∅},

• connectivity
κΦ = {(ϕ, ψ) ∈ Φ×Φ | ϕ ∩ ψ �= ∅},

• semi-compatibility

ξΦ = {(ϕ, ψ) ∈ Φ×Φ | ϕ ◦ �pr1ψ = ψ ◦ �pr1ϕ}.

An important role in our investigations will play the following subsets of
functions

• a stabilizer of a ∈ A

Ha
Φ = {ϕ ∈ Φ | ϕ(a, . . . , a) = a},

• a stationary subset

St(Φ) = {ϕ ∈ Φ | (∃a ∈ A) ϕ(a, . . . , a) = a}.
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1.3 Algebraic systems

Let oξ ∈ T (Anξ) be an arbitrary operation and ρη ∈ P(Amη) an arbitrary re-
lation defined on the set A. Then nξ and mη are called the arity of oξ and ρη ,
respectively.
By an algebraic system we mean a system of the form

A = (A, o1, . . . , op, ρ1, . . . , ρq),

where A is a set, o1, . . . , op are ni-ary operations on A, ρ1, . . . , ρq are mk-ary
relation on A. The system (o1, . . . , op, ρ1, . . . , ρq) is called the signature of A.
The system (n1, . . . , np,m1, . . . ,mq) is called the type of A. Each system of the
form (A, o1, . . . , op) is called an algebra. An algebra (G, o), where o is a binary
operation, is called a binary groupoid. For binary operations will be reserved
the symbols: ·, +, ∗, ∧, ∨, for relations — ρ, σ, χ, �, � and so on. An algebra
(G, o), where o is an n-ary operation, is called an n-ary groupoid.
If A = (A, o1, . . . , op, ρ1, . . . , ρq) and A′ = (A′, o ′1, . . . , o ′p, ρ ′1, . . . , ρ ′q) are

algebraic systems of the same type, then a mapping P : A −→ A′ is called
a homomorphism of A into A′, if

(1) for all ξ ∈ {1, . . . , n} and x1, . . . , xnξ
∈ A we have

P (oξ(x1, . . . , xnξ
)) = o ′ξ(P (x1), . . . , P (xnξ

)),

(2) for all η ∈ {1, . . . ,m} and x1, . . . , xmη ∈ A we have

(x1, . . . , xmη) ∈ ρη ←→ (P (x1), . . . , P (xmη)) ∈ ρ ′η.

If P is an isomorphism, i.e., P is a one-to-one homomorphism of A onto A′,
then A and A′ are isomorphic. This fact is denoted by A ∼= A′.
By a semigroup, we mean a binary groupoid (G, ·) with an associative oper-

ation, i.e., a groupoid (G, ·) satisfying the identity

(xy)z = x(yz).

An element g of a semigroup (G, ·) is called regular if gxg = g holds for some
x ∈ G. A semigroup in which all elements are regular is called regular. Two
elements g, ḡ ∈ G are inverse if

gḡg = g and ḡgḡ = ḡ.

An inverse semigroup is a regular semigroup in which for every element g there
is a uniquely determined element ḡ such that g and ḡ are inverse. An element
g ∈ G is called idempotent if gg = g. One can show that a semigroup is inverse
if and only if it is regular, and any two its idempotents e and f commute, i.e.,
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ef = fe. By the identity (or the neutral element) of a groupoid (G, ·), we mean
an element e ∈ G such that eg = ge = g for every g ∈ G.
A group is a semigroup (G, ·) in which the equations ax = b and ya = b are

solvable for all a, b ∈ G. These solutions are uniquely determined. A group can
be considered as an algebra (G, · ,−1 , e) of type (2, 1, 0) satisfying the following
three axioms:

(xy)z = x(yz),

xe = ex = x,

xx−1 = x−1x = e.

A semilattice is a binary groupoid (G, ∗) in which the following identities
hold:

(x ∗ y) ∗ z = x ∗ (y ∗ z),
x ∗ x = x,

x ∗ y = y ∗ x.
A lattice is an algebra (G,∨,∧) of type (2, 2), where ∨ and ∧ are called,

respectively, join and meet and satisfy for x, y, z ∈ G the following laws:

• associativity:

(x ∨ y) ∨ z = x ∨ (y ∨ z), (x ∧ y) ∧ z = x ∧ (y ∧ z),

• idempotency:
x ∨ x = x, x ∧ x = x,

• commutativity:
x ∨ y = y ∨ x, x ∧ y = y ∧ x,

• absorption:
x ∨ (x ∧ y) = x, x ∧ (x ∨ y) = x.

Note that a lattice may be also characterized as an algebra (G,∨,∧) of type
(2, 2) satisfying identities:

x = (y ∧ x) ∨ x,

(((u ∧ v) ∧ w) ∨ x) ∨ y = (((v ∧ w) ∧ u) ∨ y) ∨ ((z ∨ x) ∧ x).

Moreover, in any lattice we have

x ∨ y = y ←→ x ∧ y = x.

A lattice (G,∨,∧) in which

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z), x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

hold for all x, y, z ∈ G is called distributive.
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By a quasi-ordered set, we mean the nonempty set A with a quasi-order ω
defined on A. If ω is an order, then (A,ω) is called an ordered set. An ordered
set (A,ω) is linearly ordered if ω∪ω−1 = A×A. Any two elements of a linearly
ordered set are comparable, i.e., for any x, y ∈ A we have xωy or yωx.
The element a of an ordered set (A,�) is called

• least, if a � x for each x ∈ A,

• greatest, if x � a for each x ∈ A,

• minimal, if x � a for x ∈ A implies x = a,

• maximal, if a � x for x ∈ A implies x = a.

Of course, the least element is minimal, the greatest element is maximal. But
an ordered set has at most one least (greatest) element.
If H is a nonempty subset of an ordered set (A,�), then an element a ∈ A

is called an upper bound of H if h � a for all h ∈ H; and similarly a ∈ A is
called a lower bound of H if a � h for all h ∈ H. The upper bound a of H is
called the least upper bound of H if for any upper bound b of H we have a � b.
Analogously, the lower bound a of H is called the greatest lower bound of H if
for any lower bound b of H we have b � a. The greatest lower bound of H is
denoted by

∧
H. By

∨
H we denote the least upper bound of H. An ordered

set (A,�) in which any nonempty subset has the greatest lower bound and the
least upper bound is called a complete lattice.

1.4 Closure operations

Let (A,�) be an ordered set. A transformation f : A −→ A is called

• extensive, if a � f(a) for any a ∈ A,

• isotone, if a1 � a2 implies f(a1) � f(a2) for any a1, a2 ∈ A,

• idempotent, if f ◦ f = f ,

• a semiclosure operation, if it is extensive and isotone,

• a closure operation if it is an idempotent semiclosure operation.

The composition of extensive (isotone) transformations is an extensive (iso-
tone) transformation, too. The analogous statement is true for semiclosure
operations. A composition of two closure operations is not, in general, a clo-
sure operation.
On the set T (A) of all transformations of an ordered set (A,�) we define

a binary relation ≺ putting

f ≺ g ←→ (∀a ∈ A) ( f(a) � g(a) )
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for all f, g ∈ T (A). Obviously, ≺ is an order which for any f, g, h ∈ T (A)
satisfies the implication

f ≺ g −→ f ◦ h ≺ g ◦ h.

If h is isotone, then also

f ≺ g −→ h ◦ f ≺ h ◦ g.

Thus, for semiclosure operations f1, f2, g1, g2 we have

f1 ≺ g1 ∧ f2 ≺ g2 −→ f2 ◦ f1 ≺ g2 ◦ g1.

It is easy to show that the following two propositions are true.

Proposition 1.4.1. Let f be an extensive transformation of an ordered set
(A,�) and g ∈ T (A). Then
(a) if g is an idempotent transformation, then f ≺ g −→ g ◦ f = g,
(b) if g is a closure operation, then f ≺ g ←→ g ◦ f = g,
(c) if g is an isotone transformation, then g ≺ g ◦ f and g ≺ f ◦ g.

Proposition 1.4.2. Let f and g be closure operations of an ordered set (A,�).
Then g ◦ f is a closure operation if and only if one of the following conditions
holds:
(a) f ◦ g ≺ g ◦ f ,
(b) g ◦ f = f ◦ g ◦ f ,
(c) g ◦ f = g ◦ f ◦ g.

It follows that for closure operations f and g the compositions g ◦ f and
f ◦ g are simultaneously closure operations if and only if g ◦ f = f ◦ g. If f
is an extensive transformation and g is a closure operation, then from f ≺ g,
it follows that f ◦ g is a closure operation. In particular, if f , g are closure
operations, then

f ≺ g ←→ g ◦ f = f ◦ g = g.

The composition fn ◦ · · · ◦ f2 ◦ f1 of f1, f2, . . . , fn ∈ T (A) will be written in
the abbreviated form as

n∏
i=1

fi.

Theorem 1.4.3. For closure operations f1, f2, . . . , fn defined on the same or-
dered set the following conditions are equivalent:

(a)
n∏

i=1
fi is a closure operation,

(b)
n∏

i=1
fi = fj ◦

( n∏
i=1

fi

)
for any j = 1, 2, . . . , n,
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(c)
n∏

i=1
fi =

( n−1∏
i=1

fi

)
◦
( n∏

i=1
fi

)
,

(d)
( n−1∏

i=1
fi

)
◦
( n∏

i=2
fi

)
≺

n∏
i=1

fi,

(e)
n∏

i=1
fi =

( n∏
i=1

fi

)
◦ fk for any k = 1, 2, . . . , n.

Proof. Let
n∏

i=1
fi be a closure operation, then by Proposition 1.4.1, we have

n∏
i=1

fi ≺ fj ◦
( n∏

i=1
fi

)
for all j = 1, 2, . . . , n. On the other hand,

n∏
i=1

fi ≺ f1 ◦
( n∏

i=1

fi

)
≺ (f2 ◦ f1) ◦

( n∏
i=1

fi

)
≺ · · · ≺

( j−1∏
i=1

fi

)
◦
( n∏

i=1

fi

)
.

Hence,
n∏

i=1
fi ≺

( j−1∏
i=1

fi

)
◦
( n∏

i=1
fi

)
and, consequently

fj ◦
( n∏

i=1

fi

)
≺
( j∏

i=1

fi

)
◦
( n∏

i=1

fi

)
≺
( n∏

i=1

fi

)
◦
( n∏

i=1

fi

)
=

n∏
i=1

fi

because fj is isotone. Thus,
n∏

i=1
fi = fj ◦

( n∏
i=1

fi

)
. So, (a) implies (b).

The fact that (b) implies (c) is evident.
Now let (c) be true. Then

( n−1∏
i=1

fi

)
◦
( n∏

i=2

fi

)
≺
( n−1∏

i=1

fi

)
◦
( n∏

i=1

fi

)
=

n∏
i=1

fi.

This proves (d). Since f1, fn are isotone, (d) implies( n∏
i=1

fi

)
◦
( n∏

i=1

fi

)
= fn ◦

( n−1∏
i=1

fi

)
◦
( n∏

i=2

fi

)
◦ f1 ≺ fn ◦

( n∏
i=1

fi

)
◦ f1

= (fn ◦ fn) ◦
( n−1∏

i=2

fi

)
◦ (f1 ◦ f1) =

n∏
i=1

fi .

So,
n∏

i=1
fi is a closure operation. This means that (d) implies (a).

If (a) is true, then( n∏
i=1

fi

)
◦ fk ≺

( n∏
i=1

fi

)
◦
( n∏

i=1

fi

)
=

n∏
i=1

fi,
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therefore
( n∏

i=1
fi

)
◦ fk ≺

n∏
i=1

fi ≺
( n∏

i=1
fi

)
◦ fk , hence,

n∏
i=1

fi =
( n∏

i=1
fi

)
◦ fk

for all k = 1, 2, . . . , n. Thus, (a) implies (e). The converse implication is
obvious.

Let f1, f2, . . . , fn be closure operations on an ordered set. Theorem 1.4.3

shows that if
n∏

i=1
fi and

n∏
i=1

fσ(i) , where σ is a permutation of the set {1, 2, . . . , n},

are closure operations, then
n∏

i=1
fi =

n∏
i=1

fσ(i). Moreover, if

n∏
i=1

fi =
( n∏

i=j+1

fi

)
◦
( j−1∏

i=1

fi

)
◦ fj,

fj ◦
( n∏

i=j+1

fi

)
◦
( j−1∏

i=1

fi

)
=
( n∏

i=j+1

fi

)
◦
( j1∏

i=1

fi

)
◦ fj

is valid for every j = 1, 2, . . . , n, then
n∏

i=1
fi is a closure operation. This means

that all the products of the form
n∏

i=1
fσ(i) are closure operations if and only if

n∏
i=1

fi =
n∏

i=1
fσ(i) for every σ.

A subset H of a complete lattice (A,�) is called
∧

-closed, if
∧

X ∈ H for
every X ⊂ H (including X = ∅). By Hf we denote the set of all elements of
H which are invariant (fixed) with respect to f , i.e.,

Hf = {a ∈ H | f(a) = a}.

For a closure operation f the set Hf is
∧
-closed. One can show that if f, g are

closure operations, then f ≺ g if and only if Hg ⊂ Hf .
Let H be an arbitrary

∧
-closed subset of a complete lattice (A,�). By fH

we denote the transformation of the set A defined by the formula

fH(x) =
∧
{h ∈ H |x � h}.

It is easy to see that fH is a closure operation and H is the set of all its
fixed (invariant) elements. If f1, f2, . . . , fn are closure operations on a complete

lattice, then H =
n⋂

i=1
Hfi is a

∧
-closed subset. In this case we say that the

operation fH is a closure operation generated by f1, f2, . . . , fn and denote it by
{f1, f2, . . . , fn}c.
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Theorem 1.4.4. Let f1, f2, . . . , fn be closure operations on a complete lattice

(A,�). If the composition
n∏

i=1
fi is a closure operation, then

{f1, f2, . . . , fn}c =
n∏

i=1

fi .

Proof. Let H =
n⋂

i=1
Hfi . Then H ⊂ Hfi and fi ≺ {f1, f2, . . . , fn}c for every

1 � i � n. Hence f ≺ {f1, f2, . . . , fn}c for f =
n∏

i=1
fi . But fi ≺ f for

every 1 � i � n, thus Hf ⊂ Hfi , and, consequently, Hf ⊂ H. Therefore
{f1, f2, . . . , fn}c ≺ f . Thus, {f1, f2, . . . , fn}c = f .

Corollary 1.4.5. If f1, f2, . . . , fn are closure operations on a complete lat-
tice such that all compositions fi ◦ fj, where i, j ∈ {1, 2, . . . , n}, are closure
operations, then

{f1, f2, . . . , fn}c =
n∏

i=1

fσ(i)

for every permutation σ of the set {1, 2, . . . , n}.

Proof. Let σ be an arbitrary permutation of the set {1, 2, . . . , n}. Since for
any i, j the composition fσ(i) ◦ fσ(j) is a closure operation, then according to
Proposition 1.4.2, we have

fσ(i) ◦ fσ(j) = fσ(i) ◦ fσ(j) ◦ fσ(i).

Therefore
n∏

i=1
fσ(i) =

( n∏
i=3

fσ(i)

)
◦ fσ(2) ◦ fσ(1)

=
( n∏

i=4
fσ(i)

)
◦ fσ(3) ◦ fσ(1) ◦ fσ(2) ◦ fσ(1)

=
( n∏

i=4
fσ(i)

)
◦ fσ(1) ◦ fσ(3) ◦ fσ(1) ◦ fσ(2) ◦ fσ(1)

=
( n∏

i=4
fσ(i)

)
◦ fσ(1) ◦ fσ(3) ◦ fσ(2) ◦ fσ(1)

= · · · = fσ(1) ◦
( n∏

i=1
fσ(i)

)
= · · · =

( n−1∏
i=1

fσ(i)

)
◦
( n∏

i=1
fσ(i)

)
.

By Theorem 1.4.3,
n∏

i=1
fσ(i) is a closure operation. Hence

n∏
i=1

fi =
n∏

i=1
fσ(i).

Thus, by Theorem 1.4.4, we have {f1, f2, . . . , fn}c =
n∏

i=1
fσ(i).
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Let A be an arbitrary set and P(A) be the set of all its subsets ordered by
the relation of set-theoretic inclusion.
It is easy to see that (P(A),⊂) is a complete lattice. Closure operations on

P(A) are called closure operations of subsets of A. The system (family) C of
subsets of A (i.e., C ⊂ P(A)) is called a closure system if it is closed under
intersections, i.e., ⋂

D ∈ C for any subsystem D ⊂ C.

In particular, taking D = ∅, we see that A always belongs to C. Since a closure
system admits arbitrary intersections, it follows that it is a complete lattice with
respect to the inclusion. However, it needs not to be a sublattice of (P(A),⊂),
since the cup operation in C is in general different from that of P(A).
Each closure system C of P(A) induces on P(A) the closure operation

fC : P(A) −→ P(A) defined by

fC(X) =
⋂
{Y ∈ C |Y ⊃ X}.

A subset X ∈ P(A) belongs to the closure system C if and only if fC(X) = X.
Such X is called fC-closed. The set fC(X) is called the fC-closure of X. It is
the least fC-closed subset of A containing X.
One can show that the following theorem is valid.

Theorem 1.4.6. For every transformation f of P(A) the following conditions
are equivalent:
(1) f is a closure operation of A,
(2) f(f(X)) ⊂ f(X) and f(X) ∪ Y ⊂ f(X ∪ Y ) for all X,Y ∈ P(A)
(3) X ⊂ f(X) and f(f(X) ∪ Y ) ⊂ f(X ∪ Y ) for all X,Y ∈ P(A).

A transformation f : P(A) −→ P(A) is called a ∪-transformation, if
f(X ∪ Y ) = f(X) ∪ f(Y ) for any X,Y ⊂ A, and a ∩-transformation, if
f(X ∩ Y ) = f(X) ∩ f(Y ) for any X,Y ⊂ A. Closure operations which are
(∩-) ∪-transformations are called (∩-) ∪-closure operations.

Proposition 1.4.7. If f is a transformation of P(A) such that f({a}) = {a}
for every a ∈ A, then the following conditions are equivalent:
(a) f is a ∪-closure operation,
(b) f(X ∪ f(Y )) = f(X) ∪ f(Y ) for any X,Y ∈ P(A).

Proof. Let f be a ∪-closure operation on subsets of A. Since for X,Y ∈ P(A)
we have f(X) ⊂ f(X ∪ f(Y )) and f(Y ) ⊂ f(X ∪ f(Y )), then

f(X) ∪ f(Y ) ⊂ f(X ∪ f(Y )) = f(X) ∪ f(f(Y )) = f(X) ∪ f(Y ).

Hence f(X ∪ f(Y )) = f(X) ∪ f(Y ). So, (a) implies (b).
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Now assume that (b) is true and X ⊂ A. If a ∈ X, then f(X ∪ f({a})) =
f(X) ∪ f({a}). But f({a}) = {a} for every a ∈ A implies f(X ∪ {a}) = f(X)
∪{a}, i.e., f(X) = f(X) ∪ {a}. Thus a ∈ f(X) and, consequently, X ⊂ f(X).
Putting X = Y and using the extensiveness of f we obtain f(f(X)) = f(X).
Now let X ⊂ Y , then X ∪ f(Y ) = f(Y ), it follows that f(X ∪ f(Y )) = f(Y ),
consequently, f(X) ⊂ f(Y ). So, f is a closure operation on subsets. By Theo-
rem 1.4.6, X ∪f(Y ) ⊂ f(X ∪Y ), which gives f(X ∪f(Y )) ⊂ f(X ∪Y ). On the
other hand, f(X ∪ Y ) ⊂ f(X ∪ f(Y )), therefore f(X ∪ Y ) = f(X ∪ f(Y )). So,
f(X ∪ Y ) = f(X)∪ f(f(Y )) = f(X)∪ f(Y ). This proves that f is a ∪-closure
operation, i.e., (b) implies (a). The proof is complete.

Proposition 1.4.8. A transformation f : P(A) −→ P(A) is a ∩-closure ope-
ration if and only if f(X) = f(∅) ∪X for every subset X ⊂ A.

Proof. Since f is a ∩-closure operation, then for every X ⊂ A we have f(X) ∩
f(X ′) = f(X ∩X ′) = f(∅). Consequently, (f(X) ∩ f(X ′)) ∪X = f(∅) ∪X,
which implies (f(X)∪X)∩(f(X ′)∪X) = f(∅)∪X, i.e., f(X)∩A = f(∅)∪X.
Thus, f(X) = f(∅) ∪X for all X ∈ P(A).
The converse implication is obvious.

Corollary 1.4.9. Every ∩-closure operation on subsets is a ∪-closure opera-
tion.

Let X,H ∈ P(A). By fH , we denote a ∩-closure operation on subsets of
A, which is defined by the equality fH(X) = H ∪X. It follows from Proposi-
tion 1.4.8 that a composition of two ∩-closure operations fH1 , fH2 is a ∩-closure
operation and fH1 ◦ fH2 = fH1∪H2 . Hence, the set of all ∩-closure operations
on subsets forms an idempotent commutative semigroup.

Theorem 1.4.10. Every commutative idempotent semigroup is isomorphic to
a semigroup of the ∩-closure operations of subsets of some set.

Proof. Let (G, ·) be a commutative idempotent semigroup. We consider a bi-
nary relation ω ⊂ G×G defined by the condition

(g1, g2) ∈ ω ←→ g1g2 = g2.

It is easy to see that ω is an order such that

ω〈g1g2〉 = ω〈g1〉 ∩ ω〈g2〉.

To every element g ∈ G we define a ∩-closure operation fg on the subsets of G
by putting

fg(X) = (ω〈g〉)′ ∪X.
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Then, for every X ∈ P(G) we have:

fg1g2(X) = (ω〈g1g2〉)′ ∪X = (ω〈g1〉 ∩ ω〈g2〉)′ ∪X

= (ω〈g1〉)′ ∪ (ω〈g2〉)′ ∪X = (ω〈g2〉)′ ∪ ((ω〈g1〉)′ ∪X)

= (ω〈g2〉)′ ∪ fg1(X) = fg2(fg1(X)) = fg2 ◦ fg1(X).

So, by the commutativity of (G, ·), we obtain fg2g1 = fg2 ◦ fg1 .
If fg1 = fg2 , then fg1(∅) = fg2(∅), therefore (ω〈g1〉)′ ∪ ∅ = (ω〈g2〉)′ ∪ ∅,

which proves ω〈g1〉 = ω〈g2〉. Hence g1 = g2. Thus, the mapping g �→ fg is an
isomorphism.

Corollary 1.4.11. Every commutative idempotent semigroup is isomorphic to
a semigroup of ∪-closure operations on the subsets of some set.

Corollary 1.4.12. A semigroup (G, ·) is isomorphic to a semigroup of closure
operations on an ordered set if and only if it is a semilattice.

Now we shall consider some closure operations on the set P(A × A) of all
binary relations between elements of A. It is easy to verify that the set of all
reflexive binary relations forms a closure system, which by

fR(ρ) = ρ ∪�A,

where ρ ⊂ A×A, defines the operation fR called the reflexive closure. The set
of all transitive binary relations between the elements of A also forms a closure
system. But this system defines the so-called transitive closure ft such that

ft(ρ) =
∞⋃
n=1

ρn,

where ρn = ρ ◦ ρ ◦ · · · ρ︸ ︷︷ ︸
n

. The set of all quasi-orders between the elements

of A defines the closure operation fQ, which is called the quasi-order closure.
Since reflexive closure operations and transitive closure operations commute,
i.e., ft ◦ fR = fR ◦ ft, their composition is a closure operation, which coincides
with the quasi-order closure. Thus,

fQ(ρ) =
( ∞⋃

n=1

ρn
)
∪�A.

The set of all symmetric binary relations defines the symmetric closure fs, which
is determined by the equality

fs(ρ) = ρ ∪ ρ−1.
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Since fs◦ft◦fs = ft◦fs, the composition ft◦fs is a closure operation. It coincides
with the partially equivalent closure fe expressed by the formula

fe(ρ) =
∞⋃
n=1

(
ρ ∪ ρ−1

)n
.

Similarly, fe◦fR = fR◦fe implies that fe◦fR is a closure operation. It coincides
with the equivalent closure fE defined by

fE(ρ) =
( ∞⋃

n=1

(
ρ ∪ ρ−1

)n ) ∪�A.

Let (A,�) be an ordered set. We say that an n-place transformation
f ∈ T (An, A) is

• extensive, if ai � f(ā) for all ā ∈ An, i = 1, . . . , n,

• idempotent, if f [fn] = f ,

• isotone, if for all a1, a2 ∈ A, ū ∈ An, i = 1, . . . , n

a1 � a2 −→ f(ū |i a1) � f(ū |i a2),

• an n-ary semiclosure operation, if it is extensive and isotone simultaneously,

• an n-ary closure operation, if it is an idempotent semiclosure operation.

On the set T (An, A) we define a binary order ≺ putting

f ≺ g ←→ (∀ā) (f(ā) � g(ā)).

Proposition 1.4.13. Let f, g, gi, ui ∈ T (An, A), where i = 1, . . . , n, then the
following statements are valid:
(a) if f is extensive, then gi ≺ f [g1 · · · gn] for all g1, . . . , gn ∈ T (An, A),

i = 1, . . . , n,
(b) if f is extensive and g is isotone, then g ≺ g[fn],
(c) if f is isotone, then g1 ≺ g2 −→ f [ū |i g1] ≺ f [ū |i g2] for all

g1, g2 ∈ T (An, A) and any ū ∈ (T (An, A))n, i = 1, . . . , n,
(d) if f is an n-ary semiclosure operation, and g is an n-ary closure operation,

then f ≺ g ←→ g[fn] = g.

Proof. (a) Let f be an extensive n-ary transformation. Then for all ā ∈ An and
1 � i � n the condition gi(ā) � f(g1(ā), . . . , gn(ā)) = f [g1 · · · gn](ā) is satisfied.
Hence, gi ≺ f [g1 · · · gn] = f [ḡ].
(b) It is obvious.
(c) If g1 ≺ g2, then g1(ā) � g2(ā) for any ā ∈ An. Therefore by the isotonicity
of f we have f(ū(ā)|ig1(ā)) � f(ū(ā)|ig2(ā)), where ū(ā) = (u1(ā), . . . , ūn(ā)).
Therefore we have f [ū|ig1](ā) � f [ū|ig2](ā), hence f [ū|ig1] ≺ f [ū|ig2].
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(d) Let f ≺ g. Then f(ā) � g(ā) for any ā ∈ An. Hence g[fn](ā) � g(ā). Since
f is extensive, ai � f(ā) for all i = 1, . . . , n. This implies g(ā) � g[fn](ā). So,
g(ā) = g[fn](ā) for all ā ∈ An, i.e., g = g[fn]. Thus, we have shown that f ≺ g
implies g[fn] = g.
The converse implication is true by (a).

Proposition 1.4.14. If f, g1, . . . , gn are extensive (isotone) n-ary transfor-
mations of an ordered set, then the n-ary transformation f [g1 · · · gn] is also
extensive (isotone).

Proof. Indeed, if f, g1, · · · , gn are extensive n-ary transformations of an or-
dered set (A,�), then ai � gk(ā) � f(g1(ā), · · · , gn(ā)) = f [g1 · · · gn](ā) for all
i, k = 1, . . . , n, ā ∈ An. So, f [g1 · · · gn] is an extensive transformation.
Now, let f, g1, . . . , gn be isotone n-ary transformations. First, we show that

a1 � b1, . . ., an � bn imply f(a1, . . . , an) � f(b1, . . . , bn). From the equality
a1 � b1 by the isotonicity of f , we obtain f(a1, . . . , an) � f(b1, a2, . . . , an).
In a similar way from a2 � b2, we obtain f(b1, . . . , an) � f(b1, b2, a3, . . . , an)
and so on. Finally an � bn implies f(b1, . . . , bn−1, an) � f(b1, . . . , bn−1, bn).
So we have f(a1, . . . , an) � f(b1, . . . , bn).
Now if c1 � c2, then gk(ū|ic1) � gk(ū|ic2) for all i, k = 1, . . . , n and

ū ∈ An. Hence f(g1(ū|ic1), . . . , gn(ū|ic1)) � f(g1(ū|ic2), . . . , gn(ū|ic2)), i.e.,
f [g1...gn](ū|ic1) � f [g1...gn](ū|ic2). So, f [g1...gn] is an isotone n-ary transfor-
mation.

Proposition 1.4.15. If f, g1, . . . , gn are n-ary closure operations on an ordered
set, then f [ḡ] is an n-ary closure operation if and only if

gi[f
n][ḡ] = f [ḡ]

for every i = 1, . . . , n.

Proof. The extensivity and isotonicity of f [ḡ] can be deduced from Proposi-
tion 1.4.14, hence we have to show that f [ḡ] is idempotent. Suppose that f [ḡ]
is idempotent, then

f [ḡ] ≺ gi[f [ḡ] · · · f [ḡ]] = gi[f
n][ḡ],

by Proposition 1.4.13.
On the other hand,

gi[f
n][ḡ] ≺ f [ g1[f

n][ḡ] · · · gn[fn][ḡ] ] = f [ḡ][ f [ḡ] · · · f [ḡ] ] = f [ḡ].

So, the equality given in Proposition 1.4.15 holds.
Conversely, if this equality is true, then

f [ḡ][f [ḡ] · · · f [ḡ]] = f [ g1[f
n][ḡ] · · · gn[fn][ḡ] ]

= f [ f [ḡ] · · · f [ḡ] ] = f [fn][ḡ] = f [ḡ],

which completes the proof.
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1.5 Notes on Chapter 1

Except for the properties described in this chapter, one can find many useful
theorems on closure operations in the books [15] and [107]. A more detailed
information about closure operations and their applications to the theory of
binary relations and partial transformations can be found in the series of papers
written by V. V. Vagner, in particular in [253].
Basic properties of semigroups can be found in [14] and [105]. Regular ele-

ments of the semigroup of all binary relations are studied in [184].
Corollary 1.4.5 was first proved by T. Tamura in [209], Corollary 1.4.12 by

V. T. Kulik [83]. An alternative proof of the last three propositions of this chap-
ter can be found in [237] where Menger algebras of multiplace transformations
of ordered sets are investigated.



Chapter 2

Menger algebras of functions

2.1 Definitions and fundamental notions

An (n + 1)-ary groupoid (G, o), i.e., a nonempty set G with one (n + 1)-ary
operation o : Gn+1 → G, is called a Menger algebra of rank n if it satisfies the
following identity (called the superassociativity):

o(o(x, y1, . . . , yn), z1, . . . , zn) = o(x, o(y1, z1, . . . , zn), . . . , o(yn, z1, . . . , zn)).

A Menger algebra of rank 1 is a semigroup.
Since a Menger algebra (as we see later) can be interpreted as an algebra

of n-place functions with a Menger composition of such functions, we replace
the symbol o(x, y1, . . . , yn) by x[y1 · · · yn] or by x[ȳ], i.e., these two symbols
will be interpreted as the result of the operation o applied to the elements
x, y1, . . . , yn ∈ G.
In this convention, the above superassociativity has the form

x[y1 · · · yn][z1 · · · zn] = x[y1[z1 · · · zn] · · · yn[z1 · · · zn]]

or shortly
x[ȳ][z̄] = x[y1[z̄] · · · yn[z̄]],

where the left side is read as
(
x[y1 · · · yn]

)
[z1 · · · zn].

If we define on a Menger algebra (G, o) the new binary operation

x · y = x[y · · · y],

we obtain the so-called diagonal semigroup (G, ·). An element g ∈ G is called
idempotent, if it is idempotent in the diagonal semigroup of (G, o), i.e.,
if g[gn] = g. An element e ∈ G is called a left (right) diagonal unit of a Menger
algebra (G, o), if it is a left (right) unit of the diagonal semigroup of (G, o),
i.e., if the identity e[gn] = g (respectively, g[en] = g) holds for all g ∈ G.
If e is both a left and a right unit, then it is called a diagonal unit. It is clear
that a Menger algebra has at most one diagonal unit. Moreover, if a Menger
algebra has an element that is a left diagonal unit and an element which is a
right diagonal unit, then these elements are equal and no other elements which
are left or right diagonal units.
An (n + 1)-ary groupoid (G, o) with the operation o(x0, . . . , xn) = x0 is

a simple example of a Menger algebra of rank n in which all elements are
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idempotent and right diagonal units. Of course, this algebra has no left units.
In the Menger algebra (G, on), where on(x0, . . . , xn) = xn, all elements are left
diagonal units, but this algebra has no right diagonal units. The set N+ of all
nonzero natural numbers with the operation o(x0, . . . , xn) = x0·gcd(x1, . . . , xn),
where gcd(· · · ) means the greatest common divisor, is an example of a Menger
algebra that the diagonal unit. Its diagonal semigroup is commutative, but it
is not a group. On the other hand, as it is easy to see, the set R+ of all positive
real numbers with the operation o(x0, . . . , xn) = x0 · n

√
x1x2 · · ·xn is a Menger

algebra for which its diagonal semigroup is a commutative group.

Proposition 2.1.1. If a Menger algebra (G, o) has a right diagonal unit e, then
every element c ∈ G satisfying the identity e = e[cn] is also a right diagonal
unit.

Proof. Indeed, for every b ∈ G we have

b = b[en] = b[e[cn] · · · e[cn]] = b[en][cn] = b[cn],

which means that also c is a right diagonal unit.

It is not difficult to see that the following two lemmas are true.

Lemma 2.1.2. If a Menger algebra (G, o) has a left diagonal unit e and for
every b ∈ G there exists an element b′ ∈ G such that e = b′[bn], then the
diagonal semigroup of (G, o) is a left cancellative, i.e.,

b[xn] = b[yn] −→ x = y

for all b, x, y ∈ G.

Lemma 2.1.3. If (G, ·) is the diagonal semigroup of a Menger algebra (G, o)
of rank n, then

(x · y)[z̄] = x · y[z̄]
and

x[z1 · · · zn] · y = x[(z1 · y) · · · (zn · y)]
for all x, y, z1, . . . , zn ∈ G.

Proposition 2.1.4. If on a semigroup (G, ·) one can define an n-ary operation
f such that
(a) f(g, . . . , g) = g for all g ∈ G,
(b) f(g1, g2, . . . , gn) · g = f(g1 · g, g2 · g, . . . , gn · g) for all g, g1, . . . , gn ∈ G,

then (G, ·) is a diagonal semigroup of some Menger algebra of rank n.
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Proof. If all of the above conditions are satisfied, then on G we can define the
(n+ 1)-ary operation

o : (x, y1, . . . , yn) �→ x[y1 · · · yn],

putting x[y1 · · · yn] = x · f(y1, . . . , yn) for x, y1, . . . , yn ∈ G. The operation de-
fined in such a way is superassociative. Indeed, for x, y1, . . . , yn, z1, . . . , zn ∈ G
we have

x[y1 · · · yn][z1 · · · zn] = (x · f(y1, . . . , yn)) · f(z1, . . . , zn)

= x · (f(y1, . . . , yn) · f(z1, . . . , zn))

= x · f(y1 · f(z1, . . . , zn), y2 · f(z1, . . . , zn), . . . , yn · f(z1, . . . , zn))

= x · f(y1[z1 · · · zn], y2[z1 · · · zn], . . . , yn[z1 · · · zn])

= x[y1[z1 · · · zn] y2[z1 · · · zn] · · · yn[z1 · · · zn] ],

which means that (G, o) is a Menger algebra of rank n.
If (G, ∗) is its diagonal semigroup, then for any x, y ∈ G we have x ∗ y =

x[y · · · y] = x · f(y, . . . , y) = x · y. Hence (G, ∗) = (G, ·), i.e., (G, ·) is a diagonal
semigroup of (G, o). This completes the proof.

Corollary 2.1.5. A semigroup (G, ·) with a left unit is a diagonal semigroup of
some Menger algebra with a left diagonal unit if and only if we can define on G
an n-ary operation satisfying the conditions (a) and (b) of the above proposition.

Proof. If (G, ·) is a diagonal semigroup of a Menger algebra (G, o) of rank n
with a left diagonal unit e, then an n-ary operation

f : (x1, . . . , xn)→ e[x1 · · ·xn]

satisfies the conditions (a) and (b). Indeed, for all x, x1, . . . , xn, y ∈ G, we have
f(x, . . . , x) = e[xn] = x and

f(x1, . . . , xn) · y = e[x1 · · ·xn] · y = e[x1 · · ·xn][yn]

= e[x1[y
n] · · ·xn[yn]] = e[(x1 · y) · · · (xn · y)]

= f(x1 · y, . . . , xn · y).

On the other hand, if on a semigroup (G, ·) with a left unit there is an
n-ary operation f satisfying the conditions (a) and (b), then, according to the
Proposition 2.1.4, this semigroup is a diagonal semigroup of a Menger algebra
with the operation x[y1 · · · yn] = x·f(y1, . . . , yn). A left unit e of this semigroup
is a left diagonal unit of the Menger algebra. Indeed, for any x ∈ G we have

e[xn] = e · f(x, . . . , x) = f(x, . . . , x) = x,

which completes the proof.
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Note that non-isomorphic Menger algebras may have the same diagonal semi-
group. For this, consider two (n+1)-ary operations o1(x0, x1, . . . , xn) = x0+x1
and o2(x0, x1, . . . , xn) = x0 + x2 defined on a nontrivial commutative semi-
group (G,+). Then, as it is easy to see, (G, o1) and (G, o2) are an example of
non-isomorphic Menger algebras of rank n with the same diagonal semigroup
(G,+).

Definition 2.1.6. A Menger algebra (G, o) of the rank n is called unitary,
if there exist elements e1, . . . , en ∈ G, called selectors, such that

x[e1 · · · en] = x and ei[x1 · · ·xn] = xi

for all x, x1, . . . , xn ∈ G, i = 1, . . . , n.

The set F(An, A) of all n-place functions (also partial) defined on A is closed
with respect to the Menger composition of n-place functions. So, it forms
a Menger algebra (F(An, A), O) of rank n, which will be called aMenger algebra
of all n-place functions. Each its subalgebra will be called a Menger algebra
of n-place functions. The symbol (T (An, A), O) will be reserved for a Menger
algebra of all full n-place functions, i.e., all n-place mappings of An into A.
Each subalgebra of this algebra will be called a Menger algebra of full n-place
functions.

Theorem 2.1.7. Every unitary Menger algebra (G, o) of rank n is isomorphic
to some Menger algebra of full n-place functions on some set in this way that
its selectors correspond to the n-place projectors of this set.

Proof. Let (G, o) be a fixed unitary Menger algebra of rank n with selec-
tors e1, . . . , en. For every element g ∈ G, we define the full n-place function
λg ∈ T (Gn, G) putting

λg(x1, . . . , xn) = g[x1 · · ·xn]

for all x1, . . . , xn ∈ G.
We shall show, that algebras (Λ, O) and (G, o), where Λ = {λg | g ∈ G}, are

isomorphic. Indeed, for all g, g1, . . . , gn, x1, . . . , xn ∈ G we have

λg[g1···gn](x1, . . . , xn) = g[g1 · · · gn][x1 · · ·xn]

= g[g1[x1 · · ·xn] · · · gn[x1 · · ·xn]]

= g[λg1(x1, . . . , xn) · · ·λgn(x1, . . . , xn)]

= λg(λg1(x1, . . . , xn), . . . , λgn(x1, . . . , xn))

= λg[λg1 · · ·λgn ](x1, . . . , xn),
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which proves that
λg[g1···gn] = λg[λg1 · · ·λgn ]

for all g, g1, . . . , gn ∈ G.
Moreover, if λg1 = λg2 for some g1, g2 ∈ G, then also λg1(x1, . . . , xn) =

λg2(x1, . . . , xn) for all x1, . . . , xn ∈ G and, consequently, λg1(e1, . . . , en) =
λg2(e1, . . . , en). This implies g1[e1 · · · en] = g2[e1 · · · en] and g1 = g2. So, we
showed, that the mapping P : g �→ λg of the algebra (G, o) onto the algebra
(Λ, O) is an isomorphism.
At last, let ei be the ith selector of (G, o), then

λei(x1, . . . , xn) = ei[x1 · · ·xn] = xi

for any x1, . . . , xn ∈ G. Therefore λei = Ini . This means that selectors are
transformed into projectors.

The following theorem was first proved by R. Dicker [20].

Theorem 2.1.8. Any Menger algebra of rank n is isomorphic to some Menger
algebra of full n-place functions.

Proof. Let (G, o) be a Menger algebra1 of rank n and e, c be two different
elements not belonging to G. Let G ′ = G∪{e, c}. For every element g ∈ G we
shall define the full n-place function λ′g on G ′ by putting

λ′g(x1, . . . , xn) =

⎧⎨⎩
g[x1 · · ·xn] if x1, . . . , xn ∈ G,

g if x1 = · · · = xn = e,
c in all other cases.

We shall prove that
λ′g[g1···gn] = λ′g[λ

′
g1 · · ·λ

′
gn ] (2.1.1)

for any g, g1, . . . , gn ∈ G.
Let x1, . . . , xn ∈ G. Then, as it was done in the proof of the previous theorem,

we can show that

λ′g[g1···gn](x1, . . . , xn) = λ′g[λ
′
g1 · · ·λ

′
gn ](x1, . . . , xn).

Now let x1 = · · · = xn = e, then according to the definition, we have

λ′g[g1···gn](e, . . . , e) = g[g1 · · · gn]

and
λ′g[λ′g1 · · ·λ

′
gn ](e, . . . , e) = λ′g(λ′g1(e, . . . , e), . . . , λ

′
gn(e, . . . , e))

= λ′g(g1, . . . , gn) = g[g1 · · · gn],

1 In the general case, the given algebra may not be unitary.
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which implies

λ′g[g1···gn](e, . . . , e) = λ′g[λ
′
g1 · · ·λ

′
gn ](e, . . . , e).

And at last, let (z1, . . . , zn) ∈ (G ′)n \ (Gn ∪ {(e, . . . , e)}), then

λ′g[g1···gn](z1, . . . , zn) = c

and

λ′g[λ′g1 · · ·λ
′
gn ](z1, . . . , zn) = λ′g(λ′g1(z1, . . . , zn), . . . , λ

′
gn(z1, . . . , zn))

= λ′g(c, . . . , c) = c.

Hence
λ′g[g1···gn](z1, . . . , zn) = λ′g[λ

′
g1 · · ·λ

′
gn ](z1, . . . , zn).

This completes the proof of the identity (2.1.1).
If λ′g1 = λ′g2 , then λ

′
g1(e, . . . , e) = λ′g2(e, . . . , e) and, consequently g1 = g2. So,

the mapping P : g �→ λ′g is the isomorphism between the algebra (G, o) and the
Menger algebra (Λ′, O) of full n-place functions, where Λ′ = {λ′g | g ∈ G}.

Corollary 2.1.9. Any Menger algebra of rank n is isomorphic to some Menger
algebra of n-place functions.

Let (G, o) be a Menger algebra of rank n. Let us consider the set Tn(G) of all
expressions, called polynomials, in the alphabet G ∪ { [ ], x}, where the square
brackets and x do not belong to G, defined as follows:
(a) x ∈ Tn(G),
(b) if i ∈ {1, . . . , n}, a, b1, . . . , bi−1, bi+1, . . . , bn ∈ G, t ∈ Tn(G), then

a[b1 · · · bi−1t bi+1, . . . bn] ∈ Tn(G),
(c) Tn(G) contains precisely those polynomials which are defined according to

(a) and (b).
Every polynomial t ∈ Tn(G) defines on (G, o) an elementary translation

t : x �→ t(x). The polynomial and the elementary translation defined by it will
be noted by the same letter.

A subset H of G is called

• stable, if for all g, g1, . . . , gn ∈ G

g, g1, . . . , gn ∈ H −→ g[g1 · · · gn] ∈ H,

• quasi-stable, if for every g ∈ G

g ∈ H −→ g[g · · · g] ∈ H,
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• l-unitary , if for all g1, g2 ∈ G

g1[g2 · · · g2] ∈ H ∧ g2 ∈ H −→ g1 ∈ H,

• v-unitary , if for all g, g1, . . . , gn ∈ G

g1, . . . , gn ∈ H ∧ g[g1 · · · gn] ∈ H −→ g ∈ H,

• a normal v-complex , if for all g1, g2 ∈ G, t ∈ Tn(G)

g1, g2, t(g1) ∈ H −→ t(g2) ∈ H,

• strong , if for all g1, g2 ∈ G, t1, t2 ∈ Tn(G)

t1(g1), t1(g2), t2(g2) ∈ H −→ t2(g1) ∈ H,

• an l-ideal , if for all x, h1, . . . , hn ∈ G

(h1, . . . , hn) ∈ Gn \ (G \H)n −→ x[h1 · · ·hn] ∈ H,

• an i-ideal (1 � i � n), if for all h, u ∈ G, w̄ ∈ Gn

h ∈ H −→ u[w̄|ih] ∈ H,

• an s-ideal , if for all h, x1, . . . , xn ∈ G

h ∈ H −→ h[x1 · · ·xn] ∈ H,

• a v-ideal , if for all x, h1, . . . , hn ∈ G

h1, . . . , hn ∈ H −→ x[h1 · · ·hn] ∈ H,

• an sl-ideal , if H is both an s-ideal and an l-ideal.

It is clear that H is an l-ideal if and only if it is an i-ideal for all i = 1, . . . , n.
In the Menger algebra (N+, o) of all nonzero natural numbers with the ope-

ration o(x0, . . . , xn) = x0 · gcd(x1, . . . , xn), the set of all add natural numbers
is a stable and quasi-stable sl-ideal but it is not l-unitary and v-unitary. The
set of all odd numbers is stable, quasi-stable, l-unitary and v-unitary but it is
neither an s-ideal nor a v-ideal.

Proposition 2.1.10. If H is a normal v-complex, then the quasi-stability of H
implies its stability. Similarly, the l-unitarity of H implies its v-unitarity.

Proof. Indeed, let H be a quasi-stable normal v-complex and let a, b1, . . . , bn
be elements of H. Since a, b1, a[aa · · · a] ∈ H, therefore also a[b1a · · · a] ∈ H.
But this, together with a, b2 ∈ H, implies a[b1b2a · · · a] ∈ H and so on. Hence
a[b1b2 . . . bn] ∈ H, i.e., H is stable.
The second part of the proposition can be proved similarly.
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A binary relation ρ ⊂ G × G, where (G, o) is a Menger algebra of rank n,
is called

• stable, if for all x, y, xi, yi ∈ G, i = 1, . . . , n

(x, y), (x1, y1), . . . , (xn, yn) ∈ ρ −→ (x[x̄], y[ȳ]) ∈ ρ,

• l-regular , if for any x, y, zi ∈ G, i = 1, . . . , n

(x, y) ∈ ρ −→ (x[z̄], y[z̄]) ∈ ρ,

• v-regular , if for all xi, yi, z ∈ G, i = 1, . . . , n

(x1, y1), . . . , (xn, yn) ∈ ρ −→ (z[x̄], z[ȳ]) ∈ ρ,

• s-regular , if for all x, y, z ∈ G

(y, z) ∈ ρ −→ (x[yn], x[zn]) ∈ ρ,

• i-regular , if for any u, x, y ∈ G, w̄ ∈ Gn

(x, y) ∈ ρ −→ (u[w̄|ix], u[w̄|iy]) ∈ ρ,

• v-negative, if for all u, x, y ∈ G, w̄ ∈ Gn, i = 1, . . . , n

(x, u[w̄|iy]) ∈ ρ −→ (x, y) ∈ ρ,

• l-cancellative, if for all x, y ∈ G, z̄ ∈ Gn

(x[z̄], y[z̄]) ∈ ρ −→ (x, y) ∈ ρ,

• v-cancellative, if for all x, y, u ∈ G, w̄ ∈ Gn, i = 1, . . . , n

(u[w̄|ix], u[w̄|iy]) ∈ ρ −→ (x, y) ∈ ρ

• weakly steady , if for all x, y, z ∈ G, t1, t2 ∈ Tn(G)

(x, y), (z, t1(x)), (z, t2(y)) ∈ ρ −→ (z, t2(x)) ∈ ρ,

• steady , if for all x, y, z ∈ G, t1, t2 ∈ Tn(G)

(z, t1(x)), (z, t1(y)), (z, t2(y)) ∈ ρ −→ (z, t2(x)) ∈ ρ.

Proposition 2.1.11. If ω ⊂ G×G is a quasi-order on a Menger algebra (G, o)
of rank n, then
(a) ω is v-regular if and only if it is i-regular for all i = 1, . . . , n,
(b) ω is stable if and only if it is both l-regular and v-regular,
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(c) ω is v-negative if and only if (x[y1 · · · yn], yi) ∈ ω for all x, yi ∈ G,
i = 1, . . . , n,

(d) ω is v-negative if and only if δ ⊂ ω, where

δ = {(g1, g2) | g1 = t(g2) for some t ∈ Tn(G)}.

Proof. Let ω be v-regular and (x, y) ∈ ω. As a quasi-order ω is reflexive,
then (z1, z1), . . . , (zn, zn) ∈ ω, which, according to the v-regularity of ω, gives
(u[z̄ |ix], u[z̄ |iy]) ∈ ω. So, ω is i-regular for every i = 1, . . . , n.
On the other hand, if a quasi-order ω is i-regular for every i = 1, . . . , n

and (x1, y1), (x2, y2), . . . , (xn, yn) ∈ ω, then the 1-regularity of ω implies
(u[x1x2 · · ·xn], u[y1x2 · · ·xn]) ∈ ω. Analogously, (x2, y2) ∈ ω and the 2-re-
gularity gives (u[y1x2 · · ·xn], u[y1y2 · · ·xn]) ∈ ω, and so on. In the nth step,
(xn, yn) ∈ ω and the n-regularity give (u[y1 · · · yn−1xn], u[y1 · · · yn−1yn]) ∈ ω.
Applying the transitivity of ω, we obtain (u[x1 · · ·xn], u[y1 · · · yn]) ∈ ω, which
means the v-regularity of ω. In this way we complete the proof of (a).
By a similar argumentation we can prove (b), (c) and (d).

Let (G, o) be a Menger algebra of rank n, X — some set with the same
cardinality as G, e1, . . . , en — some pairwise different elements, which do not
belong to X. Let X∗ = X ∪ {e1, . . . , en}. Consider the set Ωn of all words in
the alphabet X∗ ∪ {( , )}, where the round brackets and coma do not belong
to X∗, defined as follows:

(a) if x ∈ X∗, then x ∈ Ωn,

(b) if ω, ω1, . . . , ωn ∈ Ωn, then ω(ω1, . . . , ωn) ∈ Ωn,

(c) Ωn contains precisely those words which are defined according to (a) and (b).

On the set Ωn we define an (n+ 1)-operation O, letting

O(ω, ω1, . . . , ωn) = ω(ω1, . . . , ωn)

for arbitrary ω, ω1, . . . , ωn ∈ Ωn. The algebra (Ωn, O) will be called the algebra
of words of rank n over X.
Using a bijection ϕ from G onto X we can introduce on (Ωn, O) a binary

relation π such that

ω(ω1, . . . , ωn)(ω
′
1, . . . , ω

′
n) � ω(ω1(ω

′
1, . . . , ω

′
n), . . . , ωn(ω

′
1, . . . , ω

′
n))(π),

ω(e1, . . . , en) � ω(π),

ei(ω1, . . . , ωn) � ωi(π) for all i = 1, . . . , n,

x � y(z1, . . . , zn)(π), where ϕ−1(x) = ϕ−1(y)[ϕ−1(z1) · · ·ϕ−1(zn)],

for all ω, ωi, ω
′
i ∈ Ωn, x, y, zi ∈ X, i = 1, . . . , n, where ω1 � ω2(π) means

(ω1, ω2) ∈ π. The relation π does not comprise other elements, besides those,
which are defined by the given conditions.
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Let ε be the minimal congruence on the algebra (Ωn, O) containing the rela-
tion π and let (Ωn/ε,O/ε) be the corresponding factor-algebra. As π ⊂ ε, this
factor-algebra is a unitary Menger algebra of rank n with selectors e1, . . . , en.
The mapping P : g �→ ε〈ϕ(g)〉 from G to Ωn/ε is an isomorphism of (G, o) into
(Ωn/ε,O/ε). Indeed,

P (g[g1 · · · gn]) = ε〈ϕ(g[g1 · · · gn])〉 = ε〈ϕ(g)(ϕ(g1), . . . , ϕ(gn))〉

= ε〈ϕ(g)〉(ε〈ϕ(g1)〉, . . . , ε〈ϕ(gn)〉) = P (g)(P (g1), . . . , P (gn)).

Thus, P is an homomorphism.
To prove that it is one-to-one assume that P (g1) = P (g2), i.e., ε〈ϕ(g1)〉 =

ε〈ϕ(g2)〉 for some g1, g2 ∈ G. Let Ψ be an isomorphism between a Menger
algebra (G, o) and some Menger algebra (Φ, O) of full n-place functions defined
on some set A. Adjoining to Φ all n-place projectors In1 , . . . , I

n
n of A, we

obtain a unitary Menger algebra (Φ∗, O) generated by the functions from the
set Φ ∪ {In1 , . . . , Inn}. It is clear that the mapping χ : Ωn �→ Φ∗ determined by
the conditions

(a) χ(x) = (ψ ◦ ϕ−1)(x) for all x ∈ X,

(b) χ(ei) = Ini for all i = 1, . . . , n,

(c) χ(ω(ω1, . . . , ωn)) = χ(ω)[χ(ω1) · · ·χ(ωn)] for all ω, ω1, . . . , ωn ∈ Ωn,

is a homomorphism of the algebra (Ωn, O) onto a unitary Menger algebra
(Φ∗, O) of full n-place functions. Let εχ be the kernel of this homomorphism,
i.e., εχ = {(ω1, ω2) |χ(ω1) = χ(ω2)}. Obviously εχ is a congruence containing
the relation π. As ε is the minimal congruence containing π, ε ⊂ εχ. So, from
ϕ(g1) ≡ ϕ(g2)(ε) we have ϕ(g1) ≡ ϕ(g2)(εχ), i.e., χ(ϕ(g1)) = χ(ϕ(g2)). Since
ϕ(g1), ϕ(g2) ∈ X, we obtain

χ(ϕ(g1)) = (ψ ◦ ϕ−1)(ϕ(g1)) = ψ(ϕ−1 ◦ ϕ(g1)) = ψ(g1)

and χ(ϕ(g2)) = ψ(g2) by analogy. So, ψ(g1) = ψ(g2). But ψ is one-to-one,
hence g1 = g2, which was to be proved.
This means that a Menger algebra (G, o) of rank n is isomorphically embed-

dable into a unitary Menger algebra (Ωn/ε,O/ε) of the same rank.
The algebra (Ωn/ε,O/ε) will be denoted by (G∗, o∗) and will be called the

unitary Menger algebra of rank n obtained from (G, o) by external adjoining the
full set of selectors . Note that the algebra (G∗, o∗) is uniquely determined and
any unitary Menger algebra of the same rank containing (G, o) as its subalgebra
with G∪ {e1, . . . , en} as its generating set is a homomorphic image of (G∗, o∗).

In this way, we proved the following theorem.
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Theorem 2.1.12. Every Menger algebra (G, o) of rank n can be isomorphi-
cally embedded into a unitary Menger algebra (G∗, o∗) of the same rank with
selectors e1, . . . , en and a generating set G ∪ {e1, . . . , en}, where ei �∈ G for
all i = 1, . . . , n. Every unitary Menger algebra of rank n generated by
G∪{e1, . . . , en} and containing (G, o) as its subalgebra is a homomorphic image
of (G∗, o∗).

As a consequence of some general results on Ω-systems Ja. Henno obtained
in [63] the following theorem.

Theorem 2.1.13. Every finite or countable Menger algebra of rank n > 1 can
be isomorphically embedded into a Menger algebra of the same rank generated
by a single element.

Any stable (respectively, v-regular, l-regular) equivalence relation on a Menger
algebra (G, o) is called a congruence (respectively, v-congruence, l-congruence)
on (G, o). To any subset H of G we shall associate three binary relations
εv(H), εl(H), εc(H) on G and subsets Wv(H), Wl(H), Wc(H) of G defined in
the following way:

εv(H) = {(g1, g2) | (∀t)(t(g1) ∈ H ←→ t(g2) ∈ H)}, (2.1.2)

εl(H) = {(g1, g2) | (∀x̄)(g1[x̄] ∈ H ←→ g2[x̄] ∈ H)}, (2.1.3)

εc(H) = {(g1, g2) | (∀t)(∀x̄)(t(g1[x̄]) ∈ H ←→ t(g2[x̄]) ∈ H)}, (2.1.4)

Wv(H) = {g | (∀t)t(g) �∈ H}, (2.1.5)

Wl(H) = {g | (∀x̄)g[x̄] �∈ H}, (2.1.6)

Wc(H) = {g | (∀t)(∀x̄)t(g[x̄]) �∈ H}, (2.1.7)

where t ∈ Tn(G), x̄ ∈ B = Gn ∪ {(e1, . . . , en)}, and e1, . . . , en are selectors
of (G∗, o∗). Remark that for every subset H of a Menger algebra (G, o)
of rank n the relation εc(H) (respectively, εv(H), εl(H)) is a congruence (re-
spectively, v-congruence, l-congruence) and the subset Wc(H) (respectively,
Wv(H), Wl(H)) is an sl-ideal (respectively, l-ideal, s-ideal) of (G∗, o∗), which
is a εc(H)-class (respectively, εv(H)-class, εl(H)-class) or is empty. Indeed it
is clear that εc(H) is an equivalence relation. If g1 ≡ g2(εc(H)) and x̄, ȳ are
arbitrary elements of B, t ∈ Tn(G), then according to the definition we obtain

t(g1[ȳ ∗ x̄]) ∈ H ←→ t(g2[ȳ ∗ x̄]) ∈ H,

where ȳ ∗ x̄ denotes the vector (y1[x̄], . . . , yn[x̄]) and ȳ = (y1, . . . , yn). Thus,

(t ∈ Tn(G))(x̄ ∈ B) (t(g1[ȳ][x̄]) ∈ H ←→ t(g2[ȳ][x̄]) ∈ H) ,
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i.e., g1[ȳ] ≡ g2[ȳ](εc(H)). So, εc(H) is l-regular. Similarly we show that εc(H)
is i-regular for any i = 1, . . . , n. Thus it is v-regular, which together with its
l-regularity implies that εc(H) is stable. Now, with the help of arguments given
above, we show that Wc(H) is an sl-ideal of (G, o) and an εc(H)-class under
the assumption Wc(H) �= ∅.
Let Θ be a congruence (v-congruence or l-congruence) on (G, o). By a simple

verification we can see that the following identities hold:

Θ =
⋂
g∈G

εc(Θ〈g〉), Θ =
⋂
g∈G

εv(Θ〈g〉), Θ =
⋂
g∈G

εl(Θ〈g〉).

Now we consider some special types of v-congruences on Menger algebras,
which further on will be used in many constructions. So, let us give on a Menger
algebra (G, o) of rank n the relation of quasi-equivalence ρ and some subset A
of G. On (G, o) we define two new relations ε(ρ,A) and ε〈ρ,A〉 putting:

ε(ρ,A) = ρ ∩A×A ∪A′ ×A′, (2.1.8)

where A′ = G \A and ρ ∩A×A is a transitive closure of ρ ∩A×A,

ε〈ρ,A〉 =
∞⋃

m=0

εm〈ρ,A〉 ∪A′ ×A′, (2.1.9)

where ε0〈ρ,A〉 = ρ ∩ A × A and (g1, g2) ∈ εm+1〈ρ,A〉 if and only if
g1 = u[w̄ |qc] ∈ A, g2 = u[w̄ |qd] ∈ A, (s[v̄ |rc], s[v̄ |rd]) ∈ εm〈ρ,A〉 ◦ εm〈ρ,A〉 for
some q, r ∈ {1, . . . , n}, u ∈ G∪{eq}, s ∈ G∪{er}, c, d ∈ G, w̄, v̄ ∈ Gn, where
eq, er are selectors of (G∗, o∗).
It is not difficult to see that these relations are equivalences. Moreover, the

following proposition is true.

Proposition 2.1.14. If a binary relation ρ on a Menger algebra (G, o) is
i-regular for any i = 1, . . . , n and A′ is an l-ideal of (G, o), then:
(a) ε(ρ,A) is a v-congruence, if the following implication

(a, b) ∈ ρ ∧ a ∈ A ∧ u[w̄ |ib] ∈ A −→ u[w̄ |ia] ∈ A (2.1.10)

holds for all i = 1, . . . , n, a, b ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn.
(b) ε〈ρ,A〉 is a v-congruence such that ε〈ρ,A〉 ∩ A × A is a v-cancellative,

if for all m = 0, 1, 2, . . . , i = 1, . . . , n, a, b ∈ G, x ∈ G ∪ {ei}, ȳ ∈ Gn the
following condition is satisfied:

(a, b) ∈ εm〈ρ,A〉 ∧ x[ȳ |ib] ∈ A −→ x[ȳ |ia] ∈ A. (2.1.11)
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Proof. We prove only (b) because the proof of (a) is analogous.
Let g1 ≡ g2(εm〈ρ,A〉) for some m. If g1 ≡ g2(ε〈ρ,A〉) and g1, g2 ∈ A′, then

(u[w̄ |ig1], u[w̄ |ig2]) ∈ A′ ×A′ ⊂ ε〈ρ,A〉. As A′ is an l-ideal, then suppose that
(g1, g2) ∈ εm〈ρ,A〉 for some m. If u[w̄ |ig1] ∈ A, then according to (2.1.11) we
have u[w̄ |ig2] ∈ A and vice versa. Thus, the elements u[w̄ |ig1], u[w̄ |ig2] belong
or do not belong to A simultaneously. If these elements belong to A, then
(g1, g2) ∈ εm〈ρ,A〉◦εm〈ρ,A〉. Thus (u[w̄ |ig1], u[w̄ |ig2]) ∈ εm+1〈ρ,A〉 ⊂ ε〈ρ,A〉.
The case when these elements do not belong to A is obvious. So, in every
case (u[w̄ |ig1], u[w̄ |ig2]) ∈ ε〈ρ,A〉, i.e., ε〈ρ,A〉 is i-regular for all i = 1, . . . , n.
So, the given relation is a v-congruence.
Now let (u[w̄ |ig1], u[w̄ |ig2]) ∈ ε〈ρ,A〉 ∩ A × A. Then (u[w̄ |ig1], u[w̄ |ig2]) ∈

εm〈ρ,A〉 for some m. Since A′ is an l-ideal, then u[w̄ |ig1] ∈ A implies g1 ∈ A.
Analogously we obtain g2 ∈ A. So, g1=g1∈A, g2=g2∈A, (u[w̄ |ig1], u[w̄ |ig2]) ∈
εm〈ρ,A〉 ◦ εm〈ρ,A〉, i.e., (g1, g2) ∈ εm+1〈ρ,A〉 ⊂ ε〈ρ,A〉. This means that
ε〈ρ,A〉 ∩A×A is a v-cancellative.

In a similar way, it can be proved that if H is a strong subset of a Menger
algebra (G, o), then the restriction of a v-congruence εv(H) to W ′

v(H) is
a v-cancellative relation.
Using mathematical induction, it is not difficult to see that for every

m = 1, 2, . . . the condition (g1, g2) ∈ εm+1〈ρ,A〉means that there exist elements
ui ∈ G ∪ {eqi}, si ∈ G ∪ {eri}, w̄, v̄ ∈ Gn, ci, di, fi, zi ∈ G, qi, ri ∈ {1, . . . , n}
for which

u1[w̄1|q1c1] = g1 ∈ A,

u1[w̄1|q1d1] = g2 ∈ A,

2m−1∧
i=1

⎛⎜⎝u2i[w̄2i|q2ic2i] = si[v̄i|rici] ∈ A,

u2i+1[w̄2i+1|q2i+1c2i+1] = u2i[w̄2i|q2id2i] ∈ A,

u2i+1[w̄2i+1|q2i+1d2i+1] = si[v̄i|ridi] ∈ A

⎞⎟⎠
and

2m+1−1∧
i=2m

(
(si[v̄i|rici], zi) ∈ ρ ∩A×A,

(zi, si[v̄i|ridi]) ∈ ρ ∩A×A

)
.

Let (G, o) be a Menger algebra of rank n, ρ — a binary relation on (G, o),
σ — a reflexive binary relation on G. A subset X ⊂ G is called ρ-closed or
ρ∗-closed, if it satisfies respectively:

(a, b) ∈ ρ ∧ a ∈ X ∧ u[w̄ |ib] ∈ X −→ u[w̄ |ia] ∈ X,

(a, b) ∈ ρ ∧ a ∈ X ∧ t(b) ∈ X −→ t(a) ∈ X
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for all i = 1, . . . , n, a, b, u ∈ G, w̄ ∈ Gn, t ∈ Tn(G). It is easy to see that every
ρ∗-closed subset is ρ-closed. The converse statement generally is not true, but
if ρ is i-regular for all i = 1, . . . , n and X ′ is an l-ideal of the given algebra,
then these conditions are equivalent.
A subset X of G is called (ρ, σ)-closed (respectively, (ρ, σ)∗-closed), if it

is σ-saturated and ρ-closed (respectively, ρ∗-closed). The operations of
(ρ, σ)-closure and (ρ, σ)∗-closure will be denoted respectively by f(ρ,σ) and f∗(ρ,σ).
It is not difficult to see that a subset X will be (ρ, σ)-closed (respectively,
(ρ, σ)∗-closed) if and only if it satisfies respectively the conditions

(a, b) ∈ ρ ∧ (u[w̄ |ia], c) ∈ σ ∧ a, u[w̄ |ib] ∈ X −→ c ∈ X,

(a, b) ∈ ρ ∧ (t(a), c) ∈ σ ∧ a, t(b) ∈ X −→ c ∈ X

for all i = 1, . . . , n, a, b, c ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, t ∈ Tn(G).
With any subset X of a Menger algebra (G, o) of rank n are associated two

sets E(X) and C(X) defined in the following way:

g ∈ E(X)←→ (a, b) ∈ ρ ∧ (u[w̄ |ia], g) ∈ σ ∧ a, u[w̄ |ib] ∈ X,

g ∈ C(X)←→ (a, b) ∈ ρ ∧ (t(a), g) ∈ σ ∧ a, t(b) ∈ X,

for some a, b, g ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, t ∈ Tn(G), i ∈ {1, . . . , n}. It is
obvious that

f(ρ,σ)(X) =
∞⋃
n=0

n
E (X), f∗(ρ,σ)(X) =

∞⋃
n=0

n
C (X), (2.1.12)

where
n
E (X) = E(

n−1
E (X)),

n
C (X) = C(

n−1
C (X)) for n � 1, and

0
E (X) =

0
C (X) = X.

The following proposition can be easily proved by induction.

Proposition 2.1.15. The condition g ∈
m
E (X) (respectively, g ∈

m
C (X) ) is

satisfied if and only if

(a1, b1) ∈ ρ ∧ (u1[w̄1|k1a1], g) ∈ σ,

2m−1−1∧
i=1

(
(a2i, b2i) ∈ ρ ∧ (u2i[w̄2i|k2ia2i], ai) ∈ σ,

(a2i+1, b2i+1) ∈ ρ ∧ (u2i+1[w̄2i+1|k2i+1
a2i+1], ui[w̄i|kibi]) ∈ σ

)
,

2m−1∧
i=2m−1

(ai ∈ X ∧ ui[w̄i|kibi] ∈ X) ,
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or, respectively

(a1, b1) ∈ ρ ∧ (t1(a1), g) ∈ σ,

2m−1−1∧
i=1

(
(a2i, b2i) ∈ ρ ∧ (t2i(a2i), ai) ∈ σ,

(a2i+1, b2i+1) ∈ ρ ∧ (t2i+1(a2i+1), ti(bi)) ∈ σ

)
,

2m−1∧
i=2m−1

(ai ∈ X ∧ ti(bi) ∈ X) ,

where ki ∈ {1, . . . , n}, ui ∈ G ∪ {eki}, ai, bi ∈ G, w̄i ∈ Gn, ti ∈ Tn(G),
i = 1, 2, . . . , 2m − 1.

A subset X of a Menger algebra (G, o) of rank n is called 〈ρ, σ〉-closed , where
ρ is a binary relation on (G, o), σ — a reflexive binary relation on G, if for any
m = 0, 1, 2, . . . , i = 1, . . . , n, a, b, c ∈ G, x ∈ G ∪ {ei}, ȳ ∈ Gn the following
implication is true

(a, b) ∈ εm〈ρ,X〉 ∧ (x[ȳ|ia], c) ∈ σ ∧ x[ȳ|ib] ∈ X −→ c ∈ X.

Every subset X ⊂ G determines the family of subsets (Fm(X))m∈N such
that F0(X) = X and g ∈ Fm+1(X) if and only if (a, b) ∈ εm〈ρ, Fm(X)〉,
(x[ȳ|ia], g) ∈ σ and x[ȳ|ib] ∈ Fm(X) for some a, b,∈ G, x ∈ G ∪ {ei}, ȳ ∈ Gn,
i ∈ {1, . . . , n}. Using the equation

εm〈ρ,
∞⋃
k=0

Fk(X)〉 =
∞⋃
k=0

εm〈ρ, Fk(X)〉, (2.1.13)

it can be showed that

f〈ρ,σ〉(X) =

∞⋃
k=0

Fk(X), (2.1.14)

where f〈ρ,σ〉 is a 〈ρ, σ〉-closure operation. It can be showed by induction that
the condition g ∈ Fm+1(X) is equivalent to the fact that for some ai, bi ∈ G,
xi ∈ G ∪ {eki}, ȳ ∈ Gn, ki ∈ {1, . . . , n}, where i = 0, 1, . . . ,m, we have

x0[ȳ0|k0b0] ∈ X,

m−1∧
i=0

(
(ai, bi) ∈ εi〈ρ, Fi(X)〉 ∧ (xi[ȳi|kiai], xi+1[ȳi+1|ki+1bi+1]) ∈ σ

)
,

(am, bm) ∈ εm〈ρ, Fm(X)〉 ∧ (xm[ȳm|kmam], g) ∈ σ.

Thus, with the help of the above formulas by a finite number of steps, we
can always represent the expression (x, y) ∈ εm〈ρ, Fm(X)〉 by some elementary
formula Am

〈ρ,σ〉(x, y).
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For X ⊂ G by
∧
X will be denoted the least strong subset of (G, o) con-

taining X, which will be called the strong closure of X. Of course,

∧
X =

∞⋃
m=0

m
D (X),

where
0
D (X) = X,

m
D (X) = D(

m−1
D (X)). By induction we can prove that

g ∈
m
D (X) if and only if for ui, vi ∈ G, t′i, t

′′
i ∈ Tn(G), i = 1, . . . , 3

n−1
2 the

following conditions hold

g1 = t′′1(u1),
3m−1−1

2∧
i=1

(
t′′3i−1(u3i−1) = t′i(ui) ∧ t′′3i(u3i) = t′i(vi) ∧ t′′3i+1(u3i+1) = t′′i (vi)

)
,

3m−1
2∧

i= 3m−1+1
2

(
t′i(ui) ∈ X ∧ t′i(vi) ∈ X ∧ t′′i (vi) ∈ X

)
.

2.2 Menger semigroups

The close connection between semigroups and Menger algebra was stated al-
ready in 1966 by B. M. Schein in his work [172]. He found semigroups of special
type, which define Menger algebras. Therefore there is in principle the possi-
bility to study semigroups of such type instead of Menger algebras. But the
study of these semigroups is quite difficult, which is why in many questions it
is more advisable to simply study Menger algebras, rather than to substitute
them with the study of similar semigroups.
Let (G, o) be a Menger algebra of rank n. Let us consider on the set Gn the

binary operation ∗, which is defined in the following way:

(x1, . . . , xn) ∗ (y1, . . . , yn) = (x1[y1 · · · yn], . . . , xn[y1 · · · yn]),

for any (x1, . . . , xn), (y1, . . . , yn) ∈ Gn. It is evident that the (n + 1)-ary ope-
ration o is superassociative if and only if the operation ∗ is associative. Thus,
to every Menger algebra (G, o) corresponds the semigroup (Gn, ∗) called the
binary comitant of a Menger algebra (G, o). It is obvious that binary comitants
of isomorphic Menger algebras are isomorphic. Though, as it was mentioned
in [172], in the general case the isomorphism of Menger algebras cannot be
deduced from the isomorphism of the corresponding binary comitants. This fact
leads to the consideration of binary comitants with some additional properties
such that the isomorphism of these structures implies the isomorphism of the
initial Menger algebras.
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L. M. Gluskin observed (see [52] and [53]) that the sets

M1[G] = {c̄ ∈ Gn : x[ȳ][c̄] = x[ȳ ∗ c̄ ] for all x ∈ G, ȳ ∈ Gn}

and
M2[G] = {c̄ ∈ Gn : x[c̄][ȳ] = x[c̄ ∗ ȳ ] for all x ∈ G, ȳ ∈ Gn}

are either empty or subsemigroups of the binary comitant (Gn, ∗). The set

M3[G] = {a ∈ G : a[x̄][ȳ] = a[x̄ ∗ ȳ ] for all x̄, ȳ ∈ Gn}

is either empty or a Menger subalgebra of (G, o).
Let us define on the binary comitant (Gn, ∗) the equivalence relations

π1, . . . , πn letting

(x1, . . . , xn) ≡ (y1, . . . , yn)(πi)←→ xi = yi

for all xi, yi ∈ G, i = 1, . . . , n. It is easy to check that these relations have the
following properties:

(a) for any elements x̄1, . . . , x̄n ∈ Gn there is an element ȳ ∈ Gn such that
x̄i ≡ ȳ(πi) for all i = 1, . . . , n,

(b) if x̄ ≡ ȳ(πi) for some i = 1, . . . , n, then x̄ = ȳ, where x̄, ȳ ∈ Gn,

(c) relations πi are right regular, i.e.,

x̄1 ≡ x̄2(πi) −→ x̄1 ∗ ȳ ≡ x̄2 ∗ ȳ(πi)

for all x̄1, x̄2, ȳ ∈ Gn, i = 1, . . . , n,

(d)
n
�G is a right ideal of (Gn; ∗), i.e.,

x̄ ∈
n
�G ∧ ȳ ∈ Gn −→ x̄ ∗ ȳ ∈

n
�G

(e) for any i = 1, . . . n every πi-class contains precisely one element from
n
�G.

All systems of the form (Gn, ∗, π1, . . . , πn,
n
�G) will be called the rigged binary

comitant of a Menger algebra (G, o).

Theorem 2.2.1. Two Menger algebras of the same rank are isomorphic if and
only if their rigged binary comitants are isomorphic.

This theorem is a consequence of a more general result.

Theorem 2.2.2. The system (G, ·, ε1, . . . , εn, H), where (G, ·) is a semigroup,
ε1, . . . , εn are binary relations on G and H ⊂ G, is isomorphic to the rigged
binary comitant of some Menger algebra of rank n if and only if
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(1) for all i = 1, . . . , n the relations εi are right regular equivalence relations
and for any (g1, . . . , gn) ∈ Gn there is exactly one g ∈ G such that

gi ≡ g(εi) for all i = 1, . . . , n, (2.2.1)

(2) H is a right ideal of a semigroup (G, ·) and for any i = 1, . . . , n every
εi-class contains exactly one element of H.

Proof. The fact that the rigged binary comitant satisfies all of the above con-
ditions is obvious. So, we prove only the sufficiency.
Let the system (G, ·, ε1, . . . , εn, H) satisfy all the conditions of the theorem.

On H we define an (n+ 1)-ary operation

o : (h, h1, . . . , hn) �→ h[h1 · · ·hn],

considering that h[h1 · · ·hn] = hg for any h, h1, . . . , hn ∈ H, where g is
this uniquely determined element of a semigroup (G, ·) for which the vector
(h1, . . . , hn) satisfies the condition (2.2.1). Obviously hg ∈ H since H is a right
ideal, i.e., HG ⊂ H.
The (n + 1)-operation o defined in such a way is superassociative. Indeed,

if h′1, . . . , h′n ∈ H and g′ ∈ G is the element for which the vector (h′1, . . . , h′n)
satisfies the condition (2.2.1), then, according to the definition of the operation
o, we have

h[h1 · · ·hn][h′1 · · ·h′n] = (hg)g′.

On the other hand,

h[h1[h
′
1 · · ·h′n] · · ·hn[h′1 · · ·h′n]] = h[h1g

′ · · ·hng′]. (2.2.2)

Since h1, . . . , hn, g satisfy the conditions

hi ≡ g(εi) for all i = 1, . . . , n,

using the right regularity of εi we get

hig
′ ≡ gg′(εi) for all i = 1, . . . , n, (2.2.3)

which, together with (2.2.2) and (2.2.3), gives

h[h1[h
′
1 · · ·h′n] · · ·hn[h′1 · · ·h′n]] = h(gg′).

As (hg)g′ = h(gg′), then

h[h1 · · ·hn][h′1 · · ·h′n] = h[h1[h
′
1 · · ·h′n] · · ·hn[h′1 · · ·h′n]].

This proves the superassociativity of o. So, (H, o) is a Menger algebra of rank n.
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To prove that its rigged binary comitant (Hn, ∗, π1, . . . , πn,
n
�H) is isomor-

phic to (G, ·, ε1, . . . , εn, H), we consider the mapping P : Hn −→ G, which
every vector (h1, . . . , hn) ∈ Hn is mapped to the element g ∈ G satisfying the
condition (2.2.1). Since for every i = 1, . . . , n, the equivalence class εi〈g〉 has
only one common element with H, P is one-to-one.
Let (h1, . . . , hn), (h′1, . . . , h′n) ∈ Hn and

g = P (h1, . . . , hn), g′ = P (h′1, . . . , h
′
n).

Then, according to the definition of P, hi ≡ g(εi) and h′i ≡ g′(εi) for every
i = 1, . . . , n. Since all εi are right regular, hi ≡ g(εi) implies hig′ ≡ gg′(εi).
Thus

P ((h1, . . . , hn) ∗ (h′1, . . . , h′n)) = P (h1[h
′
1, . . . , h

′
n], . . . , hn[h

′
1, . . . , h

′
n])

= P (h1g
′, . . . , hng

′) = gg′ = P (h1, . . . , hn) · P (h′1, . . . , h
′
n).

Now let (h1, . . . , hn) ≡ (h′1, . . . , h′n)(πi), i.e., hi = h′i, for some i = 1, . . . , n.
As hi ≡ g(εi) and h′i ≡ g′(εi), g ≡ g′(εi). On the other hand, if g ≡ g′(εi), then
obviously hi, h

′
i ∈ εi〈g〉. As εi〈g〉 contains exactly one element of H, we have

hi = h′i, and consequently

(h1, . . . , hn) ≡ (h′1, . . . , h
′
n)(πi). (2.2.4)

So for every i = 1, . . . , n the condition (2.2.4) is satisfied if and only if
P (h1, . . . , hn) ≡ P (h′1, . . . , h′n)(εi).
And at last, let (h, . . . , h) ∈

n
ΔH . As h ≡ h(εi) for all h ∈ H, i = 1, . . . , n,

we have P (h, . . . , h) = h. Hence

(h, . . . , h) ∈
n
ΔH←→ h ∈ H ←→ P (h, . . . , h) ∈ H.

In this way, we have proved that P is an isomorphism of the rigged binary

comitant (Hn, ∗, π1, . . . , πn,
n
�H) onto (G, ·, ε1, . . . , εn, H).

Further on, a system of the form (G, ·, ε1, . . . , εn, H), satisfying all the con-
ditions of the Theorem 2.2.2, will be called a Menger semigroup of rank n.
Of course, a Menger semigroup of rank 1 coincides with the semigroup (G, ·).
So the theory of Menger algebras can be completely restricted to the theory

of Menger semigroups. But we do not have to use this information. It is possi-
ble that in some cases it would be advisable to consider Menger algebras, and in
others Menger semigroups. Nevertheless, in our opinion, the study of Menger
semigroups is more complicated than a study of Menger algebras with one
(n + 1)-ary operation because a Menger semigroup, besides one binary opera-
tion, contains n+1 relations, which naturally lead to the additional difficulties.
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Let (G, o) be a Menger algebra of rank n. Let us define on its binary comitant
(G n, ∗) the unary operations ρ1, . . . , ρn such that

ρi(x1, . . . , xn) = (xi, . . . , xi)

for any x1, . . . , xn ∈ G, i = 1, . . . , n. A system (Gn, ∗, ρ1, . . . , ρn) obtained in
such a way will be called the selective binary comitant of Menger algebra (G, o).

Theorem 2.2.3. For the system (G, ·, p1, . . . , pn), where (G, ·) is a semigroup
and p1, . . . , pn are unary operations on it, a necessary and sufficient condition
for this system to be isomorphic to the selective binary comitant of some Menger
algebra of rank n is that the following conditions hold:
(1) pi(x)y = pi(xy) for all i = 1, . . . , n and x, y ∈ G,
(2) pi ◦ pj = pj for all i, j = 1, . . . , n,
(3) for every vector (x1, . . . , xn) ∈ Gn there is exactly only one g ∈ G such that

pi(xi) = pi(g) for all i = 1, . . . , n.

Proof. Since the necessity is easily checked, we prove only the sufficiency. So,
let all the conditions of this theorem be satisfied. As pi ◦ pj = pj for all
i, j = 1, . . . , n, so

pr2 pj = pr2 (pi ◦ pj) ⊂ pr2 pi.

Hence, as a consequence, we obtain pr2 pi = pr2 pj for all i, j = 1, . . . , n. Let H
be the intersection of all pr2 pi and let o : (h, h1, . . . , hn) �→ h[h1 · · ·hn] be an
(n+1)-ary operation defined on H by h[h1 · · ·hn] = hg, where g is the uniquely
determined element of G for which pi(hi) = pi(g) hold for every i = 1, . . . , n.
We shall prove that if (H, o) is a Menger algebra of rank n, its selective bi-

nary comitant is isomorphic to (G, ·, p1, . . . , pn). For this, let (h1, . . . , hn),
(h′1, . . . , h′n) ∈ Hn and g, g′ be two elements of G such that pi(hi) = pi(g) and
pi(h

′
i) = pi(g

′) for all i = 1, . . . , n. For these elements we have pi(hig′) = pi(gg
′)

for all i = 1, . . . , n, and

h[h1 · · ·hn][h′1 · · ·h′n] = (hg)[h′1 · · ·h′n] = (hg)g′ = h(gg′)

= h[h1g
′ · · ·hng′] = h[h1[h

′
1 · · ·h′n] · · ·hn[h′1 · · ·h′n]].

So, the operation o is superassociative, i.e., (H, o) is a Menger algebra.
Now let us consider the mapping ψ : Hn → G, which maps every vec-

tor (h1, . . . , hn) ∈ Hn to an element g ∈ G such that pi(hi) = pi(g) for all
i = 1, . . . , n. Of course, there exists only one vector (p1(g), . . . , pn(g)) ∈ Hn

such that ψ(h1, . . . , hn) = g, because pi(pi(g)) = pi ◦ pi(g) = pi(g) for every
i = 1, . . . , n. This means that ψ is a one-to-one mapping.
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It is also a homomorphism because for (h1, . . . , hn), (h′1, . . . , h′n) ∈ Hn and
g = ψ(h1, . . . , hn), g′ = ψ(h′1, . . . , h′n), we have

ψ((h1, . . . , hn) ∗ (h′1, . . . , h′n)) = ψ(h1[h
′
1, . . . , h

′
n], . . . , hn[h

′
1, . . . , h

′
n])

= ψ(h1g
′, . . . , hng

′) = gg′ = ψ(h1, . . . , hn) · ψ(h′1, . . . , h′n).

As pi(h) = pi(h) for all h ∈ H and i = 1, . . . , n, so ψ(h, . . . , h) = h. This,
together with the fact that pi ◦ pi = pi implies pi(h) = h, gives

ψ(ρi(h1, . . . , hn)) = ψ(hi, . . . , hi) = hi

= pi(hi) = pi(g) = pi(ψ(h1, . . . , hn)).

Hence ψ is an isomorphism between the selective binary comitant of the
Menger algebra (H, o) and the system (G, ·, p1, . . . , pn).

As a simple consequence of the above theorem we obtain

Corollary 2.2.4. The binary comitant of a Menger algebra is a group if and
only if the algebra is a group of rank 1 or the algebra is a singleton.

Proof. Indeed, if (G, o) is a group, its binary comitant coincides with it, and if
G is a singleton, then its binary comitant is a trivial group.
Conversely, let the binary comitant of (G, o) be a group. If the rank of (G, o)

is 1, then (G, o) coincides with its binary comitant and (G, o) is a group. Let
the rank of (G, o) be n > 1. Suppose that (Gn, ∗, ρ1, . . . , ρn) is the selective
semigroup corresponding to (G, o). Since (Gn, ∗) is a group, all its idempo-
tent translations are merely the identity transformations of Gn. Since for all
g1, . . . , gn ∈ Gn there exists a unique g ∈ Gn such that ρi(gi) = ρ(g), it follows
that (g)i = g for all i = 1, . . . , n. Therefore the order of Gn is 1. Hence G is
a singleton.

Further all systems (G, ·, p1, . . . , pn) satisfying the conditions of our Theo-
rem 2.2.3 will be called selective semigroups of rank n.
The proved theorem gives the possibility to reduce the theory of Menger al-

gebras to the theory of selective semigroups. In this way, we received three
independent methods for the study of superposition of multiplace functions:
Menger algebras, Menger semigroups and selective semigroups. A great num-
ber of papers dedicated to the study of Menger algebras have been released
lately, but unfortunately the same cannot be said about Menger semigroups
and selective semigroups.
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2.3 v-regular Menger algebras

A vector ḡ = (g1, . . . , gn) ∈ Gn is called

• idempotent, if it satisfies the equality gi[ḡ] = gi for every i = 1, . . . , n,

• v-regular, if the system of equalities⎧⎪⎪⎪⎨⎪⎪⎪⎩
g1[x

n][ḡ] = g1

g2[x
n][ḡ] = g2

. . . . . . . . . . .

gn[x
n][ḡ] = gn

is true for some xn = (x, . . . , x) ∈ Gn.

A Menger algebra (G, o) in which all vectors (g1, . . . , gn) of Gn are v-regular is
called v-regular . Obviously, the diagonal semigroup of such Menger algebra is
regular in the sense of [14,105], and [186].
Two vectors x̄, ȳ ∈ Gn are pseudo-commutative if

g[x̄][ȳ] = g[ȳ][x̄]

holds for any g ∈ G. An element x ∈ G is called an inverse for the vector
ḡ ∈ Gn, if it satisfies the following equalities:

x[ḡ][xn] = x,

gi[x
n][ḡ] = gi for every i = 1, . . . , n.

Proposition 2.3.1. Every v-regular vector of a Menger algebra of rank n has
an inverse element.

Proof. Let ḡ = (g1, . . . , gn) be a v-regular vector of a Menger algebra (G, o)
of rank n. There exists x ∈ G such that gi[xn][ḡ] = gi, i = 1, . . . , n. Then
y = x[ḡ][xn] is inverse for the vector ḡ. Indeed,

y[ḡ][yn] = (x[ḡ][xn] )[ḡ][(x[ḡ][xn] ) · · · (x[ḡ][xn]) ]
= x[ (g1[x

n][ḡ] ) · · · (gn[xn][ḡ] )] [(x[ḡ][xn] ) · · · (x[ḡ][xn] )]
= x[ḡ][ (x[ḡ][xn] ) · · · (x[ḡ][xn] ) ] = x[( g1[x

n][ḡ] ) · · · ( gn[xn][ḡ] )][xn]
= x[ḡ][xn] = y.

So, y[ḡ][yn] = y. Finally we obtain

gi[y
n][ḡ] = gi[(x[ḡ][x

n]) · · · (x[ḡ][xn]) ][ḡ]
= (gi[x

n][ḡ]) [xn][ḡ] = gi[x
n][ḡ] = gi

for all i = 1, . . . , n.
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Proposition 2.3.2. If in a Menger algebra (G, o) of rank n an element g
is an inverse for the vector ḡ, then g[ḡ] is an idempotent of this algebra and
(g1[g

n], . . . , gn[g
n]) is its idempotent vector.

Proof. Indeed,
g[ḡ][g[ḡ] · · · g[ḡ]] = g[ḡ][gn][ḡ] = g[ḡ],

and so the element g[ḡ] is idempotent.
Furthermore,

gi[g
n][g1[g

n] · · · gn[gn]] = gi[g
n][ḡ][gn] = gi[g

n]

for any i = 1, . . . , n. Thus the vector (g1[gn], . . . , gn[gn]) is idempotent.

Theorem 2.3.3. For every Menger algebra (G, o) of rank n the following three
statements are equivalent:
(a) every element of (G, o) is an inverse for each vector of Gn,
(b) for all elements x, y, y1, . . . , yn of (G, o)

x[yn] = y[xn] −→ x = y, (2.3.1)

yi[x
n][ȳ] = yi, i = 1, . . . , n, (2.3.2)

(c) every element of (G, o) and every vector of Gn are idempotent and the
following identity holds:

x[ȳ][z̄] = x[z̄]. (2.3.3)

Proof. Let (a) be true. Clearly, by the definition of an inverse element, (2.3.2)
holds. Now suppose that x[yn] = y[xn] for some x, y ∈ G. Then

x[yn][y[xn] · · · y[xn]] = y[xn][x[yn] · · ·x[yn]].

Since x is an inverse for the vector (y[yn], . . . , y[yn]), we have

x[yn][y[xn] · · · y[xn]] = x[yn][yn][xn] = x[y[yn] · · · y[yn]][xn] = x.

Similarly, we show that

y[xn][x[yn] · · ·x[yn]] = y.

Thus x = y, and hence (2.3.1) is true. So, (a) implies (b).
Now let (b) be satisfied. Then

x[xn][xn] = x[x[xn] · · ·x[xn]]

is true for all x ∈ G, and hence, by (2.3.1), we have x[xn] = x. Thus every
element of (G, o) is idempotent. Next consider an arbitrary vector x̄ ∈ Gn.
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By (2.3.2), xi[xni ][x̄] = xi for each i = 1, . . . , n, hence xi[x̄] = xi, i = 1, . . . , n.
So, (x1, . . . , xn) is an idempotent vector. Now we show that the equality

x[y1[z̄] · · · yn[z̄]][xn] = x (2.3.4)

is satisfied for all x, y1, . . . , yn ∈ G and z̄ = (z1, . . . , zn) ∈ Gn. We have

x[x[y1[z̄] · · · yn[z̄]][xn] · · ·x[y1[z̄] · · · yn[z̄]][xn]] = x[xn][y1[z̄] · · · yn[z̄]][xn]

= x[y1[z̄] · · · yn[z̄]][xn] = x[y1[z̄] · · · yn[z̄]][x[xn] · · ·x[xn]]

= x[y1[z̄] · · · yn[z̄]][xn][xn].

From this, applying (2.3.1), we obtain (2.3.4).
According to (2.3.2) and (2.3.4) we have

x[ȳ][z̄] = x[ȳ][z1[x
n][z̄] · · · z1[xn][z̄]]

= x[ȳ][z̄][xn][z̄] = x[y1[z̄] · · · yn[z̄]][xn][z̄] = x[z̄].

Thus we have proved (2.3.3). Therefore, (b) implies (c).
Let (c) be true. By (2.3.3), x[ȳ][xn] = x[xn] = x. Since the vector ȳ is

idempotent, yi[xn][ȳ] = yi[ȳ] = yi for all i = 1, . . . , n. So, every element x is an
inverse for every vector ȳ. Thus (c) implies (a).

For n = 1, Theorem 2.3.3 becomes a known result for semigroups [105].

Theorem 2.3.4. Every vector of a v-regular Menger algebra (G, o) has exactly
one inverse element if and only if

gi[x
n][ḡ] = gi

gi[y
n][ḡ] = gi

i = 1, . . . , n

⎫⎪⎬⎪⎭ −→ x[ḡ][xn] = y[ḡ][yn]

for all x, y, g1, . . . , gn ∈ G.

Proof. Suppose that every vector of (G, o) has only one inverse, and let the
hypothesis of the theorem be true for some x, y, g1, . . . , gn ∈ G. As we have
shown in the proof of Proposition 2.3.1, the elements x[ḡ][xn] and y[ḡ][yn] are
inverse for the vector ḡ. By our assumption, x[ḡ][xn] = y[ḡ][yn]. So the given
condition is true.
Conversely, let the given condition be satisfied. If x and y are inverse elements

for a vector (g1, . . . , gn), then the equalities gi[x
n][ḡ] = gi, gi[y

n][ḡ] = gi are
true for all i = 1, . . . , n, hence, by the given condition x[ḡ][xn] = y[ḡ][yn].
Since x[ḡ][xn] = x and y[ḡ][yn] = y, we obtain x = y.

For n = 1 Theorem 2.3.4 gives a known result for semigroups [103].
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Elements x, y of a Menger algebra (G, o) of rank n are called diagonal-
commutative, if they are commutative in the diagonal semigroup of (G, o), i.e.,
if

x[yn] = y[xn].

If all idempotents of a v-regular Menger algebra (G, o) are diagonal-commuta-
tive, then the diagonal semigroup of (G, o) is inverse. A Menger algebra with
an inverse diagonal semigroup is called inverse.

Proposition 2.3.5. Any vector of a v-regular inverse Menger algebra with
pseudo-commutative idempotent vectors has exactly one inverse element.

Proof. Let x and y be inverse elements for a vector ḡ in a v-regular inverse
Menger algebra (G, o) of rank n. By Proposition 2.3.2, the elements x[ḡ]
and y[ḡ] are idempotent. Since (G, o) is inverse, its idempotents are diagonal-
commutative, and hence we obtain

x = x[ḡ][xn] = x[g1[y
n][ḡ] · · · gn[yn][ḡ]][xn] = x[ḡ][y[ḡ] · · · y[ḡ]][xn]

= y[ḡ][x[ḡ] · · ·x[ḡ]][xn] = y[ḡ][x[ḡ][xn] · · ·x[ḡ][xn]] = y[ḡ][xn].

On the other hand, by Proposition 2.3.2, the vectors (g1[xn], . . . , gn[xn]) and
(g1[y

n], . . . , gn[y
n]) are idempotent, and hence, by pseudo-commutativity

y = y[ḡ][yn] = y[g1[x
n][ḡ] · · · gn[xn][ḡ]][y1 · · · yn]

= y[g1[x
n] · · · gn[xn]][g1[yn] · · · gn[yn]]

= y[g1[y
n] · · · gn[yn]][g1[xn] · · · gn[xn]]

= y[ḡ][yn][ḡ][xn] = y[ḡ][xn].

Thus we have shown that x = y.

Let (G, o) be a Menger algebra of rank n in which every vector x̄ ∈ Gn has
exactly one inverse element α(x̄). Then

α(x̄)[x̄][α(x̄) · · ·α(x̄)] = α(x̄),

xi[α(x̄) · · ·α(x̄)][x̄] = xi, i = 1, . . . , n.

Proposition 2.3.6. If (G, o) is a v-regular inverse Menger algebra of rank n
with pseudo-commutative idempotent vectors, then

α(x̄ ∗ ȳ) = α(ȳ)[α(x̄) · · ·α(x̄)], (2.3.5)

for all x̄, ȳ ∈ Gn, where x̄ ∗ ȳ denotes the vector (x1[ȳ], . . . , xn[ȳ]).
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Proof. First, observe that for any idempotent e ∈ G the vector en ∈ Gn is idem-
potent. Moreover, for each vector x̄ ∈ Gn, by Proposition 2.3.2, the element
α(x̄)[x̄] is idempotent and the vector (x1 · α(x̄), . . . , xn · α(x̄)) is idempotent,
where xi · α(x̄) = xi[α(x̄) · · ·α(x̄)], i = 1, . . . , n. Denote α(x̄) by g1 and α(ȳ)
by g2. Then

xi[ȳ][g2[g
n
1 ] · · · g2[gn1 ]][x̄ ∗ ȳ] = xi[ȳ][g

n
2 ][g

n
1 ][x̄][ȳ]

= xi[y1g2 · · · yng2][g1[x̄] · · · g1[x̄]][ȳ]

= xi[g1[x̄] · · · g1[x̄]][y1g2 · · · yng2][ȳ]

= xi[g
n
1 ][x̄][y1g2[ȳ] · · · yng2[ȳ]] = xi[ȳ] = xi[ȳ]

for all i = 1, . . . , n.
On the other hand,

g2[g
n
1 ][x̄ ∗ ȳ][g2[gn1 ] · · · g2[gn1 ]] = g2[g1[x̄] · · · g1[x̄]][y1[gn2 ] · · · yn[gn2 ]][gn1 ]

= g2[y1[g
n
2 ] · · · yn[gn2 ]][g1[x̄] · · · g1[x̄]][gn1 ]

= g2[ȳ][g
n
2 ][g1[x̄][g

n
1 ] · · · g1[x̄][gn1 ]] = g2[g

n
1 ].

Thus g2[g
n
1 ] is the inverse element for the vector x̄ ∗ ȳ. Hence, by Proposi-

tion 2.3.5, we conclude that the equality (2.3.5) holds.

Theorem 2.3.7. If (G, o) is a v-regular Menger algebra of rank n with a right
unit, then the following conditions are equivalent:
(a) every vector from Gn has exactly one inverse element,
(b) every two idempotents of (G, o) are diagonal-commutative.

Proof. Let (a) hold. Since (G, o) is v-regular, obviously, its diagonal semigroup
is regular. In accordance with (a), for every g ∈ G the vectors gn have only
one inverse element, hence we obtain that the diagonal semigroup is an inverse
semigroup. Therefore, its idempotents commutate (cf. [14, 105, 186]). So any
two idempotents of (G, o) are diagonal-commutative. Thus (a) implies (b).
Now let (b) hold. We shall prove that for every idempotent vector ā ∈ Gn

the element e[ā] is idempotent, where e is a right unit. Indeed, we have

e[ā][e[ā] · · · e[ā]] = e[ā][en][ā] = e[ā][ā] = e[a1[ā] · · · an[ā]] = e[ā].

Let b̄ ∈ Gn be another idempotent vector. Obviously, e[b̄] is an idempotent
element in (G, o). Since the idempotents e[ā] and e[b̄] are diagonal-commutative
by (b), for each element g ∈ G we have

g[ā][b̄] = g[en][ā][en][b̄] = g[e[ā] · · · e[ā]][e[b̄] · · · e[b̄]]
= g[e[ā][e[b̄] · · · e[b̄]] · · · e[ā][e[b̄] · · · e[b̄]]]
= g[e[b̄][e[ā] · · · e[ā]] · · · e[b̄][e[ā] · · · e[ā]]]
= g[en][b̄][en][ā] = g[b̄][ā].
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Thus the idempotent vectors ā and b̄ are pseudo-commutative. By Proposi-
tion 2.3.5, condition (a) holds. Thus (b) implies (a).

Theorem 2.3.8. For any v-regular Menger algebra (G, o) of rank n the fol-
lowing conditions are equivalent:
(a) every vector of Gn has only one inverse element and for every idempotent

e ∈ G and every idempotent vector ā ∈ Gn the element e[ā] is idempotent,
(b) (G, o) is an inverse Menger algebra in which the equality

e[ā] = e[ā][en] (2.3.6)

holds for every idempotent e ∈ G and every idempotent vector ā ∈ Gn,
(c) the idempotents of the algebra (G, o) are diagonal-commutative, and idem-

potent vectors of (G, o) are pseudo-commutative.

Proof. Suppose that (G, o) is a v-regular Menger algebra of rank n and that
condition (a) is true. In this case, the diagonal semigroup of (G, o) is inverse,
i.e., the Menger algebra (G, o) is inverse. It is known that idempotents are
diagonal-commutative in any inverse Menger algebra. Since e[ā] is an idempo-
tent for each idempotent e ∈ G and any idempotent vector ā ∈ Gn, we have

e[ā] = e[en][ā][en] = e[e[ā] · · · e[ā]] = e[ā][en],

i.e., the equality (2.3.6) is true. This shows that (a) implies (b).
Now let (b) hold. Clearly, idempotents of (G, o) are diagonal-commutative,

therefore we have only to show that idempotent vectors are pseudo-commuta-
tive. Let ā and b̄ be idempotent vectors. Consider an arbitrary element g ∈ G.
Our algebra is v-regular, and hence for the vector ḡ there exists an element
x ∈ G such that g[xn][gn] = g. Hence

g[x[gn] · · ·x[gn]] = g.

By Proposition 2.3.2, the element e=x[gn] is idempotent. Therefore g[en] = g.
We have to show that e[ā] (respectively, e[b̄]) is an idempotent. Indeed, e and ā
(respectively, e and b̄) satisfy (2.3.6), therefore

e[ā][e[ā] · · · e[ā]] = e[ā][en][ā] = e[ā][ā] = e[a1[ā] · · · an[ā]] = e[ā] = e[ā].

So, e[ā] is idempotent. Analogously, we prove that e[b̄] is idempotent too. Also,

e[ā][b̄] = e[ā][en]][b̄] = e[ā][e[b̄] · · · e[b̄]] = e[b̄][e[ā] · · · e[ā]] = e[b̄][en][ā] = e[b̄][ā],

hence
g[ā][b̄] = g[en][ā][b̄] = g[e[ā][b̄] · · · e[ā][b̄]]

= g[[e[b̄][ā] · · · e[b̄][ā]] = g[en][b̄][ā] = g[b̄][ā].
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Thus the vectors ā and b̄ are pseudo-commutative. Therefore the condition (c)
is true. So, (b) implies (c).
Finally, if the condition (c) is true, then by Proposition 2.3.5, every vector

from Gn has only one inverse element, therefore, we must show that e[ā] is
idempotent for each idempotent e ∈ G and each idempotent vector ā of Gn.
So, let e ∈ G be an idempotent and let ā ∈ Gn be an idempotent vector. Since
en is an idempotent vector too, we deduce from the pseudo-commutativity that

e[ā][e[ā] · · · e[ā]] = e[ā][en][ā] = e[en][ā][ā] = e[a1[ā] · · · an[ā]] = e[ā].

Thus we have proved that e[ā] is idempotent. So, (c) implies (a).

Theorem 2.3.9. The following conditions are equivalent for any v-regular
Menger algebra (G, o) of rank n:
(a) (G, o) has only one idempotent,
(b) the diagonal semigroup of (G, o) is a group,
(c) for all elements g1, . . . , gn from (G, o) there exists only one element x ∈ G

such that gi[xn][ḡ] = gi, i = 1, . . . , n.

Proof. Let (a) be satisfied. Since (G, o) is v-regular, its diagonal semigroup
is regular too. Therefore, in the accordance with [14] and [105], the diagonal
semigroup is a group because it has exactly one idempotent. So, (a) implies (b).
Now let (b) be true. The equation gi[x

n][ḡ] = gi has the form gix · e[ḡ] = gi
in the group (G, ·), where e is the unit of (G, ·) and i = 1, . . . , n. The last
equation is equivalent to x · e[ḡ] = e. It is known that there is only one element
x of the group that satisfies this equation. Thus (c) holds and (b) implies (c).
Suppose that (c) is valid, and hence the conditions of Theorem 2.3.4 hold.

Therefore every vector from Gn has only one inverse element. Then (G, o) is
an inverse Menger algebra, so its idempotents are diagonal-commutative. Let
b, c be idempotents of (G, o). Let a = b[cn]. Since b[cn] = c[bn], we obtain

a[an] = b[cn][b[cn] · · · b[cn]] = b[cn][c[bn] · · · c[bn]] = b[c[bn] · · · c[bn]][bn]
= b[cn][bn] = b[c[bn] · · · c[bn]] = b[b[cn] · · · b[cn]] = b[bn][cn] = b[cn] = a.

Thus a is idempotent. Similarly, b[an] = a and a[cn] = a. Hence, the equalities
a[bn][an] = a[an] = a and a[cn][an] = a[an] = a are true and by the condi-
tion (c), we have b = c. It follows that (a) holds, and hence (c) implies (a).

Let (G, o) be an inverse Menger algebra of rank n. Consider on G two binary
relations � and � defined in the following way:

x � y ←→ y−1x = x−1x, (2.3.7)
x � y ←→ x−1x � y−1y (2.3.8)
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for all x, y ∈ G, where x−1 is an inverse element for x in the diagonal semigroup
and xy = x[yn]. It is known (see e.g. [14,105] or [186]) that � is an order with
the property

x � y ←→ xy−1x = x←→ x = yx−1x.

Proposition 2.3.10. In an inverse Menger algebra (G, o) of rank n the relation
� is l-regular and g[bn] � g holds for each idempotent b ∈ G and each element
g ∈ G.

Proof. Let g ∈ G and b be an idempotent. Since g−1g is an idempotent and
idempotents are commutative in the diagonal semigroup, then

g(g[bn])−1g[bn] = g(gb)−1gb = gbg−1gb = gg−1gbb = gb = g[bn],

and therefore g[bn] � g.
Now let x � y, i.e., y−1x = x−1x, whence we obtain y−1yy−1x = y−1yx−1x.

Hence y−1x = y−1yx−1x, and therefore x−1x = y−1yx−1x. Thus xy−1y =
xx−1xy−1y = xy−1yx−1x = xx−1x = x. So xe = x, where e = y−1y. Since
x � y, then x = yx−1x, and therefore x[z̄] = yx−1x[z̄], where z̄ ∈ Gn. Next we
have

x[z̄] = yx−1x · e[z̄] = y · x−1x · e[z̄] · (e[z̄])−1 · e[z̄]
= y · e[z̄] · (e[z̄])−1 · x−1x · e[z̄] = y[z̄] · (x · e[z̄])−1 · x · e[z̄]
= y[z̄] · (x[z̄])−1 · x[z̄].

So x[z̄] � y[z̄] and � is l-regular.

Proposition 2.3.11. In an inverse Menger algebra the relation � is an
l-regular quasi-order that contains �.

Proof. Since g−1g � g−1g for every element g ∈ G, then g � g. So � is
reflexive. Let x � y and y � z, i.e., x−1x � y−1y and y−1y � z−1z, whence
x−1x � z−1z, i.e., x � z. Thus � is a quasi-order.
Suppose that x � y, i.e., x−1x � y−1y, therefore xx−1x � xy−1y, i.e.,

x � xy−1y. Since y−1y is an idempotent, xy−1y � x. Thus x = xy−1y.
We have proved that

x � y ←→ x = xy−1y.

Let e = y−1y, then, according to the equality x = xy−1y,

x[z̄] = xy−1y[z̄] = xy−1y · e[z̄]
= xy−1y · e[z̄] · (e[z̄])−1 · e[z̄] = x · e[z̄] · (e[z̄])−1 · y−1y · e[z̄]
= xy−1y[z̄] · (yy−1y[z̄])−1 · yy−1y[z̄] = x[z̄] · (y[z̄])−1 · y[z̄].

Thus x[z̄] � y[z̄] and � is l-regular.
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Now let x � y, i.e., y−1x = x−1x, whence

y−1yy−1x = y−1yx−1x,

therefore y−1x = y−1yx−1x. Hence x−1x = y−1yx−1x, i.e., x−1x � y−1y. The
last inequality means that x � y. So � is contained in �.

2.4 i-solvable Menger algebras

Attempts to transfer the classical notion of groups to the case of n-ary alge-
bras were initiated by various authors many years ago. There are two main
directions of such transformation. The first is connected with a generalization
of the associativity, the second — with a generalization of solvability of some
equations. Menger algebras satisfying the n-ary associativity in the sense of
Post [144] are considered, e.g., in [28]. Menger algebras in which the equation
a0[a1 · · · ai−1xiai+1 · · · an] = b has a unique solution xi for all or only for some
i = 0, 1, . . . , n are investigated by many authors in many directions (see for
example [6, 7, 27,186,197,227,261]).
In this section we describe Menger algebras in which the above equation has

a unique solution at some fixed places, in the next — Menger algebras in which
the above equation has a unique solution for any i.

Definition 2.4.1. A Menger algebra (G, o) of rank n is called i-solvable if the
following two equations

x[a1 · · · an] = b (2.4.1)

a0[a1 · · · ai−1xiai+1 · · · an] = b (2.4.2)

have unique solutions x, xi ∈ G for all a0, a1, . . . , an, b ∈ G.

A simple example of i-solvable Menger algebras is a Menger algebra (G, oi)
with an (n+1)-ary operation oi(x0, x1, . . . , xn) = x0+xi defined on a nontrivial
commutative group (G,+). The diagonal semigroup of this algebra coincides
with the group (G,+). This algebra is j-solvable only for j = i, but the algebra
(G, o), where o(x0, x1, . . . , xn) = x0+x1+· · ·+xk+1 and (G,+) is a commutative
group of the exponent k � n − 1, is i-solvable for every i = 1, . . . , k + 1.
Its diagonal semigroup also coincides with (G,+). The set Z2n+1 of integers
modulo 2n+ 1 with the (2n+ 1)-ary operation

o(x0, x1, . . . , x2n) = x0 − x1 + · · ·+ x2n−2 − x2n−1 + 2x2n (mod (2n+ 1))

is an example of a Menger algebra which is i-solvable for any i = 1, . . . , 2n.
Similarly the set Z2n with the operation

o(x0, x1, . . . , x2n−1) = x0 + x1 + x2 − x3 + · · ·+ x2n−2 − x2n−1 (mod 2n).
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Lemma 2.4.2. Any i-solvable Menger algebra has a diagonal unit.

Proof. According to the definition, in any i-solvable Menger algebra (G, o) for
every a, x ∈ G there are uniquely determined elements e and x̆ such that

a = e[an] and x = a[ai−1x̆an−i].

Hence we have

x = a[ai−1x̆an−i] = e[an][ai−1x̆an−i] = e[[ai−1x̆an−i] · · · [ai−1x̆an−i]] = e[xn],

i.e., x = e[xn] for all x ∈ G. Thus e is a left diagonal unit.
Now, using this fact, we obtain

x[xn] = x[e[xn] · · · e[xn]] = x[en][xn],

which, by the uniqueness of the solution at the first place, implies x = e[xn] for
all x ∈ G. So e is also a right diagonal unit of (G, o).

Proposition 2.4.3. A diagonal semigroup of an i-solvable Menger algebra is
a group.

Proof. By Lemma 2.4.2, a diagonal semigroup (G, ·) of an i-solvable Menger
algebra (G, o) has the unit e. According to the definition, for every a ∈ G there
exists only one element x ∈ G such that e = x · a = x[an]. Denote this element
by a−1. Let y be the solution of the equation

a[a−1 · · · a−1 y a−1 · · · a−1] = e,

where y appears at the place i+ 1. Then, by Lemma 2.1.3, we have

a = e · a = a[a−1 · · · a−1 y a−1 · · · a−1] = a[e · · · e (y · a) e · · · e],

which, by the uniqueness of the solution at the place i + 1, (see (2.4.2)) gives
y · a = e. So y = a−1 and a · a−1 = e. This means that (G, ·) is a group.

Corollary 2.4.4. A group (G, ·) is a diagonal group of some i-solvable Menger
algebra if and only if on G can be defined an n-ary operation f satisfying the
conditions (a) and (b) of the Proposition 2.1.4 for which the equation

f(a1, . . . , ai−1, x, ai+1, . . . , an) = b

has a unique solution for all a1, . . . , an, b ∈ G.

In [29] the following characterization of i-solvable Menger algebras is given.
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Theorem 2.4.5. A Menger algebra of rank n is i-solvable if and only if there
exists an element b ∈ G such that the equations (2.4.1) and (2.4.2) have unique
solutions for all a0, . . . , an ∈ G.

Proof. Since, by definition, in every i-solvable Menger algebra of rank n the
equations (2.4.1) and (2.4.2) have unique solutions, we prove the converse. For
this assume that these equations have unique solutions for all a0, . . . , an ∈ G
and some b ∈ G. Then for all b1, . . . , bi−1, bi+1, . . . , bn ∈ G there exists an
element bi ∈ G such that a = b[b1 · · · bn]. On the other hand, for all aj ∈ G
and cj = aj[b1 · · · bn], j = 1, . . . , n, there exists a uniquely determined element
x1 ∈ G such that a = x1[c1 · · · cn]. Hence

a = x1[c1 · · · cn] = x1[a1[b1 · · · bn] · · · an[b1 · · · bn]] = x1[a1 · · · an][b1 · · · bn],

which gives
a = b[b1 · · · bn] = x1[a1 · · · an][b1 · · · bn].

This, by the uniqueness of the solution of the equation a = x[b1 · · · bn], im-
plies b = x1[a1 · · · an]. Hence, the equation (2.4.1) is uniquely solvable for all
b, a1, . . . , an ∈ G.
Also (2.4.2) has a unique solution for all b, a1, . . . , an ∈ G. Indeed, if a, b, aj ,

bj , cj , where j = 1, . . . , n, are the same as in the previous part of this proof,
then

a = a1[c2 · · · ci y ci+1 · · · cn]
= a1[a2[b1 · · · bn] · · · ai[b1 · · · bn] y ai+1[b1 · · · bn] · · · an[b1 · · · bn]]

for some y ∈ G. By the above, there exists x ∈ G such that y = x[b1 · · · bn],
whence

a = a1[a2[b1 · · · bn] · · · ai[b1 · · · bn] x[b1 · · · bn] ai+1[b1 · · · bn] · · · an[b1 · · · bn]]
= a1[a2 · · · ai x ai+1 · · · an][b1 · · · bn].

Therefore,
b[b1 · · · bn] = a1[a2 · · · ai x ai+1 · · · an][b1 · · · bn],

which gives b = a1[a2 · · · ai x ai+1 · · · an]. Hence (2.4.2) has a solution. This
solution is unique, because, if also a1[a2 · · · ai z ai+1 · · · an] = b for some z ∈ G,
then from the above z[b1 · · · bn] = x[b1 · · · bn] and, by the first part of this proof,
x = z.

We remark that the uniqueness of solutions of (2.4.1) and (2.4.2) cannot
be dropped. A nonempty set G with the operation o(x0, . . . , xn) = a, where
a ∈ G is fixed, is a simple example of a Menger algebra of rank n in which
the equations (2.4.1) and (2.4.2) are solvable, but (G, o) is not i-solvable. The
uniqueness of solutions can be omitted in the case of finite algebras. In this
case we can also prove the following theorem.
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Theorem 2.4.6. A finite Menger algebra (G, o) of rank n is i-solvable if and
only if it has a left diagonal unit e and for all a1, . . . , an ∈ G there exist x, y ∈ G
such that

x[a1 · · · an] = a0[a1 · · · ai−1y ai+1 · · · an] = e.

Proof. In any i-solvable Menger algebra (G, o) for all e, a1, . . . , an ∈ G there
exist x and y satisfying these two equations. By Lemma 2.4.2, such an algebra
has also a left diagonal unit.
To prove the converse, assume that a Menger algebra (G, o) satisfies the

conditions formulated in the second part of the above theorem. Then, according
to the assumption, for any b ∈ G there exists x ∈ G satisfying the equation
e = x[bn]. Moreover, for this x one can find y ∈ G such that e = y[xn]. Hence

b = e[bn] = y[xn][bn] = y[x[bn] · · ·x[bn]] = y[en],

i.e., b = y[en]. Since for all a1, . . . , an ∈ G there exists z ∈ G satisfying the
equation e = z[a1 · · · an], then

b = y[en] = y[z[a1 · · · an] · · · z[a1 · · · an]] = y[zn][a1 · · · an].

This means that for all a1, . . . , an, b ∈ G and some u ∈ G (namely for u = y[zn] )
we have b = u[a1 · · · an]. Thus (2.4.1) has a solution.
Also (2.4.2) has a solution for all a1, . . . , an, b ∈ G. Indeed, by the assump-

tion, for any b ∈ G there exists u ∈ G such that e = u[bn] and for any sequence
of elements a1, . . . , an ∈ G there exists z ∈ G such that

a = u[a1 · · · a1][a2 · · · ai z ai+1 · · · an].

Hence

u[bn] = e = u[a1[a2 · · · ai z ai+1 · · · an] · · · a1[a2 · · · ai z ai+1 · · · an]],

which, by Lemma 2.1.2, implies b = a1[a2 · · · ai z ai+1 · · · an]. So, (2.4.2) has
a solution for all a1, . . . , an, b ∈ G.
These solutions are unique because the set G is finite.

Lemma 2.4.7. Any i-solvable Menger algebra is v-regular.

Proof. By Proposition 2.4.3, the diagonal semigroup (G, ·) of an i-solvable
Menger algebra (G, o) is a group. According to the definition of i-solvability,
for all g1, . . . , gn ∈ G and j = 1, . . . , n there exists uj ∈ G such that
gj = uj [g1 · · · gn] = uj[ḡ]. Since (G, ·) is a group, for uj there exists a uniquely
determined xj ∈ G for which gj · xj = uj . So,

gj = uj [ḡ] = (gj · xj)[ḡ] = gj · xj [ḡ],
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by Lemma 2.1.3. Hence xj[ḡ] is the unit of the group (G, ·) (for every
j = 1, . . . , n). Therefore x1 = · · · = xn = x, by the uniqueness of the so-
lution at the first place. Thus gj = gj · x[ḡ] = gj [x[ḡ] · · ·x[ḡ]] = gj[x

n][ḡ] for
every j = 1, . . . , n and all g1, . . . , gn ∈ G.

Theorem 2.4.8. A Menger algebra (G, o) of rank n is i-solvable if and only if
it is v-regular, has only one idempotent e ∈ G and the equation

e[a1 · · · ai−1 xi ai+1 · · · an] = e (2.4.3)

is uniquely solvable for all a1, . . . , an ∈ G.

Proof. If a Menger algebra (G, o) of rank n is i-solvable, then, according to
Proposition 2.4.3, its diagonal semigroup is a group. Hence (G, o) has only one
idempotent and (2.4.3) has a unique solution for all a1, . . . , an ∈ G.
On the contrary, if a Menger algebra (G, o) satisfies all conditions formulated

in the second part of the theorem, then, according to Theorem 2.3.9, its diagonal
semigroup is a group. Let a0, a1, . . . , an, b be an arbitrary sequence of elements
of G. We show that the equations (2.4.1) and (2.4.2) have unique solutions.
Indeed, the equation x[a1 · · · an] = b is equivalent to x · e[a1 · · · an] = b, where
e is the unit of the diagonal group (G, ·). It is clear that the last equation has
a unique solution x in (G, ·). So (2.4.1) is uniquely solvable in (G, o).
Now we consider the equation (2.4.2), i.e., the equation

a0[a1 · · · ai−1 xi ai+1 · · · an] = b,

where i is as in (2.4.3). This equation is equivalent to

a0 · e[a1 · · · ai−1 xi ai+1 · · · an] = b,

i.e., to
e[a1 · · · ai−1 xi ai+1 · · · an] = a−10 · b,

where a−10 is the inverse element of a0 in (G, ·). Multiplying the last equation
by b−1 · a0 and using Lemma 2.1.3 we get

e[(a1 ·b−1 ·a0) · · · (ai−1 ·b−1 ·a0) (xi ·b−1 ·a0) (ai+1 ·b−1 ·a0) · · · (an ·b−1 ·a0)] = e.

But, according to (2.4.3), in G there exists precisely one y such as

e[(a1 · b−1 · a0) · · · (ai−1 · b−1 · a0) y (ai+1 · b−1 · a0) · · · (an · b−1 · a0)] = e.

So y = xi ·b−1 ·a0. In the group (G, ·) the equation y = xi ·b−1 ·a0 has a unique
solution xi. Thus, also (2.4.2) has a unique solution. This proves that (G, o) is
i-solvable.
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On the diagonal semigroup (G, ·) of a Menger algebra (G, o) of rank n with
the diagonal unit e we can define a new (n− 1)-ary operation f putting

f(a1, . . . , an−1) = e[a1 · · · an−1e] (2.4.4)

for all a1, ..., an−1 ∈ G. The diagonal semigroup with such an operation f is
called the rigged diagonal semigroup of (G, o) and is denoted by (G, ·, f). It
is not difficult to see that in the case when (G, ·) is a group, the operation f
satisfies the condition

a[a1 · · · an] = a · f(a1 · a−1n , . . . , an−1 · a−1n ) · an, (2.4.5)

where a−1n is the inverse of an in the group (G, ·).

Theorem 2.4.9. A Menger algebra (G, o) of rank n is i-solvable for some
1 � i < n if and only if in its rigged diagonal group (G, ·, f) the equation

f(a1, . . . , ai−1, x, ai+1, . . . , an−1) = an

has a unique solution x ∈ G for all a1, . . . , an ∈ G.

Proof. If (G, ·, f) is the rigged diagonal group of a Menger algebra (G, o), then

b = x[a1 · · · an] = x · f(a1 · a−1n , . . . , an−1 · a−1n ) · an

has a unique solution x ∈ G, because (G, ·) is a group. Similarly, the solvability
of the equation

b = a0[a1 · · · ai−1 x ai+1 · · · an]
= a0 · f(a1 · a−1n , . . . , ai−1 · a−1n , x · a−1n , ai−1 · a−1n , . . . , an−1 · a−1n ) · an

is equivalent to the solvability of the equation

f(a1 · a−1n , . . . , ai−1 · a−1n , x · a−1n , ai−1 · a−1n , . . . , an−1) = a−10 · b · an.

But the last equation is uniquely solvable by assumption.
The converse statement is obvious.

Theorem 2.4.10. A Menger algebra (G, o) of rank n is n-solvable if and only
if in its rigged diagonal group (G, ·, f) for all a1, . . . , an−1 ∈ G there exists
exactly one element x ∈ G such that

f(a1 · x, . . . , an−1 · x) = an · x. (2.4.6)
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Proof. Let a Menger algebra (G, o) of rank n be n-solvable. Then, as it was
mentioned above, its diagonal semigroup is a group and

an · x = f(a1 · x, . . . , an−1 · x) = e[(a1 · x) · · · (an−1 · x) e],

where (G, ·, f) is the rigged diagonal group of (G, o). Hence, by Lemma 2.1.3,

an = e[(a1 · x) · · · (an−1 · x) e] · x−1 = e[a1 · · · an−1 x−1 ].

Therefore, there exists an element x ∈ G which is uniquely determined.
On the other hand, if (G, ·, f) is the rigged diagonal group of (G, o), then, by

(2.4.5), the equation b = x[a1 · · · an] has a unique solution x ∈ G. The equation
a0[a1 · · · an−1xn] = b is equivalent to

a0 · f(a1 · x−1n , . . . , an−1 · x−1n ) · xn = b

and, consequently, to

f(a1· · x−1n , . . . , an−1 · x−1n ) = a0 · b · x−1n ,

which is uniquely solvable by assumption. This proves the n-solvability
of (G, o).

Corollary 2.4.11. The group (G, ·) is the diagonal group of some n-solvable
Menger algebra of rank n if and only if we can define on G an (n − 1)-ary
operation f such that f(e, . . . , e) = e for the unit of (G, ·) and the equation
(2.4.6) has a unique solution x ∈ G for all a1, . . . , an ∈ G.

Proof. If (G, ·) is the diagonal group of an n-solvable Menger algebra of rank n,
then, according to the above theorem, the operation f from the corresponding
rigged diagonal group satisfies these conditions.
Conversely, let define on the group (G, ·) an (n−1)-ary operation f satisfying

all these conditions. Then G with an (n+1)-ary operation o : (x, y1, . . . , yn) �→
x[y1 · · · yn] such that

x[y1 · · · yn] = x · f(y1y−1n , . . . , yn−1y−1n ) · yn,

where yky
−1
n means yk · y−1n , is a Menger algebra of rank n because for all

x, y1, . . . , yn, z1, . . . , zn ∈ G we have

x[y1[z1 · · · zn] · · · yn[z1 · · · zn]]
= x[ y1f(z1z

−1
n , . . . , zn−1z−1n )zn · · · ynf(z1z−1n , . . . , zn−1z−1n )zn ]

= x · f
(
(y1f(z1z

−1
n , . . . , zn−1z−1n )zn) · (ynf(z1z−1n , . . . , zn−1z−1n )zn)

−1,

. . . , (yn−1f(z1z−1n , . . . , zn−1z−1n )zn) · (ynf(z1z−1n , . . . , zn−1z−1n )zn)
−1
)

· ynf(z1z−1n , . . . , zn−1z−1n )zn

= x · f(y1y−1n , . . . , yn−1y−1n ) · ynf(z1z−1n , . . . , zn−1z−1n )zn

= x[y1 · · · yn][z1 · · · zn].
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The diagonal group of (G, o) coincides with the group (G, ·). Indeed,

x[y · · · y] = x · f(yy−1, . . . , yy−1) · y = x · f(e, . . . , e) · y = x · e · y = x · y.

Moreover,
f(x1, . . . , xn−1) = e[x1 · · ·xn−1 e]

for all x1, . . . , xn−1 ∈ G. So, (G, ·, f) is a rigged diagonal group of (G, o), and,
by Theorem 2.4.10, (G, o) is an n-solvable Menger algebra of rank n.

2.5 Group-like Menger algebras

In this section, we describe Menger algebras, which are i-solvable for any
i = 1, . . . , n, i.e., Menger algebras in which the equations (2.4.1) and (2.4.2)
from the previous section have unique solutions for all i = 1, . . . , n. Such alge-
bras are called group-like and were introduced by H. L. Skala [197].
We start with the following example. Let R be the set of real numbers,

n — a fixed natural number. For every α ∈ R we define an n-place function fα
on R putting

fα(x1, . . . , xn) =
x1 + · · ·+ xn

n
+ α.

The set F = {fα |α ∈ R} with the Menger composition of n-place functions is a
group-like Menger algebra. Indeed, for all fα,fβ1 ,. . . ,fβn ∈ F and x1,. . . ,xn∈ R
we have

fα[fβ1 · · · fβn ](x1, . . . , xn) = fα(fβ1(x1, . . . , xn), . . . , fβn(x1, . . . , xn))

= fα

(
x1 + · · ·+ xn

n
+ β1, . . . ,

x1 + · · ·+ xn
n

+ βn

)

=

(
x1+···+xn

n + β1
)
+ · · ·+

(
x1+···+xn

n + βn
)

n
+ α

=
(x1 + · · ·+ xn) + (β1 + · · ·+ βn)

n
+ α

=
x1 + · · ·+ xn

n
+

(
β1 + · · ·+ βn

n
+ α

)
= fβ1+···+βn

n
+α

(x1, . . . , xn).

Thus
fα[fβ1 · · · fβn ] = fβ1+···+βn

n
+α

, (2.5.1)
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which means that the set F is closed with respect to the Menger composition
of n-place functions. So, (F,O) is a Menger algebra of rank n.
To prove that it is group-like consider the equation fx[fα1 · · · fαn ] = fβ , where

fα1 , . . . , fαn , fβ are arbitrary functions from F and fx is the unknown function.
According to (2.5.1), this equation is equivalent to

fα1+···+αn
n

+x = fβ .

Hence
α1 + · · ·+ αn

n
+ x = β

and
x = β − α1 + · · ·+ αn

n
,

which proves that in F there exists only one function satisfying the above
equation. Similarly we can verify that in F there is only one function fx satis-
fying the equation

fα0 [fα1 · · · fαi−1fxfαi+1 · · · fαn ] = fβ .

Thus (F,O) is a group-like Menger algebra.
Since all functions from F are reversive, this example assures also the exis-

tence of group-like Menger algebras of reversive n-place functions.
It is not difficult to see that the algebra (F,O) is isomorphic to the Menger

algebra (R, o), where

o(x, y1, . . . , yn) = x[y1 · · · yn] = x+
y1 + · · ·+ yn

n
.

The basic properties of group-like Menger algebras are a consequence of the
corresponding properties of i-solvable Menger algebras. For example, as a con-
sequence of the results from the previous section we obtain

Proposition 2.5.1. The diagonal semigroup of a group-like Menger algebra is
a group.

Corollary 2.5.2. A group (G, ·) is a diagonal group of some group-like Menger
algebra (G, o) of rank n if and only if on G there exists an n-ary quasigroup
operation satisfying the conditions (a) and (b) of the Proposition 2.1.4.

The following theorem, which is a generalization of the result of H. Skala [197],
is a consequence of our Theorem 2.4.5.

Theorem 2.5.3. A Menger algebra (G, o) of rank n is group-like if and only if
there exists an element b ∈ G such that the equations (2.4.1) and (2.4.2) have
unique solutions for all a0, . . . , an ∈ G and i = 1, . . . , n.
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Generally the uniqueness of the solutions of equations (2.4.1) and (2.4.2)
cannot be dropped, but in the case of finite Menger algebras we can prove the
following theorem (compare with Theorem 2.4.6).

Theorem 2.5.4. A finite Menger algebra (G, o) of rank n is group-like if and
only if it has a left diagonal unit e and for all a1, . . . , an ∈ G and i = 1, . . . , n
there exist x, yi ∈ G such that

x[a1 · · · an] = a0[a1 · · · ai−1y ai+1 · · · an] = e.

Similarly, as a consequence of our Theorem 2.4.8, we obtain the following
result first proved in [238].

Theorem 2.5.5. A Menger algebra (G, o) of rank n is group-like if and only
if it is v-regular, has only one idempotent e ∈ G and the equation

e[a1 · · · ai−1 xi ai+1 · · · an] = e

is uniquely solvable for all a1, . . . , an ∈ G and i = 1, . . . , n.

Theorem 2.5.6. A Menger algebra (G, o) of rank n is group-like if and only if
its diagonal semigroup (G, ·) is a group with unit e, the operation f(a1, . . . , an−1)
= e[a1 · · · an−1e] is a quasigroup operation and for all a1, . . . , an ∈ G there exists
exactly one x ∈ G satisfying the equation

f(a1 · x, . . . , an−1 · x) = an · x. (2.5.2)

Proof. Let (G, o) be a group-like Menger algebra of rank n. Then its diagonal
semigroup is a group and the equation

b = f(a1, . . . , ai−1, xi, ai+1, . . . , an−1) = e[a1 · · · ai−1xiai+1, . . . , an−1e]

is uniquely solvable for all b, a1, . . . , an−1 ∈ G and i = 1, . . . , n − 1. So (G, f)
is an (n− 1)-ary quasigroup. By Theorem 2.4.10, there exists only one x ∈ G
satisfying (2.5.2).
The converse statement is a consequence of Theorems 2.4.9 and 2.4.10.

Corollary 2.5.7. The group (G, ·) is the diagonal group of some group-like
Menger algebra of rank n if and only if on G can be defined an (n − 1)-ary
quasigroup operation f such that f(e, . . . , e) = e for the unit of the group (G, ·)
and the equation (2.5.2) has a unique solution x ∈ G for all a1, . . . , an ∈ G.

Proof. The proof is analogous to the proof of the last corollary in the previous
section.



60 Chapter 2 Menger algebras of functions

Using condition (2.4.5), we can show that two group-like Menger algebras of
rank n are isomorphic only in the case when their rigged diagonal groups are
isomorphic.
That nonisomorphic group-like Menger algebras may have isomorphic diago-

nal groups can be seen in the following examples. On the set Z5 of integers
modulo 5 we define three operations

o1(x, y, z) = x− y + 2z (mod 5),

o2(x, y, z) = x− 2y + 3z (mod 5),

o3(x, y, z) = x− 3y + 4z (mod 5).

It is not difficult to verify that (Z5, o1), (Z5, o2) and (Z5, o3) are non-isomorphic
group-like Menger algebras with the same diagonal group.
Though groups of every finite order exist, this result is not true for group-

like Menger algebras. For example, there exists no 2-place group-like Menger
algebra of order 2p, where p is an odd prime. Before showing this, we prove
the following.

Theorem 2.5.8. A finite group (G, �) is the diagonal group of a group-like
Menger algebra of rank n > 1 if and only if there exists a reversive mapping
ϕ of Gn−1 onto G such that ϕ(e, . . . , e) = e, where e is the unit of (G, �), and
ϕ(a1 � b, . . . , an−1 � b) �= ϕ(a1, . . . , an−1) � b for b �= e.

Proof. We first prove that the diagonal group of any group-like Menger al-
gebra (G, o) satisfies the condition given in the theorem. It is clear that
ϕ(a1, . . . , an−1)=e[ea1 · · · an−1], where e is the unit of the diagonal group (G, ·),
is a reversive mapping and ϕ(e, . . . , e) = e. Moreover,

ϕ(a1 · b, . . . , an−1 · b) = e[e (a1 · b) . . . (an−1 · b)] = e[(e · b−1) a1 · · · an−1] · b.

Since e[(e · b−1) a1 · · · an−1] �= e[e a1 · · · an−1] for b �= e, it follows that
ϕ(a1 · b, . . . , an−1 · b) �= ϕ(a1, . . . , an−1) · b for b �= e.
Conversely, suppose that the finite group (G, �) satisfies the conditions of the

theorem. We consider the (n+ 1)-ary operation

o(a0, a1, . . . , an) = a0 � ϕ(a2 � a−11 , . . . , an � a−11 ) � a1.

It can be easily verified by direct calculation that (G, o) is a Menger algebra.
The equation

b = o(x0, a1, . . . , an) = x0 � ϕ(a2 � a−11 , . . . , an � a−11 ) � a1

has a unique solution x0 = b � a−11 �
(
ϕ(a2 � a−11 , . . . , an � a−11 )

)−1
. Because G

is finite, in order to prove there exist unique elements x1, . . . , xn ∈ G such that
o(a1, . . . , ai−1, xi, ai+1, . . . , an) = b it suffices to show that

ϕ(a2 � x−1, . . . , an � x−1) � x �= ϕ(a2 � y−1, . . . , an � y−1) � y
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and

ϕ(a2 � a−11 , . . . , x � a−11 , . . . , an � a−11 ) �= ϕ(a2 � a−11 , . . . , y � a−11 , . . . , an � a−11 )

for x �= y. Since ϕ is reversive, the second inequality is obvious. To verify the
first suppose

ϕ(a2 � x−1, . . . , an � x−1) � x = ϕ(a2 � y−1, . . . , an � y−1) � y.

This, for ci = ai � x−1, gives

ϕ(c2, . . . , cn) � x � y−1 = ϕ(c2 � x � y−1, . . . , cn � x � y−1),

which, by the last condition formulated in the theorem, implies x � y−1 = e,
that is x = y. Hence (G, o) is group-like. Moreover,

a · b = o(a, b, . . . , b) = a � ϕ(e, . . . , e) � b = a � b,

proves that (G, �) is the diagonal group of the above algebra (G, o).

Using this theorem, we can solve the problem of existence of finite group-
like Menger algebras of rank n. At first observe that for n = 2k + 1 the
mapping ϕ(a1, . . . , a2k) = a1 · a−12 · . . . · a2k−1 · a−12k satisfies the conditions of
Theorem 2.5.8. So, for odd n there exist group-like Menger algebras of rank
n of an arbitrary finite order. If n = 2k and the order of (G, ·) is odd, then
the mapping ϕ(a1, . . . , a2k−1) = a1 · a−12 · . . . · a2k−3 · a−12k−2 · a22k−1 satisfies the
conditions of Theorem 2.5.8. Hence, also in this case there exists a group-like
Menger algebra, but only of an arbitrary odd order.
If both n and the order of (G, ·) are even there need not necessarily exist

a group-like Menger algebra of rank n whose diagonal group is (G, ·). For
example, the cyclic group of even order and the dihedral groups of order twice
an odd integer cannot be the diagonal group of any group-like Menger algebra of
rank 2. Indeed, if (G, ·) is one of the above groups and a mapping ϕ satisfies the
conditions of the last theorem, then ϕ(a) �= ϕ(b) for a �= b and ϕ(ab) �= ϕ(a)b
for b �= e. Putting c = ab in the second condition, we obtain ϕ(c)c−1 �= ϕ(a)a−1

for a �= c. Hence the sets {ϕ(x)|x ∈ G} and {ϕ(x)x−1|x ∈ G} are both equal to
G itself. Hence if G={a1, . . . , a2k}, the product a1a2 · · · a2k = b equals the pro-
duct of ϕ(a1)a−11 , . . . , ϕ(a2k)a

−1
2k in some order. But since G = {ϕ(x)|x ∈ G}

= {x−1|x ∈ G}, therefore b must be equal to the product in some order of all
the elements of G taken twice. If G is the cyclic group of order 2k generated,
for example, by a1, the product of all the elements of G is equal to ak1, while
the product of all the elements of G taken twice is a2k1 = e �= a1. If (G, ·) is the
dihedral group of order 2k, where k is odd, then an element of this group can
be written in the form as1a

t
2, where a1 and a2 are generators of (G, ·) such that
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ak1 = a22 = e and 0 � s < k, 0 � t < 2. Since k is odd the product of all the
elements of G in any order is of the form ai1a2 for some integer i. The product
of all elements of G taken twice and in any order is of the form aj1 for some j.
Hence neither of the above groups can be the diagonal group of a group-like
Menger algebra.
Since the only groups of order 2p, where p is a prime, are the cyclic and

the dihedral group, it follows that there exist no group-like Menger algebras of
order 2p, where p is an odd prime.
However, group-like Menger algebras of rank 2 of every other order do exist.

First, let B be the Boolean group of order 2k and let a1, . . . , ak be its generators.
Consider the sequence x1, x2, . . . , x2k−1 of elements of B defined in the following
way: xi = ai for i = 1, . . . , k and xi = xi−kxi−k+1 for i > k. The elements
xi are all distinct and different from the identity. Moreover, for k > 1, the
mapping ϕ(e) = e, ϕ(xi) = xi+1, ϕ(x2k−1) = x1 satisfies the conditions of
Theorem 2.5.8. Thus for every k > 1, there exists a group-like Menger algebra
of rank 2 and order 2k.
Since the direct product of two group-like Menger algebras is also a group-like

Menger algebra of the same rank, the existence of group-like Menger algebras
of rank 2 and order 2k implies the existence of group-like Menger algebras of
rank 2 and order 2km, where m is odd and k > 1.
Finally, let (G, o) be a group-like Menger algebra of rank n and order m.

Let ϕ be the mapping from Theorem 2.5.8 associated with (G, o). The map-
ping ψ(a1, a2, . . . , an+1) = a1a

−1
2 ϕ(a3, . . . , an+1) also satisfies the condition of

Theorem 2.5.8, which means that there exists a group-like Menger algebra of
rank n + 2 and order m. From the above, it follows by induction that there
exists a group-like Menger algebra of rank n and every order 2km, where k > 1.
Summarizing these results we obtain the following.

Theorem 2.5.9. There exists a group-like Menger algebra of rank n of every
finite order if n is odd; if n is even there exist group-like Menger algebras of
any finite order except those of the form 2p, where p is an odd prime. There
are no group-like Menger algebras of rank 2 and finite order 2p.

The existence of group-like Menger algebras of order 2p and even rank n
greater than 2 is as yet undecided.

For group-like Menger algebras, the following implications are obvious:

u[w̄|ix] = u[w̄|iy] −→ x = y, (2.5.3)

x[z1 · · · zn] = y[z1 · · · zn] −→ x = y. (2.5.4)

This means that every elementary translation of a group-like Menger algebra
(G, o) is a permutation of the set G. At the beginning of this section we consi-
dered an example of a group-like Menger algebra, which elements were n-place
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reversive functions. It appears that every group-like Menger algebra of rank n
is isomorphic to some group-like Menger algebra of reversive n-place functions.
Indeed, if (G, o) is a group-like Menger algebra of rank n, then the mapping
P : g �→ λg, as it follows from the proof of Theorem 2.1.7, is an isomorphism2

of (G, o) onto a group-like Manger algebra (Λ, O), where Λ = {λg | g ∈ G}. The
fact that every λg is a reversive n-place function is a consequence of the above
implications.

Let (G, o) be a group-like Menger algebra of rank n. According to [227] the
subset H of G is called a T -subgroup of the diagonal group (G, ·), if

x, y ∈ H −→ t(x)−1 · t(y) ∈ H, (2.5.5)

and a LT -subgroup, if

x, y ∈ H −→ t(x[z̄])−1 · t(y[z̄]) ∈ H (2.5.6)

for all x, y ∈ G, z̄ ∈ Gn, t ∈ Tn(G), where x−1 is the inverse element of x in the
diagonal group. Putting t = �G and z̄ = (e, . . . , e) in (2.5.5) and (2.5.6), where
e is the unit of the diagonal group, we see that every T - and LT -subgroup of
(G, ·) is its usual subgroup. Moreover, every T -subgroup of the diagonal group of
(G, o) is a subalgebra of (G, o). And similarly for every LT -subgroup. Indeed,
let H be a T -subgroup of (G, ·) and a0, a1, . . . , an ∈ H. Choose the polynomial
t1(x) = a0[xa0 · · · a0] ∈ Tn(G). As a0, a1 ∈ H, then, according to (2.5.5), we get
a0[a0a0 · · · a0]−1 · a0[a1a0 · · · a0] ∈ H. Hence a0[a1a0 · · · a0] ∈ a0[a0 · · · a0] ·H =
a0a0H ⊂ H. Next we choose the polynomial t2(x) = a0[a1xa0 · · · a0] ∈ Tn(G)
and, as in the previous case, from a0, a2 ∈ H we conclude a0[a1a2a0 · · · a0] ∈ H.
Continuing with this procedure, after n steps we obtain a0[a1a2 · · · an] ∈ H,
which proves that H is a subalgebra of (G, o).

Theorem 2.5.10. For a group-like Menger algebra (G, o) of rank n the follow-
ing statements are equivalent:
(a) is an LT -subgroup of the diagonal group (G, ·),
(b) H is a subgroup of (G, ·) such that

x · y−1 ∈ H −→ t(x)−1 · t(y) ∈ H (2.5.7)

for all x, y ∈ G, t ∈ Tn(G),
(c) H is a subgroup of (G, ·) such that⋂

t∈Tn(G)

t−1(t(x) ·H) = Hx (2.5.8)

for all x ∈ G, where t−1 is an inverse translation of t ∈ Tn(G),

2 In the proof that P is one-to-one instead of selectors we must use the diagonal unit of (G, o).
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(d) H is a normal subgroup of (G, ·) such that⋂
t∈Tn(G)

t−1(t(x) ·H) = xH (2.5.9)

for every x ∈ G.

Proof. (a)−→ (b). Let H be a LT -subgroup of the diagonal group of (G, o). If
the assumption of (2.5.7) is satisfied, then, according to (2.5.6), from x·y−1 ∈ H
and e ∈ H we get t(x·y−1[z̄])−1 ·t(e[z̄]) ∈ H for all t ∈ Tn(G) and z̄ ∈ Gn. This
applied to z̄ = (y, . . . , y) gives t(x ·y−1 ·y)−1 · t(e ·y) ∈ H, i.e., t(x)−1 · t(y) ∈ H,
which proves (b).
(b)−→ (c). Now let (b) be satisfied and y ∈ t−1(t(x) ·H) for all t ∈ Tn(G).

Then t(y) ∈ t(x) · H for all t ∈ Tn(G). This gives, when t = �G, y ∈ xH,
i.e., x−1y ∈ H. Hence xy−1 ∈ H by (2.5.7). Thus, yx−1 = (xy−1)−1 ∈ H, i.e.,
y ∈ Hx. On the contrary, if y ∈ Hx, then also xy−1 ∈ H and, according to
(2.5.7), t(x)−1 · t(y) ∈ H for every t ∈ Tn(G). Since t is one-to-one, the last
relation means that y ∈ t−1(t(x) ·H) for all t ∈ Tn(G). So, the equality (2.5.8)
is satisfied.
(c)−→ (d). It is not difficult to see that (2.5.8) implies xH = Hx. So, H is

a normal subgroup of (G, ·) and (2.5.9) is true.
(d)−→ (a). If (d) holds and x, y ∈ H, then y ∈ Hx, which, by Lemma 2.1.3,

gives y[z̄] ∈ (Hx)[z̄] = H · x[z̄] = x[z̄] · H for arbitrary z̄ ∈ Gn. So, we have
y[z̄] ∈ t−1(t(x[z̄]) · H) according to (2.5.9). Thus t(y[z̄]) ∈ t(x[z̄]) · H for all
t ∈ Tn(G), z̄ ∈ Gn. Therefore t(x[z̄])−1 · t(y[z̄]) ∈ H, which means that H is
a LT -subgroup of (G, ·).

We consider now the construction of (v-, l-) congruences on group-like Menger
algebras. First note that if Θ is a (v-, l-) congruence on a group-like Menger
algebra (G, o) of rank n, then the Θ-class containing the unit of the diagonal
group, is its (T -subgroup, subgroup) LT -subgroup. Indeed, if x, y ∈ Θ〈e〉, where
e is the unit of the diagonal group (G, ·), then x ≡ y(Θ) and t(x[z̄]) ≡ t(y[z̄])(Θ)
for all t ∈ Tn(G), z̄ ∈ Gn. Hence

t(x[z̄])−1 · t(x[z̄]) ≡ t(x[z̄])−1 · t(y[z̄])(Θ),

i.e., t(x[z̄])−1 · t(y[z̄]) ∈ Θ〈e〉. So, Θ〈e〉 is a LT -subgroup of G(G, ·).
The other two statements can be proved analogously.

Theorem 2.5.11. Every a (v-, l-) congruence Θ on a group-like Menger alge-
bra of rank n is in one-to-one correspondence with an (T -subgroup, subgroup)
LT -subgroup H of its diagonal group, for which the equality (Θ = εv(H),
Θ = εl(H) ) Θ = εc(H) holds.
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Proof. First of all we show that for an arbitrary subgroup H of the diago-
nal group (G, ·) of a group-like Menger algebra (G, o) of rank n the following
conditions:

g1 ≡ g2(εc(H))←→ (∀t)(∀z̄)
(
t(g1[z̄])

−1 · t(g2[z̄]) ∈ H
)
, (2.5.10)

g1 ≡ g2(εv(H))←→ (∀t)
(
t(g1)

−1 · t(g2) ∈ H
)
, (2.5.11)

g1 ≡ g2(εl(H))←→ g1 · g−12 ∈ H, (2.5.12)

where t ∈ Tn(G), z̄ ∈ Gn, are satisfied. Indeed, since εc(H) is a congruence,
g1 ≡ g2(εc(H)) implies t(g1[z̄]) ≡ t(g2[z̄])(εc(H)) for all t ∈ Tn(G), z̄ ∈ Gn,
which by the v-regularity of εc(H) gives

t(g1[z̄])
−1 · t(g1[z̄]) ≡ t(g1[z̄])

−1 · t(g2[z̄])(εc(H)),

i.e., e ≡ t(g1[z̄])
−1 · t(g2[z̄])(εc(H)). The last congruence means that

p(e[x̄]) ∈ H ←→ p
(
t(g1[z̄])

−1 · t(g2[z̄])
)
∈ H

for any p ∈ Tn(G), x̄ ∈ Gn. Now, replacing p by �G and x̄ by (e, . . . , e), we get

t(g1[z̄])
−1 · t(g2[z̄]) ∈ H.

On the other hand, for a subgroup H the condition t(g1[z̄])
−1 · t(g2[z̄]) ∈ H is

equivalent to t(g1[z̄]) ·H = t(g2[z̄]) ·H, i.e., to

(∀g) (g ∈ t(g1[z̄]) ·H ←→ g ∈ t(g2[z̄]) ·H) .

Hence
(∀g)

(
t(g1[z̄])

−1 · g ∈ H ←→ t(g2[z̄])
−1 · g ∈ H

)
.

For g = e, the last condition can be written in the form

t(g1[z̄]) ∈ H ←→ t(g2[z̄]) ∈ H,

which is true for any t ∈ Tn(G) and z̄ ∈ Gn. Thus g1≡ g2(εc(H)). This com-
pletes the proof of (2.5.10). The conditions (2.5.11), (2.5.12) are obvious now.
The conditions proved show that if H is an (T -subgroup, subgroup) LT -sub-

group of the diagonal group, then H coincides with the (εv(H)-, εl(H)-)
εc(H)-class containing the unit e. Indeed, let H be an LT -subgroup. If x ∈ H,
then (2.5.6) implies t(e[z̄])−1 · t(x[z̄]) ∈ H for all t ∈ Tn(G), z̄ ∈ Gn. The last
relation means that e ≡ x(εc(H)), i.e., x ∈ εc(H)〈e〉. Hence H ⊂ εc(H)〈e〉.
Conversely, if x ∈ εc(H)〈e〉, then, by (2.5.10), we have t(e[z̄]) · t(x[z̄]) ∈ H for
all t ∈ Tn(G), z̄ ∈ Gn, which by taking t = �G and z̄ = (e, . . . , e) gives x ∈ H.
Thus εc(H)〈e〉 ⊂ H. So, H = εc(H)〈e〉, which was to be proved.
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Now let Θ be an arbitrary congruence on a group-like Menger algebra,
H — its equivalence class containing the unit e. Then, as it was mentioned
above, H is an LT -subgroup of the diagonal group. ThereforeH is a εc(H)-class
containing e. So, Θ〈e〉 = εc(H)〈e〉 = H and

g1 ≡ g2(Θ)←→ (∀t)(∀z̄) (t(g1[z̄]) ≡ t(g2[z̄])(Θ))

←→ (∀t)(∀z̄)
(
t(g1[z̄])

−1 · t(g2[z̄]) ∈ Θ〈e〉
)

←→ (∀t)(∀z̄)
(
t(g1[z̄])

−1 · t(g2[z̄]) ∈ H
)
←→ g1 ≡ g2(εc(H)),

i.e., Θ = εc(H).
In the case of v- and l-congruences the proof is similar.

As it is not difficult to see, for every subgroup H of the diagonal group of
a group-like Menger algebra (G, o) of rank n and every g ∈ G we have

εc(H)〈g〉 =
⋂

t∈Tn(G)

t−1(t(g) ·H). (2.5.13)

If H is an LT -subgroup of (G, ·), then, by (2.5.9) from Theorem 2.5.10, we get
εv(H)〈g〉 = gH. But εc(H) ⊂ εv(H), so

εc(H)〈g〉 ⊂ εv(H)〈g〉 = gH (= Hg).

Now let x ∈ gH (= Hg). Then x[z̄] ∈ H · g[z̄] (= g[z̄] · H) for any z̄ ∈ Gn.
This, according to (2.5.8), gives x[z̄] ∈ t−1(t(g[z̄]) · H) for every t ∈ Tn(G).
Hence, t(g[z̄])−1 · t(x[z̄]) ∈ H and g ≡ x(εc(H)), i.e., x ∈ εc(H)〈g〉. So,
εc(H)〈g〉 = gH (= Hg). Thus, each equivalence class of each congruence on
a group-like Menger algebra is an equivalence class of its diagonal group. In
particular, for each congruence Θ on a group-like Menger algebra (G, o) and
arbitrary g, g1, . . . , gn ∈ G we have

Θ〈g[g1 · · · gn]〉 = Θ〈g〉[Θ〈g1〉 · · ·Θ〈gn〉]. (2.5.14)

Indeed, Θ〈x〉 = xH for any x ∈ G, where H is the LT -subgroup, which corre-
sponds to Θ. Thus

g[g1 · · · gn] ⊂ g[g1H · · · gnH],

and
e · g[g1 · · · gn] ·H ⊂ H · g[g1H · · · gnH] = (Hg)[g1H · · · gnH].

So,
Θ〈g[g1 · · · gn]〉 ⊂ Θ〈g〉[Θ〈g1〉 · · ·Θ〈gn〉].

Since the converse inclusion is true for each congruence on an arbitrary Menger
algebra, condition (2.5.14) is proved.
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Theorem 2.5.12. For every LT -subgroup H of the diagonal group of a Menger
algebra (G, o) of rank n the following conditions are equivalent:
(a) a congruence εc(H) is v-cancellative,
(b) x · t1(y), x · t1(z), u · t2(z) ∈ H imply u · t2(y) ∈ H for any t1, t2 ∈ Tn(G),

x, y, z, u ∈ G,
(c) a[a1 · · · ai−1 (aiH) ai+1 · · · an] = a[a1 · · · an] · H for all i = 1, . . . , n and

a, a1, . . . , an ∈ G.

Proof. (a)−→ (b). It is clear that H = εc(H)〈e〉 for any LT -subgroup H.
If x · t1(y), x · t1(z), u · t2(z) ∈ H, then obviously x · t1(y) ≡ x · t1(z)(εc(H)) and
y ≡ z(εc(H)) by the v-cancellativity of the congruence εc(H). Thus u · t2(y) ≡
u · t2(z)(εc(H)). But u · t2(z) ∈ H, hence u · t2(y) ∈ H. This proves (b).
(b)−→ (c). Since all the εc(H)-classes have the form gH, then

a[a1 · · · ai−1 (aiH) ai+1 · · · an] ⊂ (aH)[a1H · · · anH] = a[a1 · · · an] ·H.

To prove the converse inclusion consider arbitrary y ∈ a[a1 · · · an] ·H, i.e., such
an y ∈ G for which a[a1 · · · an]−1 · y ∈ H. For this y there exists a z such that

a[a1 · · · ai−1 z ai+1 · · · an] = y.

Then, according to (b), from the conditions

a[a1 · · · an]−1 · a[a1 · · · ai−1 z ai+1 · · · an] ∈ H,

a[a1 · · · an]−1 · a[a1 · · · an] ∈ H,

a−1i · ai ∈ H

we conclude a−1i · z ∈ H, i.e., z ∈ aiH. Thus

y = a[a1 · · · ai−1 z ai+1 · · · an] ∈ a[a1 · · · ai−1 (aiH) ai+1 · · · an].

So, a[a1 · · · ai−1 (aiH) ai+1 · · · an] ⊃ a[a1 · · · an] ·H. This proves (c).
(c)−→ (a). Now let (c) be satisfied. If u[w̄|ig1] ≡ u[w̄|ig2](εc(H)), then

u[w̄|ig1] ∈ u[w̄|ig2] · H and u[w̄|ig1] ∈ u[w̄|ig2H] by (c). Thus, according to
(2.5.3), g1 ∈ g2H, i.e., g1 ≡ g2(εc(H)). This completes the proof.

Proposition 2.5.13. If H is a T -subgroup of the diagonal group of a group-
like Menger algebra (G, o) of rank n, then εv(H) is v-cancellative if and only
if

x · t1(y), x · t1(z), t2(z) ∈ H −→ t2(y) ∈ H (2.5.15)

for all t1, t2 ∈ Tn(g) and x, y, z ∈ G.

Proof. Indeed, if H is a T -subgroup, then (2.5.15) is a consequence of the
v-cancellativity and v-regularity of εv(H) and the fact that H = εv(H)〈e〉.
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Conversely, let (2.5.15) be satisfied and u[w̄|ix] ≡ u[w̄|iy](εv(H)) for some
i = 1, . . . , n. Suppose that u[w̄|ix], u[w̄|iy] ∈ εv(H)〈s〉 for some s ∈ G. Then,
according to (2.5.13), we have

t(s)−1 · t(u[w̄|ix]), t(s)−1 · t(u[w̄|iy]) ∈ H

for every t ∈ Tn(G). If t1(x) ∈ H for some t1 ∈ Tn(G), then from the above,
according to (2.5.15), we conclude t1(y) ∈ H. Similarly t1(y) ∈ H implies
t1(x) ∈ H. So, x ≡ y(εv(H)), which was to be proved.

It is not difficult to see that for every subgroup H of the diagonal group the
relation εl(H) is l-cancellative.

2.6 Antisymmetric Menger algebras

In order to continue the study of n-place transformations of ordered sets, initia-
ted in Section 1.4, we must introduce a number of new notions and definitions.
So, let (G, o) be a Menger algebra of rank n and Tn(G) be the set of polyno-
mials defined in Section 2.1. By t1 ◦ t2, where t1, t2 ∈ Tn(G), we will denote
the polynomial defined by the equality t1 ◦ t2(x) = t1(t2(x)). On (G, o), we
introduce two new binary relations < σ and <π putting for any g1, g2 ∈ G

g1 <σ g2 ←→ (∃t ∈ Tn(G)) t(g1) = g2

and

g1 <π g2 ←→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(∃m ∈ N)(∃xi ∈ G)(∃ti, t′i ∈ Tn(G))

g1 = t1(x1),

m−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1),

tm ◦ t′m(xm) = g2,

where i = 1, 2, . . . , n.3

Proposition 2.6.1. The relations <σ and <π are quasi-orders on (G, o).

Proof. Let t = x ∈ Tn(G), then the equality t(g) = g holds for every g ∈ G, i.e.,
g < σ g. Hence <σ is reflexive. If g1 < σ g2 and g2 <σ g3 for some g1, g2, g3 ∈ G,
then t1(g1) = g2 and t2(g2) = g3 for some polynomials t1, t2 ∈ Tn(G). Thus
t2(t1(g1)) = g3, i.e., t2◦t1(g1) = g3, which implies g1 <σ g3. So < σ is transitive.
Therefore < σ is a quasi-order.
Now we consider the relation <π. It is clear that for any g ∈ G the equalities

g = t1(x1) and g = tm ◦ t′m(xm) are satisfied for m = 1, t1 = t′1 = x ∈ Tn(G)

3 Let us notice that the expression
k∧

i=p

Ai denotes the empty symbol for p > k.
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and x1 = xm = g. Hence g < π g, i.e., <π is reflexive. Now let g1 <π g2
and g2 <π g3, where g1, g2, g3 ∈ G. Then there are m, l ∈ N, ti, t

′
i ∈ Tn(G),

xi ∈ G, i = 1, 2, . . . ,m+ 1 such that

g1 = t1(x1),
m−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1), tm ◦ t′m(xm) = g2 (2.6.1)

and

g2 = tm+1(xm+1),
m+l−1∧
i=m+1

ti ◦ t′i(xi) = ti+1(xi+1),

tm+l ◦ t′m+l(xm+l) = g3.

(2.6.2)

Since tm ◦ t′m(xm) = tm+1(xm+1), from (2.6.1) and (2.6.2) we obtain

g1 = t1(x1),
m+l−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1), tm+l ◦ t′m+l(xm+l) = g3,

which implies g1 < π g3. So <π is transitive, and, consequently, it is a quasi-
order.

Let (Φ, O) be a Menger algebra of n-place transformations of A, and let x
be a variable. Define the set of expressions Σn(Φ) in the following way:

(a) x ∈ Σn(Φ),

(b) f(ā|iσ(x)) ∈ Σn(Φ) for all i = 1, . . . , n, f ∈ Φ, σ(x) ∈ Σn(Φ), ā ∈ An.

It is clear that each expression σ(x) from Σn(Φ) induces on A a transforma-
tion σ : a �→ σ(a).

Definition 2.6.2. A Menger algebra (Φ, O) of n-place transformations of A
is called antisymmetric, if for all σ1(x), σ2(x) ∈ Σn(Φ) and a1, a2 ∈ A the
implication

σ1(a1) = a2 ∧ σ2(a2) = a1 −→ a1 = a2 (2.6.3)

is true.

Definition 2.6.3. A Menger algebra (Φ, O) of n-place transformations of A is
called well-antisymmetric, if

m−1∧
i=1

σi ◦ σ′i(ai) = σi+1(ai+1),

σm ◦ σ′m(am) = σ1(a1)

⎫⎪⎬⎪⎭ −→ σ1(a1) = σ2(a2) (2.6.4)

holds for all m ∈ N, σi(x), σ
′
i(x) ∈ Σn(Φ), ai ∈ A, i = 1, . . . ,m.
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It is not difficult to see that any well-antisymmetric Menger algebra is anti-
symmetric.
The theorem presented below is a generalization of Schein’s result obtained

in [183] for semigroups.

Theorem 2.6.4. For a Menger algebra (G, o) of rank n, the following condi-
tions are equivalent:
(1) (G, o) is isomorphic to a Menger algebra of extensive n-place transforma-

tions of some ordered set,
(2) (G, o) is isomorphic to an antisymmetric Menger algebra of n-place trans-

formations,
(3) (G, o) is ordered by the relation <σ,
(4) for all g ∈ G, t1, t2 ∈ Tn(G) t2 ◦ t1(g) = g implies t1(g) = g.

Proof. (1) −→ (2). Suppose that (G, o) is isomorphic to a Menger algebra
(Φ, O) of extensive n-place transformations of an ordered set (A,�). Now
let σ1(a1) = a2 and σ2(a2) = a1 for some a1, a2 ∈ A, σ1(x), σ2(x) ∈ Σn(Φ).
According to the extensivity of n-place transformations from Φ, it is evident
that a1 � σ1(a1) and a2 � σ2(a2). This gives a1 � a2 and a2 � a1, i.e., a1 = a2.
So (Φ, O) is an antisymmetric Menger algebra of n-place transformations.
(2) −→ (3). Since Proposition 2.6.1 shows that < σ is a quasi-order, we

must show that < σ is antisymmetric. For this, let g1 < σ g2 and g2 <σ g1,
where g1, g2 ∈ G. Then t1(g1) = g2 and t2(g2) = g1 for some polynomials
t1, t2 ∈ Tn(G). Let P be an isomorphism of (G, o) onto an antisymmetric
Menger algebra (Φ, O) of n-place transformations of A. Assume that P (g1)=f1,
P (g2) = f2. If to t1, t2 correspond polynomials p1, p2 ∈ Φ, then p1(f1) = f2
and p2(f2) = f1, i.e., p1(f1)(ā) = f2(ā) and p2(f2)(ā) = f1(ā) for any ā ∈ An.
Note that to every polynomial p from (Φ, O) corresponds a transformation
σ(x) ∈ Σn(Φ) such that σ(f(ā)) = p(f)(ā) for all f ∈ Φ and ā ∈ An. For
example, if

p(f) = h[g1 · · · gi−1g[h1 · · ·hk−1f hk+1 · · ·hn] gi+1 · · · gn],

then σ(x) = h(gn1 (ā) |ig(hn1 (ā) |kx)), where the symbol gn1 (ā) denotes the
sequence g1(ā), . . . , gn(ā). Thus, we have

p(f)(ā) = h(gn1 (ā) |ig(hn1 (ā) |kf(ā))) = σ(f(ā)).

So, let σ1(x), σ2(x) ∈ Σn(Φ) correspond to p1, p2. Then we have

σ1(f1(ā)) = f2(ā) and σ2(f2(ā)) = f1(ā).

But (Φ, O) is antisymmetric, so f1(ā) = f2(ā), i.e., f1 = f2. Therefore P (g1) =
P (g2), and, consequently g1 = g2. This proves that < σ is antisymmetric.
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(3) −→ (4). Let t2 ◦ t1(g) = g for some g ∈ G, t1, t2 ∈ Tn(G). If t1(g) = g1,
then t2(g1) = g, which gives g <σ g1 and g1 <σ g. Hence g1 = g, i.e., t1(g) = g.

(4) −→ (1). Let G ′ = G ∪ {e, c}, where e, c are two different elements not
belonging to G. On G ′ we define an (n+ 1)-ary operation o′ letting

o′(x, y1, . . . , yn) =

⎧⎪⎨⎪⎩
x[ȳ] if x, y1, . . . , yn ∈ G,

x if y1 = y2 = · · · = yn = e,

c in all other cases.

It is easy to see that (G ′, o′) is a Menger algebra of rank n. By Theorem 2.1.8,
the mapping P ′0 : x �→ λ′x, where x ∈ G ′, is an isomorphism of (G ′, o′) onto
(Λ′, O), where Λ′ = {λ′x |x ∈ G ′}, i.e., an isomorphism onto a Menger algebra
of n-place transformations of the set G ′.
Consider on (G, o) the quasi-order <σ. We must prove that it is anti-

symmetric. Indeed, if g1 <σ g2 and g2 <σ g1, where g1, g2 ∈ G, then t1(g1) = g2
and t2(g2) = g1 for some t1, t2 ∈ Tn(G). Thus t1 ◦ t1(g1) = g1, which together
with (4) implies t1(g1) = g1, i.e., g1 = g2. So < σ is an order on G. We extend
this order to G ′ putting e < x and x < c for every x ∈ G ′, and g1 < g2
for all g1, g2 ∈ G such that g1 <σ g2. Any n-place transformation λ′g of G ′

is extensive with respect to this new order. Indeed, if x1, . . . , xn ∈ G, then
g[x1 · · ·xn] = g[x1 · · ·xn] implies xi <σ g[x1 · · ·xn], i.e., xi < λ′g(x1, . . . , xn)
for every i = 1, . . . , n. If x1 = · · · = xn = e, then e < g = λ′g(e, . . . , e).
In all other cases we have c = λ′g(x1, . . . , xn), i.e., xi < c = λ′g(x1, . . . , xn),
where i = 1, . . . , n. This means that (Λ′, O) is a Menger algebra of extensive
transformations of the ordered set (G ′, <).
This completes the proof of Theorem 2.6.4.

Theorem 2.6.5. For a Menger algebra (G, o) of rank n the following conditions
are equivalent:
(1) (G, o) is isomorphic to a Menger algebra of semiclosure operations on some

ordered set,
(2) (G, o) is isomorphic to a well-antisymmetric Menger algebra of n-place

transformations of some ordered set.

Proof. Let a Menger algebra (G, o) be isomorphic to a Menger algebra (Φ, O)
of n-place semiclosure operations on (A,�). Suppose that all assumptions of
condition (2.6.4) are satisfied. Since ai � σ′i(ai), from the isotonicity we obtain
σi(ai) � σ ◦ σ′i(ai) for every σi(x) ∈ Σn(Φ). Therefore

σ1(a1) � σ1 ◦ σ′1(a1) = σ2(a2) � · · · � σm ◦ σ′m(am) = σ1(a1).

Hence σ1(a1) = σ2(a2). So (1) implies (2).
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To prove the converse, let (G, o) be isomorphic to a well-antisymmetric
Menger algebra (Φ, O) of n-place transformations of A. Define on A the binary
relation <Φ putting

a1 <Φ a2 ←→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(∃σi(x), σ′i(x) ∈ Σn(Φ))(∃ bj ∈ A)(∃m ∈ N)

a1 = σ1(b1),

m−1∧
i=1

σi ◦ σ′i(bi) = σ′i+1(bi+1),

σm ◦ σ′m(bm) = a2.

(2.6.5)

It is not difficult to see that <Φ is a quasi-order. In fact, <Φ is an order
because (Φ, O) is well-antisymmetric. Let us show that every element f ∈ Φ is
an n-place semiclosure of (A,<Φ). Indeed, let f ∈ Φ and ā ∈ An. Denote by
σ1(x) the identity transformation from Σn(Φ) and by σ2(x) the transformation
f(ā |ix), where 1 � i � n. Then ai = σ1(ai) and σ2 ◦ σ1(ai) = f(ā). So ai <Φ
f(ā), which means that f is extensive. Now let a1 <Φ a2, where a1, a2 ∈ A.
Putting σ(x) = f(ū |ix), where ū ∈ An, and using (2.6.5) we get

f(ū |ia1) = σ ◦ σ1(b1), σ ◦ σm(bm) = f(ū |ia2),
m−1∧
i=1

σ ◦ σi ◦ σ′i(bi) = σ ◦ σi+1(bi+1).

Hence f(ū |ia1) <Φ f(ū |ia2). i.e., f is isotone. So f is a semiclosure operation.
This completes the proof.

Definition 2.6.6. A Menger algebra (G, o) of rank n is called reductive, if(
(∀x̄)g1[x̄] = g2[x̄]

)
−→ g1 = g2

where x̄ ∈ Gn.

Theorem 2.6.7. For a reductive Menger algebra (G, o) of rank n the following
conditions are equivalent:
(1) (G, o) is isomorphic to a Menger algebra of semiclosure operations on some

ordered set,
(2) (G, o) is isomorphic to a well-antisymmetric Menger algebra of n-place

transformations,
(3) (G, o) is ordered by the relation < π,
(4) for all ti, t′i ∈ Tn(G), xi ∈ G, m ∈ N, i = 1, . . . , n

t1(x1) = tm ◦ t′m(xm),

m−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1)

⎫⎪⎬⎪⎭ −→ t1(x1) = t2(x2).
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Proof. It is evident that the conditions (1) and (2) are equivalent. We prove
that (2) implies (3). So let (2) be satisfied. By Proposition 2.6.1, the relation
<π is a quasi-order. In fact, it is an order. Indeed, if g1 <π g2 and g2 <π

g1 for some g1, g2 ∈ G, then there exist m, l ∈ N, ti, t′i ∈ Tn(G), xi ∈ G,
i = 1, 2, . . . ,m+ 1 such that

g1 = t1(x1),
m−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1), tm ◦ t′m(xm) = g2

and

g2 = tm+1(xm+1),
m+l−1∧
i=m+1

ti ◦ t′i(xi) = ti+1(xi+1), tm+l ◦ t′m+l(xm+l) = g1.

From the above, we get

m+l−1∧
i=m+1

ti ◦ t′i(xi) = ti+1(xi+1), tm+l ◦ t′m+l(xm+l) = t1(x1). (2.6.6)

Let P be an isomorphism of (G, o) onto a well-asymmetric Menger algebra
(Φ, O) of n-place transformations of A. If the polynomials pi, p′i ∈ Tn(Φ) cor-
respond to ti, t′i ∈ Tn(G) and P (xi) = fi for all i = 1, . . . ,m+ l− 1, then from
(2.6.6) we obtain

m+l−1∧
i=m+1

pi ◦ p′i(fi) = pi+1(fi+1), pm+l ◦ p′m+l(fm+l) = p1(f1),

which for ā ∈ An gives

m+l−1∧
i=m+1

pi ◦ p′i(fi)(ā) = pi+1(fi+1)(ā), pm+l ◦ p′m+l(fm+l)(ā) = p1(f1)(ā).

Thus
m+l−1∧
i=1

σi ◦ σ′i(f(ā)) = σi+1(fi+1(ā)), σm+l ◦ σ′m+l(fm+l(ā)) = σ1(f1(ā))

because pi(fi)(ā) = σi(fi(ā)) and pi ◦ p′i(fi)(ā) = σi ◦ σ′i(fi(ā)) for some
σi(x), σ

′
i(x) ∈ Σn(Φ), 1 � i � m + l − 1. Since for an antisymmetric Menger

algebra (Φ, O) the above conditions imply σi(f1(ā)) = σ2(f2(ā)), from the
above we get

m+l−1∧
i=2

σi ◦ σ′i(f(ā)) = σi+1(fi+1(ā)), σm+l ◦ σ′m+l(fm+l(ā)) = σ2(f2(ā)),
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which proves σ2(f2(ā)) = σ3(f3(ā)) etc. Consequently we obtain the sequence
of equalities

σ1(f1(ā)) = σ2(f2(ā)) = · · · = σm+1(fm+1(ā)).

So σ1(f1(ā)) = σm+1(fm+1(ā)), i.e., p1(f1(ā)) = pm+1(fm+1(ā)) for every ā ∈
An. This means that p1(f1) = pm+1(fm+1). Hence t1(x1) = tm+1(xm+1), i.e.,
g1 = g2. Thus < π is an order on (G, o). Therefore (2) implies (3).
Assume now that (3) holds. If for some t1, t′i ∈ Tn(G), xi ∈ G, m ∈ N

m−1∧
i=1

ti ◦ t′i(xi) = ti+1(xi+1), tm ◦ t′m(xm) = t1(x1),

then t1(x1) <π t2(x2) and t2(x2) <π t1(x1). This, by (3), gives t1(x1) = t2(x2).
So (3) implies (4).
To prove the last implication observe that for a reductive Menger algebra

(G, o) the mapping P0 : g �→ λg, where λg(x1, . . . , xn) = g[x1 · · ·xn] for
all x1, . . . , xn ∈ G, is an isomorphism onto a Menger algebra (Λ, O) with
Λ = {λg | g ∈ G}. It is not difficult to see that (Λ, O) is, by (4), well-anti-
symmetric. Therefore, by Theorem 2.6.5, condition (1) is satisfied. Thus (4)
implies (1).

The next theorem gives a characterization of Menger algebras of n-place
closure operations on an ordered set.

Theorem 2.6.8. A Menger algebra (G, o) of rank n is isomorphic to some
algebra of n-place closure operations on an ordered set (G,�) if and only if its
diagonal semigroup is a semilattice and

x[y1 · · · yn] = xy1 · · · yn (2.6.7)

for any x, y1, . . . , yn ∈ G.

Proof. Necessity. Let (Φ, O) be a Menger algebra of n-place closure operations
on the ordered set (G,�) and let (Φ, ·) be its diagonal semigroup. This semi-
group is idempotent because all elements of Φ — as n-place closure operations
— satisfy the identity f [fn] = f . Moreover, for every f, g ∈ Φ, f [gn] and g[fn]
are also n-place closure operations. Hence, according to Proposition 1.4.15, we
have

f [gn] = g[fn][gn] and g[fn] = f [gn][fn].

This, by Proposition 1.4.13, gives

f [gn] = g[fn][gn] ≺ g[fn][gn][fn] = g[fn][g[fn] · · · g[fn]] = g[fn],

g[fn] = f [gn][fn] ≺ f [gn][fn][gn] = f [gn][f [gn] · · · f [gn]] = f [gn].
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Hence f [gn] = g[fn]. Therefore (Φ, ·) is a commutative idempotent semigroup,
i.e., it is a semilattice.
To prove that (2.6.7) holds consider f, g1, . . . , gn ∈ Φ. Then g1 ≺ f [ḡ] and

fg1 = f [g1 · · · g1] ≺ f [f [ḡ] · · · f [ḡ]] = f [fn][ḡ] = f [ḡ].

Hence fg1 ≺ f [ḡ]. Next g2 ≺ f [ḡ] implies

fg1g2 = (fg1)[g2 · · · g2] ≺ (fg1)[f [ḡ] · · · f [ḡ]]

= f [g1[f
n][ḡ] · · · g1[fn][ḡ]] = f [f [ḡ] · · · f [ḡ]] = f [fn][ḡ] = f [ḡ].

Thus, fg1g2 ≺ f [ḡ], etc. After a finite number of steps we get fg1 · · · gn
≺ f [ḡ]. Then it is easy to see that f ≺ fg1 · · · gn. From the inequalities
aj � gi+1 · · · gn(ā), where i, j = 1, . . . , n, ā ∈ An, we get gi(ā) � gi · · · gn(ā).
But

g1 · · · gn(ā) � fg1 · · · gi−1(gi · · · gn(ā), . . . , gi · · · gn(ā)) = fg1 · · · gn(ā).

Hence gi(ā) � fg1 · · · gn(ā) for all ā ∈ An, i.e., gi ≺ fg1 · · · gn, i = 1, . . . , n. In
a similar way, from f ≺ fg1 · · · gn and gi ≺ fg1 · · · gn, i = 1, . . . , n, we conclude

f [g1 · · · gn] ≺ (fg1 · · · gn)[fg1 · · · gn · · · fg1 · · · gn] = fg1 · · · gn.

So, f [g1 · · · gn] ≺ fg1 · · · gn, which proves (2.6.7).
Sufficiency. Let all conditions of the theorem be satisfied. Consider on

a semilattice (G, ·) the order �, where

g1 � g2 ←→ g1g2 = g2

for all g1, g2 ∈ G. We will show that a Menger algebra (G, o) is isomorphic to
some Menger algebra of n-place closure operations on the ordered set (G,�).
First of all, note that (G, o) is reductive. Indeed, if g1[x1 · · · gn] = g2[x1 · · · gn]
holds for some g1, g2 ∈ G and all x1, . . . , xn ∈ G, then, according to (2.6.7), we
have g1x1 · · ·xn = g2x1 · · ·xn. Replacing all xi by g1 and then by g2, we get
g1 = g2g1 and g2 = g1g2, which, by the commutativity of (G, ·), gives g1 = g2.
Hence (G, o) is reductive.
Similarly as in the proof of Theorem 2.6.7, we can see that the mapping

P0 : g �→ λg, where λg(x1, . . . , xn) = g[x1 · · ·xn] for all x1, . . . , xn ∈ G, is an
isomorphism of a reductive Menger algebra (G, o) onto a Menger algebra of
n-place transformations (Λ, O), where Λ = {λg | g ∈ G}. Any λg is an n-place
closure operation on the ordered set (G,�). Indeed, if g, x1, . . . , xn ∈ G, then
xigx1 · · ·xn = gx1 · · ·xn holds for every i = 1, . . . , n. Thus xi · g[x1 · · ·xn] =
g[x1 · · ·xn] and, consequently, xi � g[x1 · · ·xn] = λg(x1, . . . , xn). So, λg is
extensive. Now

gx1 · · ·xn = g(gx1 · · ·xn) · · · (gx1 · · ·xn),
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which means

λg(x1, . . . , xn) = λg(λg(x1, . . . , xn), . . . , λg(x1, . . . , xn)).

Therefore λg(x1, . . . , xn) = λg[λg · · ·λg](x1, . . . , xn) for all x1, . . . , xn ∈ G.
Hence λg is idempotent.
Finally, if x � y, i.e., xy = y, where x, y ∈ G, then

(gu1 · · ·ui−1xui+1 · · ·un) · (gu1 · · ·ui−1yui+1 · · ·un) = gu1 · · ·ui−1yui+1 · · ·un.

Thus λg(ū |ix) � λg(ū |iy) for all ū ∈ Gn, and i = 1, . . . , n. So, λg is isotone.
So it is an n-place closure operation on (G,�).

For n = 1, Theorem 2.6.8 gives the characterization of a semigroup of closure
operations obtained by V. T. Kulik [83].

2.7 Representations of Menger algebras

Any homomorphism P of a Menger algebra (G, o) of rank n into a Menger
algebra (F(An, A), O) of n-place functions (respectively, into a Menger algebra
(R(An+1), O) of (n+ 1)-ary relations), where A is an arbitrary set, is called a
representation of (G, o) by n-place functions (respectively, by (n+ 1)-ary rela-
tions). In the case when P is an isomorphism, we say that this representation is
faithful. Two representations P1 and P2 are called similar, if there is a bijection
f of A1 onto A2 such that

(ā, b) ∈ P1(g)←→ (f(ā), f(b)) ∈ P2(g)

for any g ∈ G, ā ∈ An
1 , b ∈ A1, where f(ā) means (f(a1), . . . , f(an)).

With every element g of a Menger algebra (G, o) of rank n we associate
an n-place function Λ(g) = λ∗g ∩ (B × G), where λ∗g is an n-place function
on (G∗, o∗), such that λ∗g(x̄) = g[x̄] for all x̄ ∈ B = Gn ∪ {(e1, . . . , en)}, where
e1, . . . , en are selectors in (G∗, o∗). It is easy to see that the mapping g �−→ Λ(g)
is a faithful representation of (G, o) by n-place functions. Further on Λ will be
called the canonical representation of (G, o) by translations.
Let (Φ, O) be a Menger algebra of (n+ 1)-ary relations or n-place functions

defined on the set A. We shall say that the family H of subsets of A is admissible
for a Menger algebra (Φ, O) if it is admissible for all σ, ρ1, . . . , ρn from Φ.
A family of subsets of (G∗, o∗), which is admissible for (Λ(G), O) is called an
admissible family of subsets of a Menger algebra (G, o).
Let P be a representation of a Menger algebra (G, o) of rank n by (n+1)-ary

relations or by n-place functions defined on A, H — an admissible family of
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subsets for (P (G), O), then the representation
∧
PH of (G, o) is called H-derived

from P if
∧
PH (g) =

∧
P (g)H

for all g ∈ G.
Consider now the family of subsets HP = (H ā

b )
ā∈An

b∈A of (G∗, o∗) such that for
every i = 1, . . . , n and ā = (a1, . . . , an) ∈ An each H ā

ai contains a selector ei of
(G∗, o∗), where

H ā
b = {g ∈ G | (ā, b) ∈ P (g)}.

Lemma 2.7.1. If P is a representation of a Menger algebra (G, o) of rank n by
an (n+ 1)-ary relations or n-place functions, then the family HP is admissible
for (G, o).

Proof. At first we prove that for every g[h̄] ∈ H ā
c , where g ∈ G, h̄ ∈ Gn,

ā ∈ An and c ∈ A one can find b̄ ∈ An such that hi ∈ H ā
bi
, for 1 � i � n,

and g[H ā
b1
· · ·H ā

bn
] ⊂ H ā

c . Indeed, if g[h̄] ∈ H ā
c then (ā, c) ∈ P (g[h̄]) and,

consequently, (ā, c) ∈ P (g)[P (h1) · · ·P (hn)]. Thus there exists b̄ ∈ An

such that (ā, bi) ∈ P (hi), i = 1, . . . , n and (b̄, c) ∈ P (g). Hence hi ∈ H ā
bi
,

i = 1, . . . , n. If zi ∈ H ā
bi
, i = 1, . . . , n, then (ā, bi) ∈ P (zi), i = 1, . . . , n. But

(b̄, c) ∈ P (g) implies (ā, c) ∈ P (g)[P (z1) · · ·P (zn)], i.e., (ā, c) ∈ P (g[z̄]), which
gives g[z̄] ∈ H ā

c . So g[H ā
b1
· · ·H ā

bn
] ⊂ H ā

c because zi was arbitrary.
Now let Λ be the canonical representation of (G, o) by translations. We show

that HP is admissible for Λ(g),Λ(g1), . . . ,Λ(gn), where g, g1, . . . , gn ∈ G. Sup-
pose that for some ā ∈ An we have

Λ(g)[Λ(g1) · · ·Λ(gn)](H ā
b1 , . . . , H

ā
bn) ⊂ H ā

d .

Then Λ(g)[Λ(g1) · · ·Λ(gn)](h1, . . . , hn) ∈ H ā
d for all hi ∈ H ā

bi
, i = 1, . . . , n.

Hence
g[g1[h1 · · ·hn] · · · gn[h1 · · ·hn]] ∈ H ā

d ,

i.e., g[g1[h̄] · · · gn[h̄]] ∈ H ā
d . Therefore one can find c̄ ∈ An such that gi[h̄] ∈ H ā

ci
for every i and g[H ā

c1 · · ·H
ā
cn ] ⊂ H ā

d . Thus, Λ(g)(H ā
c1 · · ·H

ā
cn) ⊂ H ā

d . So, the
first condition of the admissibility is satisfied.
Now let H ā

b1
= H ā

b2
for every ā ∈ An, i.e., let for every ā ∈ An and every

g ∈ G∗, g ∈ H ā
b1
←→ g ∈ H ā

b2
be true. From this equivalence for g = e1 and

ā = (b1, . . . , bn), we obtain e1 ∈ H ā
b2
, which implies b1 = b2. Thus, the second

condition of the admissibility is also satisfied.

Theorem 2.7.2. Any representation P of a Menger algebra (G, o) of rank n
by (n + 1)-ary relations (or n-place functions) is similar to a representation
HP -derived from the canonical representation of (G, o) by translations.
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Proof. Let P be a representation of a Menger algebra (G, o) of rank n by
(n + 1)-ary operations or n-place functions defined on the set A. According
to Lemma 2.7.1 the family of subsets HP is admissible for (G, o), hence a rep-

resentation HP -derived from the canonical representation by translation
∧
ΛHP

is also a representation of (G, o). We show that
∧
ΛHP

and P are similar. Let
f : A→ HP be such that f(b) = (H ā

b )
ā∈An for every b ∈ A. Then

(f(b̄), f(c)) ∈
∧
ΛHP

(g)←→ ((H ā
b̄
)ā∈An

, (H ā
c )

ā∈An
) ∈

∧
Λ(g)HP

←→ (∀ā ∈ An) (Λ(g)(H ā
b1
, . . . , H ā

bn
) ⊂ H ā

c )←→ (b̄, c) ∈ P (g),

where f(b̄) = (f(b1), . . . , f(bn)), (H ā
b̄
)ā∈An

= ((H ā
b1
)ā∈An

, . . . , (H ā
bn
)ā∈An

) and
g ∈ G. We show that the last equivalence is true. Indeed, for all ā ∈ An we
have Λ(g)(H ā

b1
, . . . , H ā

bn
) ⊂ H ā

c , i.e.,

λ∗g( (H
ā
b1 × · · · ×H ā

bn) ∩B) ⊂ H ā
c ,

where B = Gn ∪ {ē}, ē = (e1, . . . , en). From this, replacing ā by b̄, we get
λ∗g( (H b̄

b1
× · · · × H b̄

bn
) ∩ B) ⊂ H b̄

c . But ei ∈ H b̄
bi
for all i = 1, . . . , n. Then

λ∗(e1, . . . , en) ∈ H b̄
c . So, g[ē] ∈ H b̄

c , i.e., g ∈ H b̄
c . Therefore (b̄, c) ∈ P (g).

On the other hand, if (b̄, c) ∈ P (g) and ḡ ∈ H ā
b1
× H ā

bn
∩ B, then

(ā, bi) ∈ P (gi), i = 1, . . . , n. Thus

(ā, c) ∈ P (g)[P (g1) · · ·P (gn)] = P (g[ḡ]),

i.e., g[ḡ] ∈ H ā
c , and consequently, Λ(g)(H ā

b1
, . . . , H ā

bn
) ⊂ H ā

c , which completes
the proof of this implication because ā and ḡ are arbitrary.
Since f(b1) = f(b2) implies H ā

b1
= H ā

b2
for every ā ∈ An, then b1 = b2, which

means that f : A→ HP is a bijection. So
∧
ΛHP

and P are similar.

Let (Pi)i∈I be a family of representations of a Menger algebra (G, o) of rank
n by n-place functions (by (n+1)-relations) on sets (Ai)i∈I respectively, where
the sets Ai are pairwise disjoint. The sum of (Pi)i∈I is a mapping P , which will
be denoted by

∑
i∈I Pi, from (G, o) into F(An, A) (respectively, into R(An+1)),

where A =
⋃

i∈I Ai, defined as P (g) =
⋃

i∈I Pi(g) for every g ∈ G. It is not
difficult to see that P is a representation of (G, o).

With every representation P of (G, o) by n-place functions ((n+1)-ary rela-
tions) we associate the following binary relations on G:



Section 2.7 Representations of Menger algebras 79

ζP = {(g1, g2) |P (g1) ⊂ P (g2)},

χP = {(g1, g2) | pr1P (g1) ⊂ pr1P (g2)},

πP = {(g1, g2) | pr1P (g1) = pr1P (g2)},

γP = {(g1, g2) | pr1P (g1) ∩ pr1P (g2) �= ∅},

κP = {(g1, g2) |P (g1) ∩ P (g2) �= ∅},

ξP = {(g1, g2) |P (g1) ◦ �pr1P (g2) = P (g2) ◦ �pr1P (g1)}.

It is easy to see that if P is the sum of the family of representations (Pi)i∈I
then σP =

⋂
i∈I σPi for σ ∈ {ζ, χ, π, ξ} and σP =

⋃
i∈I σPi for σ ∈ {κ, γ}.

Definition 2.7.3. A determining pair of a Menger algebra (G, o) of rank n is
any pair (ε,W ), where ε is a partial equivalence on (G∗, o∗), W is a subset of
G∗ and the following conditions hold:
(1) G ∪ {e1, . . . , en} ⊂ pr1ε, where e1, . . . , en are selectors of (G∗, o∗),
(2) ei �∈W for all i = 1, . . . , n,
(3) g[ε〈e1〉 · · · ε〈en〉] ⊂ ε〈g〉 for all g ∈ G,
(4) g[ε〈g1〉 · · · ε〈gn〉] ⊂ ε〈g[g1 · · · gn]〉 for all g, g1, . . . , gn ∈ G,
(5) if W �= ∅, then W is an ε-class and W ∩G is an l-ideal of (G, o).

An example of determining pairs are pairs (ε∗v(H),Wv(H)), where H is an
arbitrary subset of (G, o), ε∗v(H) = εv(H) ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en
are selectors of (G∗, o∗) 4.

With every determining pair (ε,W ) is associated the so-called simplest re-
presentation P(ε,W ) of (G, o). Let (Ha)a∈A be the family of all ε-classes distinct
from W which is indexed by elements from A. Now let ei ∈ Hbi for every
i = 1, . . . , n, A0 = {a ∈ A |Ha ∩ G �= ∅}, A = An

0 ∪ {(b1, . . . , bn)}, B = Gn ∪
{(e1, . . . , en)}. Every g ∈ G is associated with an n-place function P(ε,W )(g)
on A, which is defined by

(ā, b) ∈ P(ε,W )(g)←→ ā ∈ A ∧ g[Ha1 · · ·Han ] ⊂ Hb,

where ā ∈ An, b ∈ A.

Proposition 2.7.4. The map P(ε,W ) is a homomorphism of (G, o) into
(F(An, A), O).

Proof. Indeed, if a = P(ε,W )(g[ḡ])(ā) for some ā ∈ An, a ∈ A, ḡ ∈ Gn and
g ∈ G, then ā ∈ A and g[ḡ][Ha1 · · ·Han ] ⊂ Ha. Obviously for hi ∈ Hai , where
i = 1, . . . , n, we have g[g1[h̄] · · · gn[h̄]] = g[ḡ][h̄] ∈ Ha, which implies

g[g1[Ha1 · · ·Han ] · · · gn[Ha1 · · ·Han ]] ⊂ Ha.

4 For the definition of εv(H) and Wv(H) see Section 2.1.
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Assume that gi[Ha1 · · ·Han ] ⊂ Hci , i = 1, . . . , n. Then clearly c̄ ∈ A. Thus
g[Hc1 · · ·Hcn ] ⊂ Ha and gi[Ha1 · · ·Han ] ⊂ Hci for all i = 1, . . . , n, where
ā, c̄ ∈ A. Therefore (ā, ci) ∈ P(ε,W )(gi) and (c̄, a) ∈ P(ε,W )(g), i.e.,

a = P(ε,W )(g)[P(ε,W )(g1) · · ·P(ε,W )(gn)](ā).

So we have

P(ε,W )(g[g1 · · · gn]) ⊂ P(ε,W )(g)[P(ε,W )(g1) · · ·P(ε,W )(gn)].

The reverse inclusion can be proved analogously.

It is easy to show that a determining pair (ε,W ) defines the simplest represen-
tation of a Menger algebra (G, o) of rank n � 2 by reversive n-place functions
(i.e., by partial n-ary quasi-groups) if and only if the following condition is
satisfied:

g[w̄ |i x] ≡ g[w̄ |i y](ε) ∧ g[w̄ |i x] �∈W −→ x ≡ y(ε) (2.7.1)

where g, x, y ∈ G, w̄ ∈ Gn, i = 1, . . . , n. Of course, this condition is satisfied
by a determining pair (ε∗v(H),Wv(H)), where H is a strong subset of (G, o).

Moreover, for a determining pair (ε,W ) of (G, o) the following formulas are
true:

(g1, g2) ∈ ζ(ε,W ) ←→ (∀x̄)(g1[x̄] �∈W −→ g1[x̄] ≡ g2[x̄](ε)),

(g1, g2) ∈ χ(ε,W ) ←→ (∀x̄)(g1[x̄] �∈W −→ g2[x̄] �∈W ),

(g1, g2) ∈ π(ε,W ) ←→ (∀x̄)(g1[x̄] �∈W ←→ g2[x̄] �∈W ),

(g1, g2) ∈ ξ(ε,W ) ←→ (∀x̄)(g1[x̄], g2[x̄] �∈W −→ g1[x̄] ≡ g2[x̄](ε)),

(g1, g2) ∈ γ(ε,W ) ←→ (∃x̄)(g1[x̄] �∈W ∧ g2[x̄] �∈W ),

(g1, g2) ∈ κ(ε,W ) ←→ (∃x̄)(g1[x̄] �∈W ∧ g1[x̄] ≡ g2[x̄](ε)),

where x̄ ∈ B = Gn ∪ {ē}, σ(ε,W ) = σP(ε,W )
for σ ∈ {ζ, χ, π, ξ, γ, κ}.

Let P and Pi, i ∈ I, be representations of a Menger algebra (G, o) by
n-place functions. A representation P is called the union of the family (Pi)i∈I ,
if P (g) =

⋃
i∈I Pi(g) for all g ∈ G.

Theorem 2.7.5. Every representation of a Menger algebra of rank n by n-place
functions is the union of some family of its simplest representations.

Proof. Let P be a representation of a Menger algebra (G, o) of rank n by n-
place functions defined on the set A, c — some fixed element not belonging
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to A. With every g ∈ G we associate an n-ary operation P ∗(g) on the set
A∗ = A ∪ {c} such that

P ∗(g)(ā) =

{
P (g)(ā) if ā ∈ pr1P (g),

c if ā �∈ pr1P (g).

It is not difficult to see that P ∗ is a representation of (G, o) by n-ary ope-
rations on A∗ and ϕ : P (g) �−→ P ∗(g) is an isomorphism of (P (G), O) onto
(P ∗(G), O). (G∗, o∗) is generated by G ∪ {e1, . . . , en}. So putting P ∗(ei) = Ini
for i = 1, . . . , n, where Ini is an ith n-place projector on A∗, we extend P ∗

to (G∗, o∗).
With every ā ∈ An we associate an equivalence relation Θā on G∗ defined by

the formula
Θā = {(x, y) |P ∗(x)(ā) = P ∗(y)(ā)}.

It is easy to see that Θā is v-regular,
∗
H ā

b = {x ∈ G∗ | (ā, b) ∈ P ∗(x)} are

Θā-classes such that H ā
b =

∗
H ā

b ∩G for every b ∈ A. On G∗ we introduce also
a partial equivalence

ε∗ā = Θā ∩ Θā(G ∪ {e1, . . . , en})× Θā(G ∪ {e1, . . . , en}),

where e1, . . . , en are the selectors in (G∗, o∗). It is obvious that the restriction
of ε∗̄a to G coincides with

εā = {(g1, g2) |P (g1)〈ā〉 = P (g2)〈ā〉} ⊂ G×G

and the pair (ε∗̄a,W ∗̄
a ), where

W ∗
ā = Θā(Wā) and Wā = {g |P (g)〈ā〉 = ∅} ⊂ G,

is the determining pair.
Now we prove that a representation P is an union of the simplest represen-

tations induced by the family ((ε∗̄a,W ∗̄
a ))ā∈An of determining pairs, i.e., that

P (g) =
⋃

ā∈An

P(ε∗̄a,W ∗̄
a )
(g)

for every g ∈ G. For this let g ∈ G and (b̄, c) ∈ P (g), i.e., g ∈ H b̄
c . Then

g[e1 · · · en] = g and ei ∈
∗

H b̄
bi
for i = 1, . . . , n. Hence, by the v-regularity of Θb̄,

we have

g[
∗

H b̄
b1 · · ·

∗
H b̄

bn ] ⊂
∗
H b̄

c .
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Therefore (b̄, c) ∈ P(ε∗̄
b
,W ∗̄

b
)(g), i.e.,

P (g) ⊂
⋃

ā∈An

P(ε∗̄a,W ∗̄
a )
(g).

To prove the reverse inclusion, let (b̄, c) ∈ P(ε∗̄a,W ∗̄
a )
(g) for some ā ∈ An. Then

obviously g[
∗

H ā
b1
· · ·

∗
H ā

bn
] ⊂

∗
H ā

c , i.e., g[h1 · · ·hn] ∈ H ā
c and hi ∈ H ā

bi
for

i = 1, . . . , n. But (ā, c) ∈ P (g[h1 · · ·hn]) = P (g)[P (h1) · · ·P (hn)]. So, there
is d̄ ∈ An such that (d̄, c) ∈ P (g) and (ā, di) ∈ P (hi), i = 1, . . . , n. Since
(ā, bi) ∈ P (hi), i = 1, . . . , n and P (hi) is a function, we have di = bi,
i = 1, . . . , n, which gives b̄ = d̄ and (b̄, c) ∈ P (g). So,⋃

ā∈An

P(ε∗̄a,W ∗̄
a )
(g) ⊂ P (g).

This completes the proof that a representation P is the union of the family of
simplest representations.

2.8 Notes on Chapter 2

In literature, the diagonal unit is also called the special element (see [27,29]) or
the neutral element of (G, o) (see [197]) but it is not the neutral element in the

sense of n-ary structures, i.e., it does not satisfy the identity o(
(i−1)
e , x,

(n−i)
e ) = x.

Any i-solvable Menger algebra (G, o) of rank n which is associative in the
sense of E. L. Post [144] is an (n + 1)-ary group derived from its diagonal
group, i.e., it has the form o(x0, x1, . . . , xn) = x0 · x1 · . . . · xn, where (G, ·) is
the diagonal group of (G, o). In this case, the diagonal group coincides with
the group (G, ∗), where x ∗ y = o(x, e, . . . , e, y) and e is the diagonal unit of
(G, o) (see [27]). Group-like Menger algebras of order n > 2 are derived from
a cyclic group of order 2. No two-element group-like Menger algebras of order
2 exist (see [29]). Group-like Menger algebras with operations satisfying some
commutative law are described in [27–29].
Menger algebras are special case of the so-called Dicker algebras, i.e.,

(n+ 1)-ary groupoids satisfying the identity

o(xi1, o(y
n
0 ), x

n
i+1) = o(y0, o(x

i
1, y1, x

n
i+1), o(x

i
1, y2, x

n
i+1), . . . , o(x

i
1, yn, x

n
i+1)),

where i = 0, 1, . . . , n. Dicker algebras were introduced in [20]. Some results on
Dicker (n + 1)-ary quasigroups and loops one can find in [6, 7]. Properties of
i-solvable ith Dicker algebras are described in [30].
H. Länger in [95] and [99] considered abstract algebras with one n-ary ope-

ration satisfying some other associative laws.
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A Menger algebra is called s-v-simple if it posses no proper s-ideals and
v-ideals. Of course, every group-like Menger algebra is s-v-simple. A Menger
algebra is s-v-simple if and only if its diagonal semigroup is a group [261].
So, any i-solvable Menger algebra is s-v-simple too [27].
A Menger algebra is completely simple if it posses minimal s-ideals and

v-ideals but has no proper s-ideals which are v-ideals. Ja. N. Yaroker proved
in [261] that each such Menger algebra can be decomposed into a disjoint union
of completely simple Menger algebras with pairwise isomorphic diagonal groups.
Moreover, a mapping h : G1 −→ G2 of two s-v-simple Menger algebras is an
isomorphism if and only if it is an isomorphism of the corresponding rigged
diagonal groups.
The role of constant elements with some additional properties is described

in [87,91,98]. Menger algebras in which every subset is a subalgebra are studied
in [196]. The results obtained are very similar to the corresponding results for
semigroups.
Characterizations of various types of ideals of Menger algebras of multiplace

functions can be found in the series of papers written by L. M. Gluskin. For
example, in [51] all densely embedded ideals of Menger algebras of all full and
all partial n-place functions are described, and it is proved that automorphisms
of such Menger algebras are inner. Congruences of Menger algebras of linear
mappings are described in [11], finitely generated subalgebras of this algebra —
in [12]. Congruences of group-like Menger algebras are completely character-
ized by congruences of its diagonal group [227]. J. Henno [57] gives a natural
generalization of the Green relations in semigroups to the case of Menger alge-
bras and proves that their properties are the same as in the case of semigroups
(see also [41,67]). An abstract characterization of Menger algebras of relations
in terms of densely embedded ideals can be found in [262].
Strong connections between superassociativity of the composition of multi-

place functions and the associativity of the corresponding binary comitant were
firstly noted by P. Hall in his lectures 1947− 1949. But the first abstract char-
acterization of the associativity of (G, o) by the associativity of (Gn, ∗) was
given by R. Dicker [20]. In [167] binary comitants were used by B. M. Schein
to characterize the sets of binary relations. Description of some cases of binary
comitants (called also induced groupoids) can be found in [88].
The first abstract characterization of semigroups of extensive transformations

of an ordered set was given by B. M. Schein [183]. The first characterization of
ordered Menger algebras was done in [213]. Lattice ordered semigroups of func-
tions were described in [181]. An abstract characterization of the class of all se-
migroups of semiclosure operations on ordered sets was obtained by V. S. Trokhi-
menko [233]. He proved that those semigroups cannot be characterized by means
of finite system of elementary axioms. In [237] all these results are extended to
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Menger algebras of extensive n-place mappings and n-place semiclosure opera-
tions.
The method of representation of semigroups by binary relations was pro-

posed by B. M. Schein [162], who proved that every such representation can be
expressed in terms of the derivative of the canonical ω-fold representation for
some cardinal ω.
Schein’s method of construction of representations is based on Vagner’s con-

struction (for details see [246]) of some family of right regular equivalences
(such that one of its classes is a right ideal) with the property that one class
of this equivalence is a right ideal. Schein’s construction (see [161]) instead of
giving a family of right regular equivalences gives a family of the determining
pairs. Using this family he find abstract characterizations of binary semigroups
of various transformations of a given set (see for example [160, 161, 164, 171]).
In Section 2.7 we extend all these results to Menger algebras.
Menger algebras with selectors can be identified with some systems of all

multiplace endomorphisms of a universal algebra (see [64,74,147]). E. Redi [147]
proved that a Menger algebra is isomorphic to the system of all multiplace
endomorphisms of a universal algebra if and only if it has a full system of
selectors.
W. Nöbauer and W. Philipp consider [134] the set of all one-place mappings

of a fixed universal algebra into itself with a Menger composition and proved
that for n > 1 this algebra is simple in the sense that it possesses no congruences
other the equality and the universal relation [136].
Regular and idempotent elements in Menger algebras of terms are characte-

rized in [19].



Chapter 3

Ordered Menger algebras

3.1 Menger algebras of relations

Let (Φ, O) be a Menger algebra of (n + 1)-ary relations (in particular,
of n-place functions). Let ζΦ and χΦ denote the inclusion relation and the
relation of inclusion of domains (see Section 2.1) between the elements of Φ.
Algebraic systems of the form (Φ, O, ζΦ, χΦ), (Φ, O, ζΦ), (Φ, O, χΦ) will be
called: fundamentally ordered projection (f.o.p.) Menger algebras, fundamen-
tally ordered (f.o.) Menger algebras and projection quasi-ordered (p.q-o.) Menger
algebras of (n+ 1)-relations.
Let (G, o) be a Menger algebra of rank n, e1, e2, . . . , en— n distinct elements,

which do not belong to G. For these elements we let g[e1 · · · en] = g for every
g ∈ G.
For every a ∈ G we define the following three sets:

Ga = G× {a},
∼
Ga= Ga ∪ {e1a, . . . , ena}, Ba = Gn

a ∪ {ēa},

where ēa = (e1a, . . . , ena), eia = (ei, a), i = 1, . . . , n. It is easy to see that
∼

Ga1 ∩
∼

Ga2= ∅ for a1 �= a2.
The first characterization of f.o.p. Menger algebras of (n + 1)-relations is

given by

Theorem 3.1.1. An algebraic system (G, o, ζ, χ), where (G, o) is a Menger
algebra of rank n and ζ, χ are relations defined on G, is isomorphic to some
f.o.p. Menger algebra of (n+ 1)-relations if and only if ζ is a stable order and
χ is an l-regular and v-negative quasi-order containing ζ.

Proof. We prove only the sufficiency because the necessity of conditions given
in the theorem follows from general properties of relations described in § 1.1.
Let a ∈ G be fixed. For every g ∈ G we define an (n + 1)-relation Pa(g) ⊂

∼
Ga ×

∼
Ga letting

(x̄a, ya) ∈ Pa(g)←→ a � y � g[x̄] (3.1.1)

for all x̄a = (x1a, . . . , xna) ∈ Ba, ya ∈ Ga, where ya means (y, a) for every
y ∈ G. The condition a � y � g[x̄] is equivalent to the conjunction

a � y ∧ y � g[x̄],
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where x � y ←→ (x, y) ∈ χ, and x � y ←→ (x, y) ∈ ζ.
We will prove that Pa : g �−→ Pa(g) is the representation of (G, o) by (n+1)-

relations. Let (x̄a, za) ∈ Pa(g[g1 · · · gn]) for some g, g1, . . . , gn ∈ G. Then

a � z � g[g1 · · · gn][x̄] = g[g1[x̄] · · · gn[x̄]].

From this, by the v-negativity of χ, we obtain a � gi[x̄] � gi[x̄] for every
i = 1, . . . , n. Thus, (x̄a, gi[x̄]a) ∈ Pa(gi), i = 1, . . . , n, and, consequently,
(g1[x̄]a, . . . , gn[x̄]a, za) ∈ Pa(g), that is,

(x̄a, za) ∈ Pa(g)[Pa(g1) · · ·Pa(gn)].

Conversely, the last condition implies the existence of a ȳa = (y1a, . . . , yna)
in Gn

a such that (x̄a, yia) ∈ Pa(gi), i = 1, . . . , n, and (ȳa, za) ∈ Pa(g), i.e.,
a � yi � gi[x̄], i = 1, . . . , n and a � z � g[ȳ]. Applying the stability of ζ to
yi � gi[x̄], i = 1, . . . , n, we get

g[ȳ] � g[g1[x̄] · · · gn[x̄]] = g[g1 · · · gn][x̄].

This implies a � z � g[ȳ] � g[g1 · · · gn][x̄], hence (x̄a, za) ∈ Pa(g[g1 · · · gn]).
Therefore

Pa(g[g1 · · · gn]) = Pa(g)[Pa(g1) · · ·Pa(gn)],

i.e., Pa is the representation of (G, o).
Now let P be the sum of the family of representations (Pa)a∈G. We prove

that in this case ζ = ζP and χ = χP . Indeed, for any g1, g2 ∈ G the condition
P (g1) ⊂ P (g2) means that for all a ∈ G, x̄a ∈ Ba, ya ∈ Ga from a � y � g1[x̄]
follows a � y � g2[x̄], which for a = y = g1, x̄ = ē gives g1 � g2. Conversely,
if g1 � g2 and a � y � g1[x̄], then the stability of ζ implies a � y � g2[x̄].
So, ζ = ζP . The second equality can be proved similarly.
Finally, if P (g1) = P (g2), i.e., P (g1) ⊂ P (g2) and P (g2) ⊂ P (g1), then

g1 � g2 and g2 � g1. Therefore g1 = g2. So, P is an isomorphism of (G, o, ζ, χ)
onto a f.o.p. Menger algebra (Φ, O, ζΦ, χΦ) of (n + 1)-relations, where
Φ = {P (g) | g ∈ G}.

For χ = G×G Theorem 3.1.1 shows that each stable ordered Menger algebra
of rank n is isomorphic to some f.o. Menger algebra of (n+ 1)–relations. For
n = 1 it is the result obtained by K.A. Zaretsky [263] for ordered semigroups of
binary relations. Moreover, if in Theorem 3.1.1 instead of ζ we take the diagonal
of G, then we obtain that each p.q-o. Menger algebra of (n + 1)-relations is
a Menger algebra of rank n with the l-regular and v-negative quasi-order.

As in the case of semigroups [263], the further study of Menger algebras of
(n+ 1)-relations needs the study of some special types (for example, reflexive,
transitive and others). First, we consider the case of reflexive relations.
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Theorem 3.1.2. An algebraic system (G, o, ζ, χ), where (G, o) is a Menger
algebra of rank n � 2, while ζ, χ are binary relations on G, is isomorphic
to some f.o.p. Menger algebra of reflexive (n + 1)-relations if and only if the
conditions of Theorem 3.1.1 are satisfied and x � y[xn] for all x, y ∈ G.

Proof. The necessary part is obvious, since for any two reflexive (n + 1)-re-
lations ρ and σ we have ρ ⊂ σ[ρ · · · ρ]. We prove the sufficiency using the
notation of the previous theorem. Let a be an arbitrary element of G and let
Ha = {xa | a � x},

∼
Ha= Ha ∪ {e1a, . . . , ena}, H =

⋃
{

∼
Ha | a ∈ G}. For every

g ∈ G we define the (n+ 1)-relation P ∗a (g) on
∼
Ha by letting:

P ∗a (g) = Pa(g) ∪
{
n+1
e1a , . . . ,

n+1
ena

}
, (3.1.2)

where
n+1
eia denotes the (n + 1)–tuple (eia, . . . , eia), and Pa(g) is defined by

(3.1.1). Then Pa(g) ⊂ (
∼
Ha)

n+1. Indeed, if (x̄a, ya) belongs to Pa(g), then

a � y � g[x̄], which, by the v-negativity of χ, implies x̄a ∈ (
∼
Ha)

n and ya ∈
∼
Ha.

Hence (x̄a, ya) ∈ (
∼
Ha)

n+1. Let P ∗ be the sum of the representations of the
family (P ∗a )a∈G, then, for every g ∈ G, P ∗(g) is an (n + 1)–relation on H.
In the same way as in the proof of Theorem 3.1.1 we show that P ∗ is the
faithful representation of (G, o) such that ζ = ζP ∗ and χ = χP ∗ . To prove
that P ∗(g) is a reflexive (n+1)–relation, it is sufficient to observe that Pa(g) is
a reflexive relation on Ha. But this is obvious since x � y[xn] for all x, y ∈ G
and a � x � g[xn] imply (xa, . . . , xa) ∈ Pa(g) for all xa ∈ Ha.

From the above theorem for χ = G×G, we obtain that every stable ordered
Menger algebra of rank n � 2, which satisfies the condition x � y[xn], is iso-
morphic to some f.o. Menger algebra of reflexive (n + 1)–relations. Remark
that in Theorem 3.1.2 the assumption n � 2 is essential because for n = 1
(i.e., for semigroups) it is not difficult to see that χ = G×G must be assumed
as well. Moreover, as it follows from [263], besides x � y[xn] we should assume
one more inequality.

Let ρ be a binary relation on a Menger algebra (G, o) of rank n. We define
the relation ζ(ρ) ⊂ G × G putting (g1, g2) ∈ ζ(ρ) if and only if there exist
polynomials ti ∈ Tn(G), vectors z̄i ∈ B = Gn ∪ {ē} and pairs (xi, yi) ∈ ρ ∪
{(e1, e1), . . . , (en, en)}, where ē = (e1, . . . , en) are selectors from (G∗, o∗), such
that

g1 = t1(x1[z̄1]) ∧
m∧
i=1

(ti(yi[z̄i]) = ti+1(xi+1[z̄i+1])) ∧ tm+1(ym+1[z̄m+1]) = g2

for some natural number m. It is not difficult to verify that ζ(ρ) is the least
stable quasi-order on (G, o), which contains ρ.
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Theorem 3.1.3. Let (G, o) be a Menger algebra of rank n � 2, χ ⊂ G × G,
σ = {(x, g[x · · ·x]) |x, g ∈ G}. An algebraic system (G, o, χ) is isomorphic to
some p.q-o. Menger algebra of reflexive (n + 1)-relations if and only if ζ(σ)
is an antisymmetric relation, χ is an l-regular v-negative quasi-order and the
condition

t(x[y1 · · · yn]) � t(g[xn][y1 · · · yn]) (3.1.3)

is satisfied for all t ∈ Tn(G), x, g ∈ G, (y1, . . . , yn) ∈ B.

Proof. Let P be an isomorphism of (G, o, χ) onto some p.q-o. Menger algebra of
reflexive (n+1)–relations. Obviously ζP contains ζ(σ), hence ζ(σ)∩(ζ(σ))−1 ⊂
ζP ∩ ζ−1P ⊂ �G, which proves that ζ(σ) is antisymmetric. Because ζP is stable
and σ ⊂ ζ(σ) ⊂ ζP , then (u, v) ∈ σ implies (t(u[x̄]), t(v[x̄])) ∈ ζP for all
t ∈ Tn(G) and x̄ ∈ B. But ζP ⊂ χP = χ. Then t(u[x̄]) � t(v[x̄]), which gives
(3.1.3). The necessary part is proved.
To prove the sufficiency assume that (G, o, χ) satisfies all the conditions

given in the theorem. Consider (g1, g2) ∈ ζ(σ), then g1 = t1(x1[z̄1]),
g2 = tm(ym[xm · · ·xm][z̄m]) and ti(yi[xi · · ·xi][z̄i]) = ti+1(xi+1[z̄i+1]) for all
i = 1, . . . ,m − 1 and some m ∈ N, t ∈ Tn(G), xi, yi ∈ G, z̄i ∈ B. Hence,
according to (3.1.3), we have

g1 = t1(x1[z̄1]) � t1(y1[x1 · · ·x1][z̄1]) = t2(x2[z̄2]) � t2(y2[x2 · · ·x2][z̄2])

= · · · = tm(xm[z̄m]) � tm(ym[xm · · ·xm][z̄m]) = g2.

Thus g1 � g2, i.e., ζ(σ) ⊂ χ. So, (G, o, ζ(σ), χ) satisfies all the conditions of the
previous theorem. Hence (G, o, χ) is isomorphic to a p.q-o. Menger algebra of
reflexive (n+ 1)-relations.

Putting in the above theorem χ = G × G we see that a Menger algebra of
rank n � 1 is isomorphically represented by the reflexive (n + 1)–relations if
and only if the relation ζ(σ) is antisymmetric. It is not difficult to see that the
antisymmetry of ζ(σ) is equivalent to the system of conditions (Am)m∈N, where

Am : A′m −→ t1(y1[x1 · · ·x1][z̄1]) = t2(y2[x2 · · ·x2][z̄2]

and

A′m :

⎧⎨⎩
t1(y1[x1 · · ·x1][z̄1]) = tm+1(ym+1[xm+1 · · ·xm+1][z̄m+1])
m∧
i=1

ti(yi[xi · · ·xi][z̄i]) = ti+1(xi+1[z̄i+1])

for all ti ∈ Tn(G), z̄i ∈ B, xi ∈ G, yi ∈ G ∪ {ei}.
Now we consider Menger algebras of the transitive (n + 1)–relations. Let

(G, o, ζ, χ) be the system, where (G, o) is a Menger algebra of rank n and
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ζ, χ ⊂ G×G satisfy all the conditions of Theorem 3.1.1. Then (G, o, ζ, χ) can
be isomorphically represented by transitive (n+1)-relations if and only if for each
g ∈ G the inequality g[gn] � g is satisfied. Indeed, if P is the isomorphism of
(G, o, ζ, χ) onto some f.o.p. Menger algebra of (n+1)-relations, then, according
to Theorem 3.1.1, we have ζ = ζP . Thus, the condition g[gn] � g is equivalent
to P (g)[P (g) · · ·P (g)] ⊂ P (g), which means the transitivity of an (n+1)–rela-
tion P (g).
Analogously we can prove that each stable ordered Menger algebra of rank n,

which satisfies the inequality g[gn] � g, is isomorphic to some f.o. Menger
algebra of transitive (n+ 1)-relations.

For n = 1, i.e., for a semigroup of binary relations, this result was firstly
proved by K.A. Zaretsky [263].

Theorem 3.1.4. An algebraic system (G, o, χ), where (G, o) is a Menger al-
gebra of rank n and χ ⊂ G×G, is isomorphic to some p.q-o. Menger algebra
of transitive (n+ 1)-relations if and only if
(1) χ is an l-regular v-negative quasi-order,
(2) t(x[xn][ȳ]) � t(x[ȳ]) for all t ∈ Tn(G), x ∈ G, ȳ ∈ B,
(3) for every natural m the condition

Bm : Pm −→ t1(x1[ȳ1]) = t2(x2[ȳ2])

where

Pm :

⎧⎨⎩
m∧
i=1

ti(xi[ȳi]) = ti+1(xi+1[xi+1 · · ·xi+1][ȳi+1])

t1(x1[ȳ1]) = tm+1(xm+1[ȳm+1])

for all t ∈ Tn(G), x ∈ G ∪ {ei}, ȳ ∈ B, is satisfied.

Proof. Necessity. Let (Φ, O, χΦ) be some p.q-o. Menger algebra of transitive
(n+1)-relations. Then ρ[ρn] ⊂ ρ for every ρ ∈ Φ and, consequently, ρ[ρn][σ̄] ⊂
ρ[σ̄] for every σ̄ ∈ Φn. From the stability of ζΦ it follows that t(ρ[ρn][σ̄]) ⊂
t(ρ[σ̄]) for every t ∈ Tn(Φ). Hence pr1t(ρ[ρn][σ̄]) ⊂ pr1t(ρσ̄]), which proves the
necessity of (2).
Now let ti(ρi[σ̄i]) = ti+1(ρi+1[ρi+1 · · · ρi+1][σ̄i+1]) for i = 1, . . . ,m, and

t1(ρ1[σ̄1]) = tm+1(ρm+1[σ̄m+1]), where ρi ∈ Φ, σ̄i ∈ Φn, ti ∈ Tn(Φ). Because
ti(ρi[ρi · · · ρi][σ̄i]) ⊂ ti(ρi[σ̄i]), then

t1(ρ1[σ̄1]) = t2(ρ2[ρ2 · · · ρ2][σ̄2]) ⊂ t2(ρ2[σ̄2]) = t3(ρ3[ρ3 · · · ρ3][σ̄3]) ⊂ · · ·
· · · ⊂ tm+1(ρm+1[σ̄m+1]) = t1(ρ1[σ̄1]).

Thus t1(ρ1[σ̄1]) = t2(ρ2[σ̄2]), which proves the necessity of the condition (3).
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Sufficiency. Let the conditions (1), (2) and (3) be satisfied and let Pm de-
note the premise of condition Bm. It is not difficult to see that the system of
conditions (Bm)m∈N is equivalent to the system (B′m)m∈N, where

B′m : Pm −→ t1(x1[ȳ1]) = t2(x2[ȳ2]) = · · · = tm(xm[ȳm]),

and, consequently, to the system (Bk,s)k,s∈N, where k + s = m,

Bk,s : Pm −→ t1(x1[ȳ1]) = tk(xk[ȳk]).

For ρ = {(x[xn], x) |x ∈ G}, the antisymmetry of ζ(ρ) is equivalent to the sys-
tem (Bk,s)k,s∈N. Moreover, the assumption (2) guarantees ζ(ρ) ⊂ χ. Hence the
system (G, o, ζ(ρ), χ) satisfies all the conditions of Theorem 3.1.1 and, addition-
ally, the inequality g[gn] � g. Therefore, as it was mentioned above, it can be
isomorphically represented by transitive (n+1)–relations. In this representation
the relation χ corresponds to the inclusion of the first projections.

Putting in the last theorem χ = G × G we obtain the statement that says
that a Menger algebra of rank n is isomorphically represented by transitive
(n+ 1)-relations if and only if it satisfies the system of conditions (Bm)m∈N.

Based on the results obtained in this section, it is not difficult to give a
characterization of Menger algebras of n-quasi-orders. In particular, from The-
orem 3.1.2 and the inequality g[gn] � g, it follows that the system (G, o, ζ, χ),
where (G, o) is a Menger algebra of rank n � 2 and ζ, χ ⊂ G×G, is isomorphic
to some f.o.p Menger algebra of n-quasi-orders if and only if it satisfies all the
conditions formulated in Theorem 3.1.2 and the identity x[xn] = x holds. This
characterization also means that every stable ordered idempotent Menger alge-
bra of rank n � 2 satisfying the inequality x � y[xn] is isomorphic to some f.o.
Menger algebra of n-quasi-orders.
Moreover, using Theorem 3.1.3 it is not difficult to prove that (G, o, χ), where

(G, o) is a Menger algebra of rank n � 2 and χ ⊂ G×G, is isomorphic to some
p.q-o. Menger algebra of n-quasi-orders if and only if (G, o) is an idempotent
Menger algebra satisfying the system of conditions (Am)m∈N and χ has all the
properties mentioned in the Theorem 3.1.3. This, in the case χ = G×G, means
that every Menger algebra of rank n � 2 is isomorphic to some Menger algebra
of n-quasi-orders if and only if it is idempotent and satisfies all the conditions
(Am)m∈N.

3.2 F.o. and p.q-o. Menger algebras

Let (G, o) be a Menger algebra of rank n, ω — an order (quasi-order) defined
on G. We say that ω is a (strong) fundamental order (respectively: projection
quasi-order), if there exists a faithful representation of (G, o) by (reversive)
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n-place functions, under which ω = ζP (respectively: ω = χP ). In this case
we say also that (G, o, ω) is a (strongly) fundamentally ordered (respectively:
projection quasi-ordered) Menger algebra of rank n.
If on a Menger algebra (G, o) of rank n we defined a binary order ω1 and a bi-

nary quasi-order ω2 such that ω1 = ζP and ω2 = χP for some faithful represen-
tation of (G, o) by (reversive) n-place functions, then the system (G, o, ω1, ω2) is
called a (strongly) fundamentally ordered projection Menger algebra of rank n.
Of course, every f.o.p. Menger algebra is f.o. and p.q-o. Menger algebra. The
converse is not true in general. The system (G, o, ω1, ω2), where (G, o, ω1) is
a f.o. Menger algebra, (G, o, ω2)— a p.q-o. Menger algebra, may not be a f.o.p.
Menger algebra.
The abstract characterization of f.o.p. Menger algebras is given by the fol-

lowing theorem.

Theorem 3.2.1. An algebraic system (G, o, ζ, χ), where o is an (n+1)-operation
on G and ζ, χ ⊂ G × G, is a f.o.p. Menger algebra of rank n if and only if o
is a superassociative operation, ζ is a stable order, χ — an l-regular v-negative
quasi-order containing ζ, and for all i = 1, . . . , n, u, g, g1, g2 ∈ G, w̄ ∈ Gn the
following two implications hold:

g1 � g ∧ g2 � g ∧ g1 � g2 −→ g1 � g2, (3.2.1)

g1 � g2 ∧ g � g1 ∧ g � u[w̄|ig2] −→ g � u[w̄|ig1], (3.2.2)

where x � y ←→ (x, y) ∈ ζ, x � y ←→ (x, y) ∈ χ.

Proof. Let (Φ, O, ζΦ, χΦ) be a f.o.p. Menger algebra of n-place functions. If
ϕ1 ⊂ ψ, ϕ2 ⊂ ψ, pr1ϕ1 ⊂ pr1ϕ2 for some ϕ1, ϕ2, ψ ∈ Φ, then, from the first
two inclusions we get ϕ1 = ψ ◦ �pr1ϕ1 , ϕ2 = ψ ◦ �pr1ϕ2 , from the third —
ϕ1 ◦ �pr1ϕ2 = ϕ1. Thus

ϕ2 ◦�pr1ϕ1 = ψ ◦�pr1ϕ2 ◦�pr1ϕ1 = ψ ◦�pr1ϕ1 ◦�pr1ϕ2 = ϕ1 ◦�pr1ϕ2 = ϕ1.

So, ϕ1 ⊂ ϕ2, which proves (3.2.1).
Now, let

ϕ1 ⊂ ϕ2, pr1ψ ⊂ pr1ϕ1, pr1ψ ⊂ pr1f [χ̄|iϕ2],

where ϕ1, ϕ2, ψ, f ∈ Φ, χ̄ ∈ Φn. Since ϕ1 = ϕ2 ◦ �pr1ϕ1 , the last two implica-
tions give

pr1ψ = �pr1ϕ1(pr1ψ) ⊂ �pr1ϕ1(pr1f [χ̄|iϕ2]).

Therefore

pr1ψ ⊂ pr1(f [χ̄ |iϕ2] ◦ �pr1ϕ1) = pr1f [χ̄ |iϕ2 ◦ �pr1ϕ1 ] = pr1f [χ̄ |iϕ1].

This shows that (Φ, O, ζΦ, χΦ) satisfies the condition (3.2.2).
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On the other hand, if the system (G, o, ζ, χ) satisfies all the conditions given
in Theorem 3.2.1, then the implications

g1 � g2 ∧ g � t1(g1) ∧ g � t2(g2) −→ g � t2(g1), (3.2.3)

g1 � g2 ∧ g � t1(g1) ∧ g � t2(g2) −→ g � t2(g1) (3.2.4)

are true for all g1, g2, g ∈ G and t1, t2 ∈ Tn(G). If the premise of the implication
(3.2.3) is satisfied, then from g � t1(g1) we obtain g � g1 because the relation
χ is v-negative. Suppose that t1(g2) = t3(u[w̄|ig2]) for some t3 ∈ Tn(G), u ∈ G,
w̄ ∈ Gn, i ∈ {1, . . . , n}. Then g � t3(u[w̄|ig2]) and, consequently g � u[w̄|ig2],
since χ is v-negative. Thus g1 � g2, g � g1 and g � u[w̄|ig2], which, by
(3.2.2), gives g � u[w̄|ig1]. Applying the stability of ζ to g1 � g2 we get
u[w̄|ig1] � u[w̄|ig2]. Now suppose that t3(u[w̄|ig2]) = t4(x[z̄|ku[w̄|ig2]]) for
some t4 ∈ Tn(G), x ∈ G, z̄ ∈ Gn and k ∈ {1, . . . , n}. Similarly as in the
previous case g � t3(x[z̄|ku[w̄|ig2]]) implies g � x[z̄|ku[w̄|ig2]]. In this way, we
have

u[w̄|ig1] � u[w̄|ig2], g � u[w̄|ig1], g � x[z̄|ku[w̄|ig2]],

which, by (3.2.2), gives g � x[z̄|ku[w̄|ig1]]. Continuing this procedure, after
a finite number of steps, we obtain g � t3(g1). So condition (3.2.3) is proved.
Now let the premise of the condition (3.2.4) be satisfied. Since ζ ⊂ χ, from

g � t2(g2), by (3.2.3), we conclude g � t2(g1). Further, applying the stability
of ζ to g1 � g2 we obtain t2(g1) � t2(g2). Hence g � t2(g2), t2(g1) � t2(g2)
and g � t2(g1), which, according to (3.2.1), gives g � t2(g1). Condition (3.2.4)
is proved.
Let us consider the family of the determining pairs

( (ε∗g ,Wv(χ〈g〉)) )g∈G ,

where εg = εv(ζ〈g〉)∩ εv(χ〈g〉), ε∗g = εg ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en —
selectors in (G∗, o∗). Obviously ζ ⊂ χ. Hence Wv(χ〈g〉) ⊂ Wv(ζ〈g〉). So,
any nonempty Wv(χ〈g〉) is a εg-class. Therefore (ε∗g,Wv(χ〈g〉)) is the deter-
mining pair for every g ∈ G. Let P be the sum of the simplest representa-
tions of a Menger algebra (G, o), which corresponds to the determining pairs
((ε∗g,Wv(χ〈g〉)))g∈G. Of course, P is a representation of (G, o) by n-place func-
tions. We must check that ζ = ζP and χ = χP .
For this, let (g1, g2) ∈ ζP , i.e., (g1, g2) ∈ ζ(ε∗g,Wv(χ〈g〉) for each g ∈ G. Then

(∀g ∈ G)(∀x̄ ∈ B) (g1[x̄] �∈Wv(χ〈g〉) −→ g1[x̄] ≡ g2[x̄](εg)).

Putting x̄ = (e1, . . . , en) in this implication, we get

(∀g ∈ G) (g1 �∈Wv(χ〈g〉) −→ g1 ≡ g2(εg)).
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This shows that g1 ≡ g2(εg1) because g1 �∈Wv(χ〈g1〉). Thus, as a consequence,
g1 ≡ g2(εv(ζ〈g1〉)), which means that

(∀t ∈ Tn(G)) (g1 � t(g1)←→ g1 � t(g2)).

Since for t = �G the above equivalence gives g1 � g2, we proved ζP ⊂ ζ.
Conversely, let (g1, g2) ∈ ζ and g1[x̄] �∈ Wv(χ〈g〉) for some g ∈ G, where

x̄ ∈ B. The last inclusion means that there exists a polynomial t1 ∈ Tn(G)
such that g � t1(g1[x̄]). Since the stability of ζ and g1 � g2 imply g1[x̄] � g2[x̄],
we have: (a) g1[x̄] � g2[x̄], (b) g � t1(g1[x̄]). If g � t(g1[x̄]) for some t ∈ Tn(G),
then (a) implies t(g1[x̄]) � t(g2[x̄]), thus g � t(g2[x̄]). If for some t ∈ Tn(G)
we have g � t(g2[x̄]), then g � t(g1[x̄]), by (a), (b) and (3.2.4). Hence g1[x̄] ≡
g2[x̄](εv(ζ〈g〉)). Now let g � t(g1[x̄]) for some t ∈ Tn(G). As t(g1[x̄]) � t(g2[x̄])
and ζ ⊂ χ, then, obviously, g � t(g2[x̄]). In the case when g � t(g2[x̄]) for some
t ∈ Tn(G), according to (a), (b) and (3.2.3), we must have g � t(g1[x̄]). So, we
showed that g1[x̄] ≡ g2[x̄](εv(χ〈g〉)). Thus, g1[x̄] ≡ g2[x̄](εg). This means that
(g1, g2) ∈ ζP . So, ζ ⊂ ζP , and consequently ζ = ζP .
Further, let (g1, g2) ∈ χP . Then

(∀g ∈ G)(∀x̄ ∈ B) (g1[x̄] �∈Wv(χ〈g〉) −→ g2[x̄] �∈Wv(χ〈g〉),

which for x̄ = (e1, . . . , en) and g = g1 gives g2 �∈ Wv(χ〈g1〉). This means that
g1 � t(g2) for some t ∈ Tn(G). As χ is v-negative, then t(g2) � g2. Hence
g1 � g2. So, χP ⊂ χ. Conversely, if (g1, g2) ∈ χ, then, according to the
l-regularity of χ we have g1[x̄]�g2[x̄] for every vector x̄∈B. If g1[x̄] �∈Wv(χ〈g〉)
for some g ∈ G, i.e., g � t(g1[x̄]) for some g ∈ G and t ∈ Tn(G), then g � g1[x̄],
by the v-negativity of χ. Therefore g � g2[x̄], i.e., g2[x̄] �∈ Wv(χ〈g〉). So,
(g1, g2) ∈ χP , and consequently χ = χP .
Finally, let P (g1) = P (g2), i.e., P (g1) ⊂ P (g2) and P (g2) ⊂ P (g1). Since

ζ = ζP , from the above we obtain g1 � g2 and g2 � g1. So, g1 = g2, because ζ
is antisymmetric. This shows that P is a faithful representation of (G, o).

Corollary 3.2.2. An algebraic system (G, o, χ) is a p.q-o. Menger algebra
of rank n if and only if o is a superassociative (n + 1)-operation and χ is an
l-regular v-negative quasi-order on G.

For the proof it is enough to put in the last theorem ζ = �G.

Theorem 3.2.3. The necessary and sufficient condition for an algebraic sys-
tem (G, o, ζ) to be a f.o. Menger algebra is that o is a superassociative (n+1)-
operation and ζ is a stable weakly steady order on G.

Proof. If (G, o, ζ) is a f.o. Menger algebra of rank n, then the operation o
is superassociative and there is a faithful representation of (G, o) by n-place
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functions such that ζ = ζP . This shows that ζ is stable. Since (G, o, ζ, χP )
is a f.o.p. Menger algebra, it satisfies condition (3.2.4) too. Now let g1 � g2,
g � t1(g1) and g � t2(g2) for some g, g1, g2 ∈ G and t1, t2 ∈ Tn(G). But
ζ ⊂ χP . So, g � t1(g1) � g1, where � means χP . Thus from g1 � g2, g � g1,
g � t2(g2), according to (3.2.4), we conclude g � t2(g1), which proves that ζ is
weakly steady.
Conversely, let (G, o, ζ) be an algebraic system satisfying all the condi-

tions mentioned in the theorem. Consider the relation χ(ζ) = δ ◦ ζ, where
δ = {(g1, g2) | (∃t ∈ Tn(G)) g1 = t(g2)}. Since ζ, δ are reflexive and l-regular,
δ◦ζ is reflexive and l-regular too. To prove that the relation δ◦ζ is transitive, let
(g1, g2), (g2, g3) ∈ δ ◦ ζ, i.e., let g1 � t1(g2), g2 � t2(g3) for some t1, t2 ∈ Tn(G).
According to the stability of ζ, the last inequality implies t1(g2) � t1(t2(g3)).
Hence g1 � t1(t2(g3)) = (t1 ◦ t2)(g3). But t1 ◦ t2 ∈ Tn(G). So, (g1, g3) ∈ δ ◦ ζ,
which proves the transitivity of δ ◦ ζ. This, together with δ ⊂ χ(ζ), shows
that χ(ζ) is an l-regular v-negative quasi-order. Because ζ is weakly steady,
χ(ζ) satisfies the conditions (3.2.1) and (3.2.2). This means that (G, o, ζ, χ(ζ))
satisfies all the conditions of Theorem 3.2.1, hence (G, o, ζ) is a f.o. Menger
algebra.

Definition 3.2.4. The inverse Menger algebra (G, o) of rank n is called fun-
damental if there exists a faithful representation P of it by n-place functions
such that

g1 � g2 ←→ P (g1) ⊂ P (g2), (3.2.5)

g1 � g2 ←→ pr1P (g1) ⊂ pr1P (g2) (3.2.6)

for all g1, g2 ∈ G, where the relations � and � are defined by (2.3.7) and (2.3.8)
respectively.

Theorem 3.2.5. The inverse Menger algebra (G, o) of rank n with the diagonal
semigroup (G, ·) is fundamental if and only if it satisfies the conditions:

u[w̄|i(g · e)] � u[w̄|ig], (3.2.7)

u[w̄|ig] · e � u[w̄|i(g · e)], (3.2.8)

x[ȳ] � x[ȳ] · y−1i · yi (3.2.9)

for all i = 1, . . . , n, e, x, yi, u, g ∈ G, w̄ ∈ Gn, where e is idempotent and y−1

is the inverse element of y in (G, ·).

Proof. Let (G, o) be a fundamental inverse Menger algebra of rank n. By
Proposition 2.3.10, g ·e � g for every g ∈ G and every idempotent e ∈ G. Since
� is stable, it is also v-regular and i-regular for every i = 1, . . . , n. So, applying
the i-regularity to g · e � g we obtain u[w̄|i(g · e)] � u[w̄|ig] for all i = 1, . . . , n,
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u ∈ G, w̄ ∈ Gn. This proves (3.2.7). Further, according to Lemma 2.1.3,
we have

u[w̄|ig] · e = u[(w1 · e) · · · (g · e) · · · (wn · e)].
But, by Proposition 2.3.10, wi · e � wi, i = 1, . . . , n, and g · e � g · e for each
idempotent e ∈ G. This, together with the v-regularity of � implies

u[(w1 · e) · · · (g · e) · · · (wn · e)] � u[w1 · · · (g · e) · · ·wn] = u[w̄|i(g · e)].

Hence u[w̄|ig] · e � u[w̄|i(g · e)], which proves (3.2.8). To prove (3.2.9) observe
that � is a v-negative quasi-order. Therefore x[ȳ] � yi for all i = 1, . . . , n. This
implies x[ȳ] · y−1i · yi = x[ȳ] and, consequently, (3.2.9).
Conversely, let (G, o) be an inverse Menger algebra of rank n satisfying the

conditions (3.2.7)–(3.2.9). Suppose that x � y, i.e., x = y · x−1 · x. Then
u[w̄|ix] = u[w̄|i(y ·x−1 ·x)]. But x−1 ·x is an idempotent of (G, ·), so, according
to (3.2.7), u[w̄|ix] � [w̄|iy], which proves that � is i-regular for all i = 1, . . . , n,
hence it is v-regular (see § 2.1). By Proposition 2.3.10, it is also l-regular. Thus
� is stable on (G, o). Then, according to (3.2.8) and (3.2.9),

x[ȳ] � x[ȳ] · y−1i · yi � x[ȳ|i(yi · y−1i · yi)] = x[ȳ].

Therefore x[ȳ] · y−1i · yi = x[ȳ], i.e., x[ȳ] � yi for all i = 1, . . . , n. This means
that � is v-negative.
Now let x � z, y � z and x � y, i.e., x = z · x−1 · x, y = z · y−1 · y and

x−1 · x = x−1 · x · y−1 · y. From the second inequality we have

y · x−1 · x = z · y−1 · y · x−1 · x = z · x−1 · x · y−1 · y = z · x−1 · x = x.

So, x � y. This proves (3.2.1).
To prove (3.2.2), let x � y, z � x and z � u[w̄|iy]. The first two conditions

can be written in the form x = y · x−1 · x, z = z · x−1 · x. This, together with
the l-regularity of � and the third condition, gives

z · x−1 · x � u[w̄|iy] · x−1 · x.

Hence, by (3.2.8), we have

u[w̄|iy] · x−1 · x � u[w̄|i(y · x−1 · x)] = u[w̄|ix]

and u[w̄|iy] · x−1 · x � u[w̄|ix], by Proposition 2.3.11. Therefore

z = z · x−1 · x � u[w̄|iy] · x−1 · x � u[w̄|iy],

which proves (3.2.2).
So, all the conditions of Theorem 3.2.1 are fulfilled. This means that there

exists a faithful representation of an inverse Menger algebra (G, o) by n-place
functions satisfying the conditions (3.2.5) and (3.2.6). Thus (G, o) is funda-
mental.
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3.3 Algebras of reversive functions

In this section, we will consider strong (f.o.p., f.o., and p.q-o.) Menger algebras
of rank n > 1, i.e., such (f.o.p., f.o., and p.q-o.) Menger algebras that can be
isomorphically represented by reversive n-place functions.
Let (Φ, O) be some Menger algebra of reversive n-place functions and H —

a subset of the set Φ. By induction we can show that for ψ1, ψ2 ∈ Φ the
implication

(ψ1, ψ2) ∈ εm〈ζ−1Φ ◦ ζΦ , H〉 −→ ψ1 ◦ �pr1H = ψ2 ◦ �pr1H , (3.3.1)

where pr1H =
⋂
{pr1ϕ |ϕ ∈ H}, is valid.

Theorem 3.3.1. An algebraic system (G, o, ζ, χ), where (G, o) is a Menger
algebra of rank n � 2, ζ, χ ⊂ G × G, is a strong f.o.p. Menger algebra if
and only if ζ is an l-regular order, χ — an l-regular v-negative quasi-order
containing ζ, and the following conditions are satisfied:

(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ〈g1〉〉 −→ g1 � g2, (3.3.2)

(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ〈g〉〉 ∧ g � x[ȳ|ig2] −→ g � x[ȳ|ig1] (3.3.3)

for all m ∈ N, i = 1, . . . , n, g, g1, g2, x ∈ G, ȳ ∈ Gn.

Proof. Let (G, o, ζ, χ) be a strong f.o.p. Menger algebra n > 1 isomorphic to
some f.o.p. Menger algebra (Φ, O, ζΦ, χΦ) of reversive n-place functions. Let
P : G → Φ be the corresponding isomorphism. If for g1, g2 ∈ G we have
(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ〈g1〉〉, then (ψ1, ψ2) ∈ εm〈ζ−1Φ ◦ ζΦ, χΦ〈ψ1〉〉, where
P : g1 �→ ψ1, g2 �→ ψ2. Applying (3.3.1) we get ψ1 ◦ �pr1ψ1 = ψ2 ◦ �pr1ψ1 ,
because pr1ψ1 = pr1χΦ〈ψ1〉. In this way, ψ1 = ψ2 ◦�pr1ψ1 , i.e., ψ1 ⊂ ψ2. Thus
g1 � g2. This proves (3.3.2). The proof of (3.3.3) is similar.
Conversely, let the system (G, o, ζ, χ) satisfy all the conditions of the above

theorem and let

ε∗g = ε〈ζ−1 ◦ ζ , χ〈g〉〉 ∪ {(e1, e1), . . . , (en, en)}, Wg = G \ χ〈g〉,

where g ∈ G, e1, . . . , en — selectors in (G∗, o∗). Since, by assumption, χ is
v-negative, Wg is an l-ideal of (G, o). This, by (3.3.3), means that (ε∗g,Wg)
is the determining pair of (G, o) and satisfies condition (2.7.1). Obviously,
this pair determines the simplest representation of (G, o) by reversive n-place
functions. Let P =

∑
g∈G

P(ε∗g ,Wg). Of course, P is a representation of (G, o) by

reversive n-place functions. We will show that ζ = ζP , χ = χP .
Let (g1, g2) ∈ ζ, x̄ ∈ B = Gn ∪ {(e1, . . . , en)} and g1[x̄] ∈ χ〈g〉 for some

g ∈ G. From g1[x̄] � g2[x̄] it follows that g2[x̄] ∈ χ〈g〉. Hence

(g1[x̄], g2[x̄]) ∈ ε0〈ζ−1 ◦ ζ , χ〈g〉〉 ⊂ ε∗g.
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Consequently, (g1, g2) ∈
⋂
g∈G

ζ(ε∗g ,Wg) = ζP . Thus ζ ⊂ ζP . Conversely, if

(g1, g2) ∈ ζP , then

(∀g ∈ G)(∀x̄ ∈ B)
(
g1 � g1[x̄] −→ g1[x̄] ≡ g2[x̄](ε

∗
g)
)
,

which, for g = g1, x̄ = (e1, . . . , en), gives

(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ〈g1〉〉

for some m ∈ N. This, according to (3.3.2), implies g1 � g2. So, ζ = ζP .
Now, let (g1, g2) ∈ χ, x̄ ∈ B and g � g1[x̄] for some g ∈ G. From g1[x̄] � g2[x̄]

it follows g � g2[x̄]. Thus

(g1, g2) ∈
⋂
g∈G

χ(ε∗g ,Wg) = χP .

Consequently, χ ⊂ χP . On the other hand, if (g1, g2) ∈ χP , then

(∀g ∈ G)(∀x̄ ∈ B) (g � g1[x̄] −→ g � g2[x̄]) ,

which for g = g1, x̄ = (e1, . . . , en) gives g1 � g2. This proves χP ⊂ χ and,
consequently, χ = χP .
By the antisymmetry of ζ, P is one-to-one. So, P is an isomorphism. This

completes our proof.

Note that in Theorem 3.3.1 is assumed only the l-regularity of ζ, but, as it is
not difficult to show, its v-regularity follows from (3.3.2) and (3.3.3). Moreover,
each of these conditions is equivalent to some elementary formula (see the end
of Section 2.1). Namely, condition (3.3.2) is equivalent to the formula

Am : A′m −→ u1[w̄1|q1c1] � u1[w̄1|q1d1],

the condition (3.3.3) — to the formula

Bm : B′m −→ g � x[ȳ|jg1],

where

A′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2m−1−1∧
i=1

⎛⎜⎝u1[w̄1|q1c1] � u2i[w̄2i|q2ic2i] = si[v̄i|rici],
u1[w̄1|q1c1] � u2i+1[w̄2i+1|q2i+1c2i+1] = u2i[w̄2i|q2id2i],
u1[w̄1|q1c1] � u2i+1[w̄2i+1|q2i+1d2i+1] = si[v̄i|ridi]

⎞⎟⎠ ,

2m−1∧
i=2m−1

⎛⎜⎜⎜⎜⎝
u1[w̄1|q1c1] � si[v̄i|rici] � li,

u1[w̄1|q1c1] � zi � li,

u1[w̄1|q1c1] � si[v̄i|ridi] � fi,

u1[w̄1|q1c1] � zi � fi

⎞⎟⎟⎟⎟⎠ ,

u1[w̄1|q1c1] � u1[w̄1|q1d1],
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B′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g � g1 = u1[w̄1|q1c1],
g � g2 = u1[w̄1|q1d1],

2m−1−1∧
i=1

⎛⎜⎝g � u2i[w̄2i|q2ic2i] = si[v̄i|rici],
g � u2i+1[w̄2i+1|q2i+1c2i+1] = u2i[w̄2i|q2id2i],
g � u2i+1[w̄2i+1|q2i+1d2i+1] = si[v̄i|ridi]

⎞⎟⎠ ,

2m−1∧
i=2m−1

⎛⎜⎜⎜⎜⎝
g � si[v̄i|rici] � li,

g � zi � li,

g � si[v̄i|ridi] � fi,

g � zi � fi

⎞⎟⎟⎟⎟⎠ ,

g � x[ȳ|jg2],

ui ∈ G ∪ {eqi}, si ∈ G ∪ {eri}, qi, ri, j ∈ {1, . . . , n}, i = 1, 2, . . . , 2m − 1, and
other elements belong to G.

We will now characterize strong f.o. and p.q-o. Menger algebras.

Theorem 3.3.2. An algebraic system (G, o, ζ), where (G, o) is a Menger alge-
bra of rank n > 1, ζ ⊂ G×G, is a strong f.o. Menger algebra if and only if ζ
is stable and steady order.

Proof. Let (Φ, O, ζΦ) be some f.o. Menger algebra of reversive n-place functions.
Assume that

ϕ ⊂ t1(ψ1), ϕ ⊂ t1(ψ2), ϕ ⊂ t2(ψ2),

where ϕ, ψ1, ψ2 ∈ Φ, t1, t2 ∈ Tn(Φ). Then

ϕ = t1(ψ1) ◦ �pr1ϕ, ϕ = t1(ψ2) ◦ �pr1ϕ,

and, as a consequence,

t1(ψ1 ◦ �pr1ϕ) = t1(ψ2 ◦ �pr1ϕ).

All functions from Φ are reversive, so, from the previous equality we conclude

ψ1 ◦ �pr1ϕ = ψ2 ◦ �pr1ϕ,

which together with ϕ ⊂ t2(ψ2) gives

ϕ = t2(ψ2) ◦ �pr1ϕ = t2(ψ2 ◦ �pr1ϕ) = t2(ψ1 ◦ �pr1ϕ) ⊂ t2(ψ1).

This proves the necessity.
To prove the sufficiency, let ζ be a stable and steady order on a Menger

algebra (G, o) of rank n > 1. We must show that the system (G, o, ζ, χ(ζ))
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satisfies all the conditions of Theorem 3.3.1. As it is known, χ(ζ) = δ ◦ ζ is an
l-regular v-negative quasi-order containing ζ. Moreover

Wv(ζ〈g〉) = G \ χ(ζ)〈g〉

for any g ∈ G. Now let g1 � g2 and g � t1(g1), where g1, g2 ∈ G, t ∈ Tn(G).
If g � t(g1) for some t ∈ Tn(G), then from t(g1) � t(g2) it follows g � t(g2).
As t(g1) � t(g2), then g � t1(g2). Thus, if g � t(g2), then from g � t1(g1),
g � t1(g2), g � t(g2) we conclude g � t(g1), because ζ is a steady order.
Consequently, g1 ≡ g2(εv(ζ〈g〉)). In this way, we have proved that

ζ ◦ �χ(ζ)〈g〉 ⊂ εv(ζ〈g〉),

which implies
�χ(ζ)〈g〉 ◦ ζ−1 ◦ ζ ◦ �χ(ζ)〈g〉 ⊂ εv(ζ〈g〉).

This last inclusion means that

ε0〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 ⊂ εv(ζ〈g〉).

Assume that εm〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 ⊂ εv(ζ〈g〉) and consider

(g1, g2) ∈ εm+1〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉.

Then

g1 = u[w̄|qc] ∈ χ(ζ)〈g〉, g2 = u[w̄|qd] ∈ χ(ζ)〈g〉,
(s[v̄|rc], s[v̄|rd]) ∈ εm〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 ◦ εm〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉,

which, according to the above assumption, gives

(s[v̄|rc], s[v̄|rd]) ∈ εv(ζ〈g〉) ◦ εv(ζ〈g〉) ⊂ εv(ζ〈g〉),

where s[v̄|rc] ∈ χ(ζ)〈g〉. But ζ〈g〉 is a strong subset, so, the restriction of
εv(ζ〈g〉) to W ′

v(ζ〈g〉) is v-cancellative. Therefore

(s[v̄|rc], s[v̄|rd]) ∈ εv(ζ〈g〉) and s[v̄|rc] ∈ χ(ζ)〈g〉

imply c ≡ d(εv(ζ〈g〉). Hence

u[w̄|qc] ≡ u[w̄|qd](εv(ζ〈g〉)),

i.e., g1 ≡ g2(εv(ζ〈g〉)) and consequently,

εm+1〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 ⊂ εv(ζ〈g〉).

Thus, by induction

εm〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 ⊂ εv(ζ〈g〉).
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for every m ∈ N.
Now, let

(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ(ζ)〈g1〉〉.

Then (g1, g2) ∈ εv(ζ〈g1〉), i.e.,

(∀t ∈ Tn(G)) (g1 � t(g1)←→ g1 � t(g2)),

which for t = �G gives g1 � g2. This proves (3.3.2).
Further, let

(g1, g2) ∈ εm〈ζ−1 ◦ ζ , χ(ζ)〈g〉〉 and (g, x[ȳ|ig2]) ∈ χ(ζ),

then
(g1, g2) ∈ εv(ζ〈g〉) and g � t1(x[ȳ|ig2])

for some t1 ∈ Tn(G). Consequently, g � t1(x[ȳ|ig1]), i.e., (g, x[ȳ|ig1]) ∈ χ(ζ).
This means that also (3.3.3) is satisfied. Thus we have proved that (G, o, ζ, χ(ζ))
is a strong f.o.p. Menger algebra. Therefore (G, o, ζ) is a strong f.o. Menger
algebra.

Another proof of this theorem is given in [215].

Theorem 3.3.3. An algebraic system (G, o, χ), where (G, o) is a Menger alge-
bra of rank n > 1, χ ⊂ G×G, is a strong p.q-o. Menger algebra if and only if χ
is an l-regular v-negative quasi-order and for all i = 1, . . . , n, x, g, g1, g2 ∈ G,
ȳ ∈ Gn and any natural m, the following two implication hold:

(g1, g2) ∈ εm〈�G , χ〈g〉〉 ∧ g � x[ȳ|ig2] −→ g � x[ȳ|ig1], (3.3.4)

(g1, g2) ∈ εm〈�G , χ〈g1〉〉 ∧ g2 � g1 −→ g1 = g2. (3.3.5)

Proof. The necessity of the conditions given can be proved in the same manner
as in the proof of Theorem 3.3.1. We prove the sufficiency. For this, assume
that all the conditions of the theorem are satisfied. Denote by εg the relation
ε〈�G , χ〈g〉〉, and by Wg the set G \ χ〈g〉. Then (ε∗g ,Wg) is the determining
pair of (G, o), which corresponds to the simplest representation of (G, o) by
reversive n-place functions. Let P be the sum of the family representations
(P(ε∗g ,Wg))g∈G. Analogously as in the proof of Theorem 3.3.1, we show χ = χP .
So, we must only prove that P is one-to-one. Indeed, if P (g1) = P (g2) for
some g1, g2 ∈ G, then: (a) pr1P (g1) ⊂ pr1P (g2), (b) pr1P (g2) ⊂ pr1P (g1),
(c) P(ε∗g ,Wg)(g1) = P(ε∗g ,Wg)(g2) for every g ∈ G. As χ = χP , from (a) and (b)
we get g1 � g2 and g2 � g1. Condition (c) implies

(∀y) ( g1 ≡ y(εg1)←→ (g1 � g2 −→ g2 ≡ y(εg1)) ),
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which, as it is not difficult to see, gives

(∀y) (g1 � g2 −→ (g1 ≡ y(εg1) −→ g2 ≡ y(εg1))).

Since g1 � g2, for y = g1 from the last condition we obtain g1 ≡ g2(εg1).
Thus, (g1, g2) ∈ εm〈�G, χ〈g1〉〉 for some m ∈ N and g2 � g1. This, together
with (3.3.5), proves g1 = g2. So, P is one-to-one.

Remark that according to Section 2.1, the condition (3.3.4) is equivalent to
the elementary formula

Cm : C ′m −→ g � x[ȳ|jg1],

where

C ′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g � g1 = u1[w̄1|q1c1] ∧ g � g2 = u1[w̄1|q1d1],

2m−1−1∧
i=1

⎛⎜⎝g � u2i[w̄2i|q2ic2i] = si[v̄i|rici],
g � u2i+1[w̄2i+1|q2i+1c2i+1] = u2i[w̄2i|q2id2i],
g � u2i+1[w̄2i+1|q2i+1d2i+1] = si[v̄i|ridi]

⎞⎟⎠ ,

2m−1∧
i=2m−1

(g � si[v̄i|rici] = si[v̄i|ridi]) ∧ g � x[ȳ|jg2].

The condition (3.3.5) is equivalent to the formula

Dm : D′m −→ u1[w̄1|q1c1] = u1[w̄1|q1d1],

where

D′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1[w̄1|q1c1] � u1[w̄1|q1d1] ∧ u1[w̄1|q1d1] � u1[w̄1|c1d1],

2m−1−1∧
i=1

⎛⎜⎝u1[w̄1|q1c1] � u2i[w̄2i|q2ic2i] = si[v̄i|rici],
u1[w̄1|q1c1] � u2i+1[w̄2i+1|q2i+1c2i+1] = u2i[w̄2i|q2id2i],
u1[w̄1|q1c1] � u2i+1[w̄2i+1|q2i+1d2i+1] = si[v̄i|ridi]

⎞⎟⎠ ,

2m−1∧
i=2m−1

( u1[w̄1|q1c1] � si[v̄i|rici] = si[v̄i|ridi] ) ,

ui ∈ G ∪ {eqi}, si ∈ G ∪ {eri}, qi, ri, j ∈ {1, . . . , n} for all i = 1, 2, . . . , 2m − 1,
and the rest of the elements belong to G.

Let (G, o) be a Menger algebra of rank n > 1. Consider the binary relation

∧
ζ = {(g1, g2) |

∧
g2⊂

∧
g1}, (3.3.6)
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where
∧
g is the strong closure of the set {g}. It is not difficult to show (see [215])

that the relation
∧
ζ is a stable and steady quasi-order, which is contained in any

reflexive steady binary relation defined on (G, o). The relation
∧
ζ will be called

a strong quasi-order.
Based on Theorem 3.3.2, we can prove that a Menger algebra (G, o) of rank

n > 1 is isomorphic to some Menger algebra of reversive n-place functions if
and only if its strong quasi-order is antisymmetric. Indeed, if P is a faithful
representation of (G, o) by reversive n-place functions, then ζP is a stable steady

order. So
∧
ζ⊂ ζP and

∧
ζ ∩

∧ −1
ζ ⊂ ζP ∩ ζ−1P ⊂ �G,

i.e.,
∧
ζ is antisymmetric. On the other hand, if

∧
ζ is antisymmetric, then the

system (G, o,
∧
ζ ) is a strong f.o. Menger algebra. Thus (G, o) is represented by

reversive n-place functions.

The fact that
∧
ζ is antisymmetric means that

g1 ∈
∧
g2 ∧ g2 ∈

∧
g1 −→ g1 = g2 (3.3.7)

for all g1, g2 ∈ G. According to § 2.1, the implication (3.3.7) is equivalent to
the system (E′m,n)m,n∈N, where

E′m,n : g1 ∈
m
D ({g2}) ∧ g2 ∈

n
D ({g1}) −→ g1 = g2.

Since
m
D (X) ⊂

n
D (X) for m < n, the system (E′m,n)m,n∈N is equivalent to its

subsystem (E ′m)m∈N such that

E′m : g1 ∈
m
D ({g2}) ∧ g2 ∈

m
D ({g1}) −→ g1 = g2.

Then, according to § 2.1, condition E′m is equivalent to the elementary formula

Em : E′′m −→ t′′1(u1) = t′′−1(u−1), (3.3.8)

where

E ′′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

3m−1−1
2∧

i=1

⎛⎜⎝ t′′3i−1(u3i−1) = t′i(ui) ∧ t′′1−3i(u1−3i) = t′−i(u−i),

t′′3i(u3i) = t′i(vi) ∧ t′′−3i(u−3i) = t′−i(v−i),

t′′3i+1(u3i+1) = t′′i (vi) ∧ t′′−1−3i(u−1−3i) = t′′−i(v−i)

⎞⎟⎠ ,

3m−1
2∧

i= 3m−1+1
2

(
t′i(ui) = t′i(vi) = t′′i (vi) = t′′−1(u−1),

t′−i(u−i) = t′−i(v−i) = t′′−i(v−i) = t′′1(u1)

)

In this way we proved the following theorem.
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Theorem 3.3.4. A Menger algebra of rank n > 1 is strong if and only if for
every natural m it satisfies (3.3.8).

3.4 (�)-, (�)-, (�,�)-Menger algebras

Many authors investigate sets of multiplace functions closed with respect to the
Menger composition of functions and other naturally defined operations such
as, for example, the set-theoretic intersection of functions considered as subsets
of the corresponding Cartesian product.
At first, we describe the set Φ of n-place functions closed with respect to

the Menger composition O, set-theoretic intersection ∩ and the inclusion of
domains χΦ. The systems (Φ, O,∩) and (Φ, O,∩, χΦ) will be called respectively:
a ∩-Menger algebra and a projection quasi-ordered ∩-Menger algebra of n-place
functions. The abstract analog of such systems will be called respectively:
a �-Menger algebra of rank n1 and a p.q-o. �-Menger algebra of rank n. In the
case of reversive n-place functions, the corresponding algebraic system will be
called strong.

Theorem 3.4.1. For an algebra (G, o,�) of type (n+1, 2), the following state-
ments are true:
(a) (G, o,�) is a �-Menger algebra of rank n, if and only if

(i) o is a superassociative operation,
(ii) (G,�) is a semilattice, and the following two conditions

(x� y)[z̄] = x[z̄]� y[z̄], (3.4.1)

t1(x� y � z)� t2(y) = t1(x� y)� t2(y � z) (3.4.2)

hold for all x, y, z ∈ G, z̄ ∈ Gn and t1, t2 ∈ Tn(G),
(b) if n > 1, then (G, o,�) is a strong �-Menger algebra of rank n if and only

if the conditions (i) and (ii) above, (3.4.1) and

u[w̄|i(x� y)] = u[w̄|ix]� u[w̄|iy], (3.4.3)

t1(x� y)� t2(y) = t1(x� y)� t2(x) (3.4.4)

are true for all i = 1, . . . , n, u, x, y ∈ G, w̄ ∈ Gn, t1, t2 ∈ Tn(G).

Proof. Necessity. Let (G, o,�) be a (strong) �-Menger algebra of rank n. Then
it is isomorphic to some ∩-Menger algebra of (reversive) n-place functions, for
example to (Φ, O,∩). It is clear that (Φ, O) is a Menger algebra and (Φ,∩) is
a semilattice. So, the conditions (i) and (ii) are satisfied.

1 In the literature �-Menger algebras also are called Menger P-algebras.
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To prove (3.4.1), let ϕ1, ϕ2, ψ1, . . . , ψn ∈ Φ. Then, obviously,

(ϕ1 ∩ ϕ2)[ψ1 · · ·ψn] ⊂ ϕ1[ψ1 · · ·ψn] ∩ ϕ2[ψ1 · · ·ψn].

Conversely, if (ā, d) ∈ ϕ1[ψ1 · · ·ψn] ∩ ϕ2[ψ1 · · ·ψn], then one can find b̄ and c̄
such that (ā, bi)∈ψi, (b̄, d)∈ϕ1, (ā, cj)∈ψj , (c̄, d)∈ϕ2 for all i, j = 1, . . . , n.
Because all ψi are n-place functions, from the above, it follows that bi = ci,
i = 1, . . . , n, i.e., b̄ = c̄. Hence (b̄, d) ∈ ϕ1 ∩ ϕ2 and, consequently, (ā, d) ∈
(ϕ1 ∩ ϕ2)[ψ1 · · ·ψn]. Therefore

ϕ1[ψ1 · · ·ψn] ∩ ϕ2[ψ1 · · ·ψn] ⊂ (ϕ1 ∩ ϕ2)[ψ1 · · ·ψn],

which, together with the previous inclusion, proves (3.4.1).
To prove (3.4.2), observe first that for any binary relations ρ, σ ⊂ A×B and

every subset H ⊂ A the following equality takes place:

ρ ◦ �H ∩ σ = (ρ ∩ σ) ◦ �H . (3.4.5)

Let t1, t2 ∈ Tn(Φ) and ϕ, ψ, χ ∈ Φ. Then, as it is not difficult to see,

t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ) ⊂ t1(ϕ ∩ ψ) ∩ t2(ψ)

and
pr1(t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ)) ⊂ pr1(ψ ∩ χ).

Thus, using (3.4.5), we get

t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ) ⊂ (t1(ϕ ∩ ψ) ∩ t2(ψ)) ◦ �pr1(ψ∩χ)
= t1(ϕ ∩ ψ) ∩ t2(ψ) ◦ �pr 1(ϕ∩χ) = t1(ϕ ∩ ψ) ∩ t2(ψ ◦ �pr1(ψ∩χ))

= t1(ϕ ∩ ψ) ∩ t2(ψ ∩ χ).

So, t1(ϕ∩ψ∩χ)∩ t2(ψ) ⊂ t1(ϕ∩ψ)∩ t2(ψ∩χ). It is easy to check that for any
functions ϕ and ψ satisfying the condition ϕ◦�pr1ψ = ψ ◦�pr1ϕ, the following
equality holds

ϕ ◦ �pr1ψ = ϕ ∩ ψ. (3.4.6)

Hence, using (ϕ ∩ ψ) ◦ �pr1(ψ∩χ) = (ψ ∩ χ) ◦ �pr1(ϕ∩ψ) together with (3.4.5)
and (3.4.6 ), we obtain

t1(ϕ ∩ ψ) ∩ t2(ψ ∩ χ) = t1(ϕ ∩ ψ) ∩ (t2(ψ ∩ χ) ◦ �pr1(ψ∩χ))

= (t1(ϕ ∩ ψ) ◦ �pr1(ψ∩χ)) ∩ t2(ψ ∩ χ)

= t1((ϕ ∩ ψ) ◦ �pr1(ψ∩χ)) ∩ t2(ψ ∩ χ)

= t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ ∩ χ) ⊂ t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ).

So, t1(ϕ ∩ ψ ∩ χ) ∩ t2(ψ) = t1(ϕ ∩ ψ) ∩ t2(ψ ∩ χ), which proves (3.4.2).
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Now, we prove (3.4.3). Let Φ be the set of reversive n-place functions. It is
clear that

f [χ̄|iϕ ∩ ψ] ⊂ f [χ̄|iϕ] ∩ f [χ̄|iψ]
for every i = 1, . . . , n, ϕ, ψ, f ∈ Φ and χ̄ ∈ Φn. To prove the converse
inclusion, let (ā, d) ∈ f [χ̄|iϕ] ∩ f [χ̄|iψ]. Then there are b̄ and c̄ for which
(ā, bj) ∈ χj, j ∈ {1, . . . , n} \ {i}, (ā, bi) ∈ ϕ, (b̄, d) ∈ f, (ā, cj) ∈ χj ,
j ∈ {1, . . . , n} \ {i}, (ā, ci) ∈ ψ and (c̄, d) ∈ f. The fact that χj is a func-
tion implies bj = cj for j ∈ {1, . . . , n} \ {i}. By assumption f is a reversive
function, so, from f(b̄) = f(b̄|ici) it follows bi = ci. Thus (ā, bi) ∈ ϕ ∩ ψ, and,
consequently (ā, d) ∈ f [χ̄|iϕ ∩ ψ]. Hence

f [χ̄|iϕ] ∩ f [χ̄|iψ] ⊂ f [χ̄|iϕ ∩ ψ].

This proves (3.4.3).
Finally, according to (3.4.2), for t1, t2 ∈ Tn(Φ), ϕ, ψ ∈ Φ we have

t1(ϕ ∩ ψ) ∩ t2(ψ) = t1(ϕ ∩ ψ ∩ ϕ) ∩ t2(ψ) = t1(ϕ ∩ ψ) ∩ t2(ϕ ∩ ψ),

and

t1(ϕ ∩ ψ) ∩ t2(ϕ) = t1(ψ ∩ ϕ ∩ ψ) ∩ t2(ϕ) = t1(ϕ ∩ ψ) ∩ t2(ϕ ∩ ψ).

Therefore t1(ϕ ∩ ψ) ∩ t2(ψ) = t1(ϕ ∩ ψ) ∩ t2(ϕ), which proves (3.4.4).
The necessity is proved.

Sufficiency. For the proof of this part of our theorem we shall need three
propositions.

Proposition 3.4.2. Assume that (G, o,�) satisfies all the conditions of The-
orem 3.4.1 (a), maybe with the exception of (3.4.2). If (ε∗,W ) is the deter-
mining pair of a Menger algebra (G, o), where ε ⊂ G × G, W ⊂ G, ε∗ =
ε ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en — selectors in (G∗, o∗), then the equality

P(ε∗,W )(g1 � g2) = P(ε∗,W )(g1) ∩ P(ε∗,W )(g2) (3.4.7)

holds for all g1, g2 ∈ G if and only if for all g1, g2 ∈ G the pair (ε,W ) satisfies
the following three implications:

g1 ∈W −→ g1 � g2 ∈W, (3.4.8)

g1 � g2 �∈W −→ g1 ≡ g2(ε), (3.4.9)

g1 �∈W ∧ g1 ≡ g2(ε) −→ g1 � g2 ≡ g1(ε). (3.4.10)

Proof. From the fact that equality (3.4.7) holds for all g1, g2 ∈ G, we obtain

(∀g1)(∀g2)(∀y �∈W ) (g1 � g2 ≡ y(ε)←→ g1 ≡ g2 ≡ y(ε)).
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This condition is, of course, equivalent to the following two implications:

(1) (∀g1)(∀g2)(∀y) (y �∈W ∧ g1 � g2 ≡ y(ε) −→ g1 ≡ g2 ≡ y(ε)),

(2) (∀g1)(∀g2)(∀y) (y �∈W ∧ g1 ≡ g2 ≡ y(ε) −→ g1 � g2 ≡ y(ε)).

Now let g1 � g2 �∈ W . By replacing in (1) y with g1 � g2 we get g1 ≡ g2 ≡
g1 � g2(ε). Thus g1 ≡ g2(ε) and g1 �∈ W . This proves (3.4.8) and (3.4.9).
We obtain the condition (3.4.10) by putting y = g1 in (2).
Conversely, if the implications (3.4.8)–(3.4.10) are satisfied and y �∈W, g1 �

g2 ≡ y(ε), then g1 � g2 �∈ W, which, by (3.4.8) and (3.4.9), gives g1 �∈ W
and g1 ≡ g2(ε). From this, according to (3.4.10), we get g1 � g2 ≡ g1(ε).
But g1 � g2 ≡ y(ε), so, g1 ≡ g2 ≡ y(ε). This proves (1). If y �∈ W and g1 ≡
g2 ≡ y(ε), then g1 �∈W, which, according to (3.4.10), gives g1 � g2 ≡ g1 ≡ y(ε),
so, (2) is proved.

It is not difficult to show that if the determining pair (ε∗,W ) satisfies the
conditions (3.4.8)–(3.4.10), then the relation ε is defined in the following way:

ε = {(g1, g2) | (g1 � g2) �∈W ∨ g1, g2 ∈W}. (3.4.11)

Now assume that an algebra (G, o,�) of type (n + 1, 2) satisfies all the
conditions mentioned in Theorem 3.4.1 (a) and consider the binary relation
ζ = {(g1, g2) | g1 � g2 = g1}. Instead of (g1, g2) ∈ ζ we shall write g1 � g2.

Proposition 3.4.3. The relation ζ is a stable order on (G, o,�). Moreover,
with respect to the operation o it is weakly steady.

Proof. By assumption (G,�) is a semilattice, so ζ is a stable order on (G,�).
To prove that ζ is stable on (G, o), let x � y, i.e., x � y = x. Then, according
to (3.4.1), we have x[z̄] � y[z̄] = x[z̄], i.e., x[z̄] � y[z̄]. So, ζ is l-regular.
Further, from x � y we obtain u[w̄|i(x � y)] = u[w̄|ix], i = 1, . . . , n. Hence
u[w̄|i(x � y)] � u[w̄|iy] = u[w̄|ix] � u[w̄|iy]. Putting z = x in (3.4.2) we get
t1(x� y)� t2(y) = t1(x� y)� t2(x� y) for all t1, t2 ∈ Tn(G). Thus

u[w̄|i(x� y)]� u[w̄|iy] = u[w̄|i(x� y)]� u[w̄|i(x� y)]

= u[w̄|i(x� y)] = u[w̄|ix].

So, u[w̄|ix] � u[w̄|iy], i.e., ζ is i-regular for every i = 1, . . . , n. This proves that
ζ is stable on (G, o).
Now let g1 � g2, g � t1(g1) and g � t2(g2) for some g, g1, g2 ∈ G, t1, t2 ∈

Tn(G). Then
g � t1(g1 � g2 � g1)� t2(g2) = g,

which, according to (3.4.2), gives us

g � t1(g1 � g2 � g1)� t2(g2 � g1) = g,
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i.e., g� t1(g1)� t2(g1) = g. Applying g� t1(g1) = g to this equality, we obtain
g � t2(g1) = g, i.e., g � t2(g). So, ζ is weakly steady.

Note that in the case when the algebra (G, o,�) from the Proposition 3.4.3
satisfies all the conditions of Theorem 3.4.1 (b), the relation ζ is steady on
(G, o,�).
Now we consider the relation

εg = {(g1, g2) | g1 � g2 �∈Wv(ζ〈g〉) ∨ g1, g2 ∈Wv(ζ〈g〉)}.

Proposition 3.4.4. For every g ∈ G, the pair (ε∗g,Wv(ζ〈g〉)), where ε∗g = εg ∪
{(e1, e1), . . . , (en, en)}, e1, . . . , en — selectors in (G∗, o∗), is the determining
pair of (G, o) and satisfies the conditions (3.4.8)–(3.4.10).

Proof. Let g1 � g2 �∈ Wv(ζ〈g〉). Then (g1, g2) ∈ εg and g � t(g1 � g2) for
some t ∈ Tn(G). Since t(g1 � g2) � t(g1), we have g � t(g1), which gives
g1 �∈ Wv(ζ〈g〉). So, the pair (ε∗g,Wv(ζ〈g〉)) satisfies (3.4.8) and (3.4.9). If
g1 �∈ Wv(ζ〈g〉) and (g1, g2) ∈ εg, then g1 � g2 �∈ Wv(ζ〈g〉), and, consequently
(g1 � g2, g1) ∈ εg. This proves (3.4.10).
Of course, εg is a reflexive and symmetric relation. Let g1 ≡ g2(εg) and

g2 ≡ g3(εg). If at least one of g1, g2, g3 is in Wv(ζ〈g〉), then obviously all of
them are in Wv(ζ〈g〉). Thus g1 ≡ g3(εg). If any of g1, g2, g3 is not in Wv(ζ〈g〉),
then g1 � g2 �∈Wv(ζ〈g〉) and g2 � g3 �∈Wv(ζ〈g〉). Consequently, g � t1(g1 � g2)
and g � t2(g2�g3) for some t1, t2 ∈ Tn(G). Therefore g � t1(g1�g2)�t2(g2�g3).
This, according to (3.4.2), gives

g � t1(g1 � g2 � g3)� t2(g3) � t1(g1 � g3).

Hence g1 � g3 �∈ Wv(ζ〈g〉), i.e., g1 ≡ g3(εg). So, εg is transitive in any case.
This proves that εg is an equivalence on G.
Now we prove the v-regularity of εg. For this let g1 ≡ g2(εg). If g1, g2 are

in Wv(ζ〈g〉), then also u[w̄|ig1], u[w̄|ig2] are in Wv(ζ〈g〉), because Wv(ζ〈g〉)
is an l-ideal. Thus u[w̄|ig1] ≡ u[w̄|ig2](εg). If g1, g2 �∈ Wv(ζ〈g〉), then also
g1 � g2 �∈ Wv(ζ〈g〉), i.e., g � t(g1 � g2) for some t ∈ Tn(G). If u[w̄|ig1] is
not in Wv(ζ〈g〉), then obviously g � t1(u[w̄|ig1]) for some t1 ∈ Tn(G). This,
together with g1 � g2 � g1, g � t(g1 � g2) and the weak stability, implies
g � t1(u[w̄|i(g1 � g2)]). Since u[w̄|i(g1 � g2)] � u[w̄|igk] for k = 1, 2, the above
proves u[w̄|i(g1 � g2)] � u[w̄|ig1]� u[w̄|ig2]. Thus

t1(u[w̄|i(g1 � g2)]) � t1(u[w̄|ig1]� u[w̄|ig2]).

Hence g � t1(u[w̄|ig1]�u[w̄|ig2]), i.e., u[w̄|ig1]�u[w̄|ig2] �∈Wv(ζ〈g〉). Therefore
u[w̄|ig1] ≡ u[w̄|ig2](εg), which proves that εg is i-regular for every i = 1, . . . , n.
By Proposition 2.1.11, it is v-regular.
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From the stability of ζ it follows that for every g ∈ G the determining pair
(ε∗g,Wv(ζ〈g〉)) satisfies the condition

ζ ⊂ ζ(ε∗g ,Wv(ζ〈g〉)). (3.4.12)

If (G, o,�), besides it, satisfies condition (3.4.3), then the relation εg is
v-cancellative on a Menger algebra (G, o) and the above determining pair de-
termines the simplest representation of (G, o) by reversive n-place functions.

Now we are in a position to finish the proof of Theorem 3.4.1.

Assume that the algebra (G, o,�) satisfies all the conditions of the item (a).
According to the Proposition 3.4.4, we can consider the family of the simplest
representations

(
P(ε∗g ,Wv(ζ〈g〉))

)
g∈G of a Menger algebra (G, o), the sum of which

will be denoted by P . From the Propositions 3.4.2 and 3.4.4 it follows that for
any g, g1, g2 ∈ G we have

P(ε∗g,Wv(ζ〈g〉))(g1 � g2) = P(ε∗g,Wv(ζ〈g〉))(g1) ∩ P(ε∗g,Wv(ζ〈g〉))(g2).

Hence P (g1�g2) = P (g1)∩P (g2) for all g1, g2 ∈ G. So, P is a homomorphism of
(G, o,�) onto some ∩-Menger algebra of n-place functions. We prove that this
homomorphism is one-to-one. Indeed, since ζP =

⋂
g∈G

ζ(ε∗g,Wv(ζ〈g〉)), condition

(3.4.12) implies ζ ⊂ ζP . Conversely, if (g1, g2) ∈ ζP , then

(∀g ∈ G)(∀x̄ ∈ B) (g1[x̄] �∈Wv(ζ〈g〉) −→ g1[x̄] ≡ g2[x̄](εg) ),

where B = Gn ∪ {ē}, ē = (e1, . . . , en) — selectors in (G∗; o∗). This for x̄ = ē
and g = g1 gives g1�g2 ∈Wv(ζ〈g1〉). Hence g1 � t(g1�g2) for some t ∈ Tn(G).
Consequently, g1�g2 � g1, g1 � t(g1�g2) and g1 � g1. But ζ is weakly steady,
so, g1 � g1 � g2 � g2, i.e., ζP ⊂ ζ. Thus ζ = ζP . Now, using the antisymmetry
of ζ we have

P (g1) = P (g2)←→ P (g1) ⊂ P (g2) ∧ P (g2) ⊂ P (g1)

←→ g1 � g2 ∧ g2 � g1 −→ g1 = g2,

which proves that P is one-to-one. So, P is an isomorphism.
Now assume that the algebra (G, o,�) satisfies all the conditions of the

item (b). In this case, (3.4.3) and (3.4.4) imply (3.4.2). Indeed,

t1(x� y � z)� t2(y) = t1(x� y � z)� t2(y)� t2(y)

= t1(x� y � z)� t2(x� z)� t2(y)

= t1(x� y � z)� t2(x� y � z) � t1(x� y)� t2(y � z).
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We have further

t1(x� y)� t2(y � z) = t1(x� y)� t2(y)� t2(y)� t2(z)

= t1(x� y)� t2(x)� t2(y)� t2(z)

= t1(x� y)� t2(x� y � z) � u,

where u ∈ {t2(z), t2(x�y), t(x�y)}. From this, in view of the steadiness of ζ,
we conclude t1(x� y)� t2(y � z) � t1(z). Thus

t1(x� y)� t2(y � z) � t1(x� y)� t1(z)� t2(y) = t1(x� y � z)� t2(y),

which together with the previous inequality proves (3.4.2). So, all the demands
of item (a) are satisfied. Therefore, basing on the just proved item (a), we
conclude that the algebra (G, o,�) satisfying all the conditions of the item (b)
is isomorphic to a ∩-Menger algebra of reversive n-place functions.

Theorem 3.4.5. An algebraic system (G, o,�, χ), where (G, o) is a Menger
algebra of rank n, (G,�) — a semilattice, χ — a binary relation defined on G,
is isomorphic to some projection quasi-ordered ∩-Menger algebra of n-place
functions if and only if χ is an l-regular v-negative quasi-order containing the
semilattice order ζ of (G,�), the identity (3.4.1) and the conditions

x � x� y −→ x � y, (3.4.13)

u[(x1 � y1) · · · (xn � yn)] � u[y1 · · · yn], (3.4.14)

x � y � z ∧ x � u[w̄|i(z � v)] −→ x � u[w̄|i(y � z � v)] (3.4.15)

hold for all i = 1, . . . , n, u ∈ G∪{ei}, x, y, z, xk, yk ∈ G, k = 1, . . . , n, w̄ ∈ Gn,
where x � y ←→ (x, y) ∈ ζ, x � y ←→ (x, y) ∈ χ.

Proof. We prove only the sufficiency of these conditions because the proof of
their necessity is not difficult. First of all, observe that (3.4.1) and (3.4.14)
imply the stability of ζ. Next, for every g ∈ G we define the relation εg letting

εg = {(g1, g2) | g � g1 � g2 or g1, g2 ∈Wg},

where Wg = G \ χ〈g〉. From the v-negativity of χ we conclude that Wg is an
l-ideal. Analogously, from condition (3.4.15) and the properties of ζ we deduce
that εg is a v-congruence on a Menger algebra (G, o). Thus, (ε∗g,Wg) is the de-
termining pair of (G, o), which, as it is easy to see, satisfies all the conditions of
(3.4.8)–(3.4.10), where ε∗g = εg ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en — selectors
in (G∗, o∗).
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Let P be such representation of (G, o), which is the sum of the family of
representations

(
P(ε∗g,Wg)

)
g∈G. In view of Proposition 3.4.2, this representation

satisfies the identity
P (g1 � g2) = P (g1) ∩ P (g2),

where g1, g2 ∈ G. Moreover, in this case ζ = ζP and χ = χP . Indeed, let
g1 � g2 and g � g1[x̄] for some g ∈ G and x̄ ∈ B = Gn ∪ {(e1, . . . , en)}. Since
g1 � g2 = g1, implies g � (g1 � g2)[x̄] = g1[x̄]� g2[x̄], from the above we obtain
g1[x̄] ≡ g2[x̄](εg). So, (g1, g2) ∈ ζP .
Conversely, if (g1, g2) ∈ ζP , then

(∀g)(∀x̄) (g � g1[x̄] −→ g � g1[x̄]� g2[x̄]) ,

which for g = g1, x̄ = (e1, . . . , en) gives g1 � g1�g2. Hence g1 � g2, by (3.4.13).
This proves ζ = ζP . The proof of χ = χP is very similar.
We complete this proof by the simple observation that P (g1) = P (g2) is

equivalent to P (g1) ⊂ P (g2) and P (g2) ⊂ P (g1). Hence we have g1 � g2 and
g2 � g1, which implies g1 = g2. This means that P is a faithful representation
of (G, o).

Let (Φ, O) be a Menger algebra of n-place functions defined on the set A and

let
n+1
�A be an n-place function belonging to Φ. In this algebra the intersection

of functions can be expressed by the composition, namely, for any functions
ϕ1, . . . , ϕn ∈ Φ we have

n+1
�A [ϕ1 · · ·ϕn] = ϕ1 ∩ · · · ∩ ϕn.

Hence ϕ1 ∩ ϕ2 =
n+1
�A [ϕ1ϕ2 · · ·ϕ2], which means that

n+1
�A can be treatment as

a nullary operation. Such an algebra (Φ, O,
n+1
�A) will be called a D-Menger

algebra of n-place functions and can be characterized by some abstract algebra
(G, o, e) of type (n + 1, 0), where n � 2, with the added binary operation �
defined by the formula g1 � g2 = e[g1g2 · · · g2].

Theorem 3.4.6. An algebra (G, o, e) of type (n + 1, 0), where n � 2, is iso-
morphic to some D-Menger algebra of n-place functions if and only if the op-
eration o is superassociative, (G,�) is a semilattice, (3.4.4) holds and for all
g, g1, g2, . . . , gn ∈ G, t ∈ Tn(G) the following conditions take place:

e[g1g2 · · · gn] = g1 � g2 � · · ·� gn, (3.4.16)

g[en]� g = g[en], (3.4.17)

g � t(e) = g −→ g[en] = g. (3.4.18)
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Proof. The necessity part is obvious. To prove the sufficiency observe first that
(G, o,�) is a �-Menger algebra. Indeed, the identity (3.4.1) is an immediate
consequence of the superassociativity and the definition of �. Next, using
(3.4.4) we obtain

t1(g1 � g2)� t2(g1 � g2) = t1(g1 � g2 � g2)� t2(g1 � g2) = t1(g1 � g2)� t1(g2),

which together with

t1(g1 � g2)� t2(g2 � g3) = t1(e[g2g1 · · · g1])� t2(g2 � g3)

gives us

t1(g1 � g2)� t2(g2 � g3) = t1(e[(g2 � g3)g1 · · · g1])� t2(g2 � g3)

= t1(g1 � g2 � g3)� t2(g2 � g3) = t1(g1 � g2 � g3)� t2(g1 � g2 � g3)

= t1((g1 � g3)� g2)� t2((g1 � g3)� g2) = t1(g1 � g2 � g3)� t2(g2).

This proves (3.4.2). Thus, (G, o,�) is a �-Menger algebra and all the arguments
presented in the proof above are valid in this case too.
It is not difficult to see that condition (3.4.17) implies g[en] � g. The condi-

tion (3.4.18) is equivalent to the implication g � t(e) −→ g[en] = g, i.e., to

e �∈Wv(ζ〈g〉) −→ g[en] = g.

Consider the following two subsets of G :

G1 = {g | e ∈Wv(ζ〈g〉)}, G2 = {g | e �∈Wv(ζ〈g〉)}.

It is clear that G = G1 ∪G2 and G1 ∩G2 = ∅.
Let P be a representation of a Menger algebra (G, o) such that we have

P =
∑
g∈G1

P(ε∗g,Wv(ζ〈g〉)) +
∑
g∈G2

P(εg,Wv(ζ〈g〉)), (3.4.19)

where, according to the definition, for every g1 ∈ G

P(εg,Wv(ζ〈g〉))(g1) = P(ε∗g ,Wv(ζ〈g〉))(g1) \ {(b̄, a)},

if ε∗-classes ε∗g〈g1〉, ε∗g〈ei〉, i = 1, . . . , n, are indexed by a, bi, i = 1, . . . , n.
We show that ζ = ζP .
The inclusion ζ ⊂ ζP is a consequence of condition (3.4.12), which is true

also for the pairs (εg,Wv(ζ〈g〉)). To prove the converse inclusion, assume that
(g1, g2) ∈ ζP . This is equivalent to the following two conditions:
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(∀g ∈ G1)(∀x̄ ∈ B) (g1[x̄]) �∈Wv(ζ〈g〉) −→ g1[x̄] ≡ g2[x̄](εg)),

(∀g ∈ G2)(∀x̄ ∈ Gn) (g1[x̄]) �∈Wv(ζ〈g〉) −→ g1[x̄] ≡ g2[x̄](εg)),

where B = Gn ∪ {(e1, . . . , en)}.
If g1 ∈ G1, then from the first condition for g = g1, x̄ = (e1, . . . , en) we obtain

g1 � g2 �∈Wv(ζ〈g1〉), i.e., g1 � t(g1 � g2) for some t ∈ Tn(G). But g1 � g2 � g1
and g1 � g1, so, g1 � g1 � g2 � g2 because ζ is a weakly steady relation.
If g1 ∈ G2, then the second condition implies g2[en]� g1 �∈ Wv(ζ〈g1〉), since

g1[e
n] = g1. Thus g1 � t(g2[e

n]� g1) for some t ∈ Tn(G). Then, from g2[e
n]�

g1 � g1, g1 � t(g2[e
n] � g1), g1 � g1 and the properties of ζ we deduce

g1 � g2[e
n] � g1. Hence g1 � g2[e

n], and g1 � g2[e
n] � g2 by (3.4.17). So,

ζP ⊂ ζ. This proves ζ = ζP . Therefore P is a faithful representation of (G, o)
by n-place functions.
Further on, from condition (3.4.16) we get e[gn] = g for every g ∈ G. Besides,

from x1 � x2 � · · · � xn �∈ Wv(ζ〈g〉), we conclude that for every g ∈ G we also
have x1 � x2 � · · · � xn ≡ x1 ≡ x2 ≡ · · · ≡ xn(εg). This, according to (3.4.19)

gives P (e) =
n+1
�A0

, where A0 is the set of elements used for indexation of the
equivalence classes εg〈g1〉 such that g ∈ G and g1 �∈ Wv(ζ〈g〉). Since P is
a representation of (G, o) by n-place functions defined on the set A, where
A0 ⊂ A, instead of P we consider P ∗ defined on G in the following way:

P ∗(g) =

⎧⎪⎨⎪⎩P (g)∪
n+1
�A\A0

if g �= e,

n+1
�A if g = e.

If g ∈ G1, then pr1P (g) ⊂ An
0∪{(b1g, . . . , bng) | g ∈ G1}, where big is the index of

the class ε∗g〈ei〉, i = 1, . . . , n. If g ∈ G2, then pr1P (g) ⊂ An
0 . Besides, for every

g ∈ G we have pr2P (g) ⊂ A0. This means that the algebra (P (G), O,
n+1
�A0

) is

isomorphic to the algebra (P ∗(G), O,
n+1
�A).

We shall now consider the set Φ of n-place functions closed with respect to
the Menger composition O and the set-theoretic union ∪. The algebra (Φ, O,∪)
will be called a ∪-Menger algebra of n-place functions , their abstract analog —
a �-Menger algebra of rank n.
Let (G, o,�) be an arbitrary algebra of type (n + 1, 2), where (G, o) is

a Menger algebra, (G,�) — a semilattice satisfying the identity:

(x� y)[z̄] = x[z̄]� y[z̄], (3.4.20)

(ε∗,W ) — the determining pair of (G, o), ε∗ = ε ∪ {(e1, e1), . . . , (en, en)},
e1, . . . , en — selectors in (G∗, o∗). Then the following proposition takes place.
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Proposition 3.4.7. The determining pair (ε∗,W ) satisfies the identity

P(ε∗,W )(g1 � g2) = P(ε∗,W )(g1) ∪ P(ε∗,W )(g2), (3.4.21)

if and only if for all g1, g2 ∈ G the following three conditions hold:

g1 ∈W ∧ g2 ∈W −→ g1 � g2 ∈W, (3.4.22)

g1 � g2 ∧ g2 ∈W −→ g1 ∈W, (3.4.23)

ε = (W ′ ×W ′) ∪ (W ×W ), (3.4.24)

where W ′ = G \W and x � y ←→ x� y = y.

Proof. It is not difficult to see that the identity (3.4.21) is equivalent to the
following system of three conditions:

y �∈W ∧ (g1 � g2) ≡ y(ε) −→ g1 ≡ y(ε) ∨ g2 ≡ y(ε), (3.4.25)

y �∈W ∧ g1 ≡ y(ε) −→ (g1 � g2) ≡ y(ε), (3.4.26)

y �∈W ∧ g2 ≡ y(ε) −→ (g1 � g2) ≡ y(ε), (3.4.27)

which must be satisfied for all g1, g2, y ∈ G. From condition (3.4.25) for
y = g1 � g2 we get g1 � g2 �∈W −→ g1 �∈W ∨ g2 �∈W, which implies (3.4.22).
Putting y = g1 in (3.4.26) we obtain g1 �∈ W −→ g1 � g2 �∈ W. This means
that g1 � g2 implies g2 �∈ W . So, (3.4.23) is proved. Further, replacing y
in (3.4.26) by g1 and by g2 in (3.4.27), we get gi �∈ W −→ g1 � g2 ≡ gi(ε),
i = 1, 2. Therefore g1 ≡ g2(ε) for g1, g2 ∈ W ′, which proves (3.4.24), because
W is a ε-class.
Conversely, let the conditions (3.4.22)–(3.4.24) be satisfied. If the premise

of (3.4.25) is fulfilled, then, according to (3.4.22), we have g1 ∈W ′ or g2 ∈W ′,
which, by (3.4.24), gives g1 ≡ y(ε) or g2 ≡ y(ε). So, (3.4.25) is proved. Now,
applying (3.4.23) to the premise of (3.4.26), we obtain g1 � g2 ∈ W ′, which
proves (3.4.24). The proof of (3.4.27) is analogous.

Theorem 3.4.8. An algebra (G, o,�) of type (n+1, 2) is a �-Menger algebra of
rank n if and only if the operation o is superassociative, (G,�) is a semilattice,
the identity (3.4.20) holds and for all x, y, yi, z ∈ G, w̄ ∈ Gn, u ∈ G ∪ {ei},
i = 1, . . . , n, the conditions

u[w̄|i(x� y)] = u[w̄|ix]� u[w̄|iy], (3.4.28)

x[y1 · · · yn] � yi, (3.4.29)

x � y � u[w̄|iz] −→ x � y � u[w̄|ix], (3.4.30)

where x � y ←→ x� y = y, are satisfied.
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Proof. Necessity. Let (Φ, O,∪) be some ∪-Menger algebra of n-place functions.
We check only the conditions (3.4.28)–(3.4.30), as the rest is obvious. Let
α, β, βi, γ, ϕ ∈ Φ, i = 1, . . . , n, χ̄ ∈ Φn be arbitrary. We have ϕ[χ̄|iα] ∪
ϕ[χ̄|iβ] ⊂ ϕ[χ̄|i(α ∪ β)]. Conversely, if (ā, c) ∈ ϕ[χ̄|i(α ∪ β)], then

(ā, bi) ∈ α ∪ β, (ā, bj) ∈ χj, j = 1, . . . , n, j �= i, (b̄, c) ∈ ϕ

for some b̄. Thus (ā, bi) ∈ α or (ā, bi) ∈ β, (ā, bj) ∈ χj , j = 1, . . . , n, j �= i,
(b̄, c) ∈ ϕ. Therefore, (ā, c) ∈ ϕ[χ̄|iα] or (ā, c) ∈ ϕ[χ̄|iβ], i.e.,

(ā, c) ∈ ϕ[χ̄|iα] ∪ ϕ[χ̄|iβ].

So, ϕ[χ̄|i(α ∪ β)] ⊂ ϕ[χ̄|iα] ∪ ϕ[χ̄|iβ]. This proves (3.4.28).
The inclusion pr1α[β1 · · ·βn] ⊂ pr1βi is true for every i = 1, . . . , n.

Thus α[β1 · · ·βn] ◦ �pr1βi = α[β1 · · ·βn]. As α[β1 · · ·βn] ∪ βi ∈ Φ, then
(α[β1 · · ·βn], βi) ∈ ξΦ, i.e.,

α[β1 · · ·βn] ◦ �pr 1βi = βi ◦ �pr1α[β1···βn].

Hence α[β1 · · ·βn] = βi ◦ �pr1α[β1···βn]. So, α[β1 · · ·βn] ⊂ βi, which proves
(3.4.29).
Finally, let α ⊂ β∪ϕ[χ̄|i γ]. As α∪γ ∈ Φ, then, evidently, (α, γ) ∈ ξΦ, i.e.,

α ◦ �pr1γ = γ ◦ �pr1α. Therefore

α = α ◦ �pr1α ⊂ (β ∪ ϕ[χ̄|i γ]) ◦ �pr1α

= (β ◦ �pr1α) ∪ (ϕ[χ̄|i γ] ◦ �pr1α)

= (β ◦ �pr1α) ∪ ϕ[χ̄|i(γ ◦ �pr1α)]

= (β ◦ �pr1α) ∪ ϕ[χ̄|i(α ◦ �pr1γ)] ⊂ β ∪ ϕ[χ̄|i α].

Thus (3.4.30) is proved.

Sufficiency. Let (G, o,�) satisfy all the conditions of the theorem. From the
conditions (3.4.20) and (3.4.28), it follows that the order � is stable. Moreover,
for all h, g1, g2, z ∈ G, u ∈ G∪{ei}, w̄ ∈ Gn, i = 1, . . . , n the following condition
is true

h � g1 ∧ h � z � u[w̄|ig2] −→ h � z � u[w̄|ig1]. (3.4.31)

Indeed, if the premise of (3.4.31) is satisfied, then, applying (3.4.30) to the
inequality h � z�u[w̄|ig2], we obtain h � z�u[w̄|ih]. Next, using the stability
of the relation � and h � g1 we get u[w̄|ih] � u[w̄|ig1]. Therefore, z�u[w̄|ih] �
z � u[w̄|ig1], and, as a consequence, h � z � u[w̄|ig1], which proves (3.4.31).
Let L(h,g), where h, g ∈ G and h �� g, be the family of all l-ideals of

(G, o), which contain the element g but do not contain h and which satisfy
the conditions (3.4.22) and (3.4.23). The family L(h,g) is nonempty because
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{x ∈ G |x � g} ∈ L(h,g). According to Zorn’s Lemma in L(h,g), there is
a maximal (with respect to the inclusion) element W(h,g). We will show that
for every g1 �∈ W(h,g) there exists z ∈ W(h,g) such that h � z � g1. In order
to do this, we consider the set W of all h1 ∈ G such that h1 � z � g1 for
some z ∈ W(h,g). Obviously g ∈ W, because g ∈ W(h,g) and g � g � g1. Let
h1 � h2. If h2 ∈ W, then h2 � z � g1 for some z ∈ W(h,g). Thus h1 � z � g1,
i.e., h1 ∈ W . If h1, h2 ∈ W, then h1 � z1 � g1 and h2 � z2 � g1 for some
z1, z2 ∈ W(h,g). Hence h1 � h2 � (z1 � z2) � g1. But z1 � z2 ∈ W(h,g), so
h1 � h2 ∈ W . If h1 ∈ W, then there exists z ∈ W(h,g) such that h1 � z � g1.
Thus u[w̄|ih1] � u[w̄|iz�g1] � z�g1. Consequently u[w̄|ih1] ∈W. In this way,
we have proved that W is an l-ideal satisfying (3.4.22), (3.4.23) and contain-
ing g. It is obvious that W(h,g) ⊂ W . But, by assumption, W(h,g) is maximal
in L(h,g), so h ∈W. Therefore h � z � g1 for some z ∈W(h,g).
Let us consider now the equivalence ε(h,g) defined on (G, o) and having only

two equivalence classesW(h,g) andW ′
(h,g). We show that ε(h,g) is a v-congruence.

Let g1 ≡ g2(ε(h,g)). Assume that g1, g2, u[w̄|ig1] ∈ W ′
(h,g). Then h � z1 � g1,

h � z2 � g2 and h � z3 � u[w̄|ig1] for some z1, z2, z3 ∈ W(h,g). From the last
two inequalities and (3.4.31) we get

h � z3 � u[w̄|i(z2� g2)] = z3 � u[w̄|iz2]� u[w̄|ig2].

From z3� u[w̄|iz2] ∈ W(h,g) it follows u[w̄|iz2] �∈ W(h,g), because in the other
case h ∈ W(h,g) which is impossible by construction of W(h,g). Similarly we
prove that g1, g2, u[w̄|ig2] ∈ W ′

(h,g) implies u[w̄|ig1] �∈ W ′
(h,g). This means

that u[w̄|ig1] ≡ u[w̄|ig2](ε(h,g)). Since W(h,g) is an l-ideal, the same condition
holds in the case when g1, g2 ∈ W(h,g). From the above, it follows that ε(h,g)
is an i-regular for every i = 1, . . . , n, i.e., it is a v-congruence. Therefore
(ε∗(h,g),W(h,g)), where ε∗(h,g) = ε(h,g) ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en — se-
lectors in (G∗, o∗), is the determining pair of (G, o), for which the conditions
(3.4.22)–(3.4.24) are satisfied. With any such determining pair is connected
the simplest representation P(ε∗

(h,g)
,W(h,g)).

Let P be the sum of the family of representations (P(ε∗
(h,g)

,W(h,g)))h,g∈G, where
h �� g. According to the Proposition 3.4.7, P satisfies the identity P (g1� g2) =
P (g1) ∪ P (g2). Moreover, g1 � g2 ←→ P (g1) ⊂ P (g2). Indeed, if g1 � g2, then
g2 = g1 � g2, i.e., P (g2) = P (g1 � g2) = P (g1) ∪ P (g2). Hence P (g1) ⊂ P (g2).
Conversely, from P (g1) ⊂ P (g2) we obtain (g1, g2) ∈ ζP . So, g1 � g2 or g1 �� g2.
If g1 �� g2, then, evidently, (g1, g2) ∈ ζ(ε∗

(g1,g2)
,W(g1,g2)

), which means that

(∀x̄ ∈ B)
(
g1[x̄] �∈W(g1,g2) −→ g1[x̄] ≡ g2[x̄](ε(g1,g2))

)
.

Putting x̄ = (e1, . . . , en) in this condition and applying (3.4.24) we obtain
g2 �∈ W(g1,g2), which is impossible. Thus, g1 � g2. This completes the proof of
the equivalence g1 � g2 ←→ P (g1) ⊂ P (g2).
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From the above P (g1) = P (g2) ←→ g1 = g2. So, the representation P is
faithful.
The proof is complete.

A Menger algebra (Φ, O) of n-place functions closed with respect to the set-
theoretic intersection and union of functions will be denoted by (Φ, O,∩,∪) and
will be called a (∩,∪)-Menger algebra of n-place functions . Abstract algebras of
type (n+1, 2, 2) isomorphic to some (∩,∪)-Menger algebras of n-place functions
will be called (�,�)-Menger algebras of rank n. Such algebras are characterized
by the following theorem.

Theorem 3.4.9. An abstract algebra (G, o,�,�) of type (n+1, 2, 2) is a (�,�)-
Menger algebra of rank n if and only if the operation o is superassociative,
(G,�,�) is a distributive lattice, the identities (3.4.1), (3.4.20), (3.4.28) and

x[(y1 � z1) · · · (yn � zn)] = x[y1 · · · yn]� z1 � · · ·� zn (3.4.32)

are satisfied.

Proof. The necessity of the above conditions is obvious. To prove the sufficiency
assume that an algebra (G, o,�,�) satisfies all of these conditions. Then it also
satisfies (3.4.29) and (3.4.30). Indeed, according to (3.4.32), we have

x[y1 · · · yn] = x[(y1 � y1) · · · (yi � (yi � yi)) · · · (yn � yn)]

= x[y1 · · · yn]� y1 � · · ·� (yi � yi)� · · ·� yn

= (x[y1 · · · yn]� y1 � · · ·� yi � · · ·� yn)� yi = x[y1 · · · yn]� yi

which implies (3.4.29). If x � y�u[w̄|iz] holds, then x� (y�u[w̄|iz]) = x, and
consequently

x = (x� y)� (x� u[w̄|i z]) = (x� y)� u[w̄|i(x� z)] � y � u[w̄|ix].

This proves (3.4.30). So, (G, o,�) satisfies all the conditions of Theorem 3.4.8.
In the proof of this theorem we constructed a faithful representation P of (G, o)
satisfying the identity P (g1 � g2) = P (g1)∪P (g2). It satisfies also the identity
P (g1 � g2) = P (g1) ∩ P (g2). To prove this fact observe that, according to
(3.4.22) and (3.4.23), W(h,g) is an ideal in the lattice (G,�,�). From the
construction of W(h,g), it follows that this ideal is maximal. But from the
general theory of lattices (see for example [15]) we known that in a distributive
lattice, every maximal ideal is simple, so, x�y ∈W(h,g) implies either x ∈W(h,g)

or y ∈ W(h,g). Moreover, from this theory follows also that in a distributive
lattice the complement of a simple ideal is a simple filter, i.e., for W ′

(h,g) the
following conditions must be satisfied:

x, y ∈W ′
(h,g) −→ x� y ∈W ′

(h,g),

x � y ∧ x ∈W ′
(h,g) −→ y ∈W ′

(h,g),
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and for x � y ∈ W ′
(h,g) we must have either x ∈ W ′

(h,g) or y ∈ W ′
(h,g). This

means that the determining pair (ε∗(h,g),W(h,g)) satisfies the conditions (3.4.8)
–(3.4.10), and the corresponding simplest representation satisfies (3.4.7). This
proves the identity P (g1 � g2) = P (g1) ∩ P (g2). So, we have proved that
(G,�,�) is isomorphic to a (∩,∪)-Menger algebra (P (G), O,∩,∪) of n-place
functions.

We considered above ∪– and (∩,∪)–Menger algebras of n-place functions,
i.e., algebras (Φ, O,∪) and (Φ, O,∩,∪). Since for any functions f, g ∈ Φ the
union f ∪g belongs again to Φ, any two functions f, h ∈ Φ are semi-compatible,
i.e., (f, g) ∈ ξΦ, which means that they coincide on pr1f ∩ pr1g. Thus, we can
study Menger algebras (Φ, O) with the relation of universal semi-compatibility
ξP , i.e., with the relation ξP = Φ × Φ. Menger algebras isomorphic to such
algebras are called compatible. Of course, �- and (�,�)-Menger algebras are
compatible.

Theorem 3.4.10. An algebra (G, o,�) of type (n + 1, 2) is a compatible
�-Menger algebra if and only if the operation o is superassociative, (G,�) is
a semilattice and the identities (3.4.1), (3.4.32) hold.

Proof. The necessity is obvious, so only the sufficiency will be proved. If
(G, o,�) satisfies all the conditions of the theorem, then, clearly,

ζ = {(x, y) |x� y = x}

is an order. The condition (3.4.1) shows that ζ is l-regular. The condition
(3.4.32) guarantees the v-regularity. Indeed, for x � y, where � denotes ζ,
we have x� y = x and u[w̄|i(x� y)] = u[w̄|ix]. Thus

u[w̄|i(x� y)] = u[w̄|i(x� y)]� u[w̄|i(x� y)]

= u[w̄|ix]� y � u[w̄|iy]� x = u[w̄|ix]� x� u[w̄|iy]� y

= u[w̄|i(x� x)]� u[w̄|i(y � y)] = u[w̄|ix]� u[w̄|iy],

which implies u[w̄|ix] � u[w̄|iy] = u[w̄|ix]. Hence u[w̄|ix] � u[w̄|iy]. So, ζ is
i-regular for every i = 1, . . . , n, i.e., it is v-regular. Consequently, ζ is a stable
order. It is not difficult to see that from (3.4.32) we can deduce the v-nega-
tiveness of ζ and the conditions (3.4.13)–(3.4.15). Thus, the system (G, o,�, ζ)
satisfies all the conditions of Theorem 3.4.5. Therefore, it is isomorphic to
a p.q-o. ∩-Menger algebra (Φ, O,∩, χΦ) of n-place functions, where Φ = P (G)
and P is the faithful representation considered in the proof of Theorem 3.4.5.
Moreover, the functions P (g1) and P (g2) coincide on the common part of their
domains. To verify this fact we must prove that for every g ∈ G we have
(g1, g2) ∈ ξ(ε∗g ,Wg), where εg and Wg are as in the proof of Theorem 3.4.5.



118 Chapter 3 Ordered Menger algebras

Indeed, if g1[x̄] �∈ Wg and g2[x̄] �∈ Wg for some x̄ ∈ Gn ∪ {(e1, . . . , en)}, then
g � g1[x̄] and g � g2[x̄]. Thus g � g1[x̄] � g2[x̄], i.e., g1[x̄] ≡ g2[x̄](εg), which
was to be proved.

Theorem 3.4.11. A Menger algebra of rank n is compatible if and only if for
all i, j = 1, . . . , n it satisfies the identities:

x[ȳ|i(x[ȳ]) ] = x[ȳ], (3.4.33)

x[ȳ|i(z[ū|jg]) ] = z[ū|j(x[ȳ|ig]) ]. (3.4.34)

Proof. Necessity. Let (G, o) be a compatible Menger algebra, P — an iso-
morphism of (G, o) onto such Menger algebra (Φ, O) of n-place functions for
which ξΦ = Φ× Φ. Of course, any two functions from Φ are semi-compatible.
Thus ζΦ = χΦ, and, consequently, ζP = χP . Therefore ζP is a stable, weakly
steady and v-negative order. So, for any x, yi ∈ G, i = 1, . . . , n, we have
x[ȳ|i(x[ȳ]) ] � x[ȳ], where x � y ←→ (x, y) ∈ ζP .
To prove the converse inequality let f, gi ∈ Φ and P (x) = f , P (yi) = gi, for

i = 1, . . . , n. Obviously, f [ḡ](ā) = f(g1(ā), . . . , gn(ā)) and f [ḡ](ā) = gi(ā) for
all ā ∈ pr1f [ḡ]. Therefore

f [ḡ](ā) = f(g1(ā), . . . , gi−1(ā), f [ḡ](ā), gi+1(ā), . . . , gn(ā))

= f [g1 · · · gi−1 f [ḡ] gi+1 · · · gn](ā) = f [ḡ|i(f [ḡ]) ].

Hence f [ḡ] ⊂ f [ḡ|i(f [ḡ]) ], which implies x[ȳ] � x[ȳ|i(x[ȳ]) ]. This completes
the proof of (3.4.34).

Sufficiency. Let (G, o) be a Menger algebra of rank n satisfying all the con-
ditions of the theorem. It is easy to see that from (3.4.33 ) and (3.4.34) we
can deduce the identities t(t(g)) = t(g) and t1(t2(g)) = t2(t1(g)), where g ∈ G,
t, t1, t2 ∈ Tn(G). Consider on (G, o) the relation

δ = {(g1, g2) | g1 = t(g2) for some t ∈ Tn(G)}.

Of course, δ is an l-regular v-negative quasi-order. It is also antisymmetric
and i-regular for every i = 1, . . . , n. Indeed, if x < y and y < x (here x < y
means (x, y) ∈ δ), then x = t1(y) and y = t2(x) for some t1, t2 ∈ Tn(G).
Hence x = t1(t2(x)) = t2(t1(x)) and t1(x) = t1(t1(y)) = t1(y) = x, which gives
x = t2(x) = y. This proves the antisymmetry of δ. Further, if x < y, i.e.,
x = t(y) for some t ∈ Tn(G), then u[w̄|ix] = u[w̄|it(y)] = t(u[w̄|iy]). Thus
u[w̄|ix] < u[w̄|iy], which proves the i-regularity. Summarizing, δ is a stable
v-negative order.
Now let x < y and x < u[w̄|iz], i.e., x = t1(y) and x = t2(u[w̄|iz]) for

some t1, t2 ∈ Tn(G). Since u[w̄|ix] = u[w̄|it2(u[w̄|iz])] = t2(u[w̄|iu[w̄|iz]]) =
t2(u[w̄|iz]) = x, we have x = u[w̄|ix] = u[w̄|it1(y)] = t1(u[w̄|iy]). Therefore
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x < u[w̄|iy]. In this way we have proved that for all x, y, z, u ∈ G, w̄ ∈ Gn,
i = 1, . . . , n, the following implication holds:

x < y ∧ x < u[w̄|iz] −→ x < u[w̄|iy]. (3.4.35)

Finally, we consider the representation P of (G, o), where

P =
∑
g∈G

P(ε∗g ,Wg), (3.4.36)

ε∗g = εv(δ〈g〉) ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en — selectors in (G∗, o∗),
Wg = Wv(δ〈g〉). Because δ is v-negative, then, evidently, Wg = G \ δ〈g〉. Also
χP is v-negative, so δ ⊂ χP . In fact, we have δ = χP . Indeed, if (g1, g2) ∈ χP ,
then

(∀g ∈ G)(∀x̄ ∈ B) (g < g1[x̄] −→ g < g2[x̄]) ,

where B = Gn ∪ {(e1, . . . , en)}. This, for g = g1 and x̄ = (e1, . . . , en), gives
g1 < g2. Thus χP ⊂ δ, which proves δ = χP . Moreover, from P (g1) = P (g2),
we get (g1, g2) ∈ χP and (g2, g1) ∈ χP , i.e., g1 < g2 and g2 < g1. Hence g1 = g2.
In this way we have proved that the representation P is faithful.
To complete this proof we must show ξP = G×G. For this it is sufficient to

prove that
g < g1[x̄] ∧ g < g2[x̄] −→ g1[x̄] ≡ g2[x̄](εv(δ〈g〉))

for all g, g1, g2 ∈ G and x̄ ∈ B. Indeed, if the premise of this implication
is satisfied and g < t(g1[x̄]) for some t ∈ Tn(G), then from g < g2[x̄] and
g < t(g1[x̄]), according to (3.4.35), we get g < t(g2[x̄]). Analogously from
g < g1[x̄] and g < t(g2[x̄]), we conclude g < t(g1[x̄]). So, g1[x̄] ≡ g2[x̄](εv(δ〈g〉)).
This completes the proof.

3.5 Subtraction Menger algebras

As is well known, the set-theoretic inclusion ⊂ and the operations ∩, ∪ can be
expressed by the set-theoretic difference (subtraction) in the following way:

A ⊂ B ←→ A\B = ∅, A ∩B = A\ (A\B),

A ∪B = C\ ((C\A) ∩ (C\B)),

where A,B,C are arbitrary sets such that A ⊂ C and B ⊂ C.
Therefore, it makes sense to examine sets of functions closed with respect

to the subtraction of functions. Such sets of functions are called difference
semigroups, their abstract analogs — subtraction semigroups. Properties of
subtraction semigroups were found in [1]. The investigation of difference semi-
groups was initiated by B. M. Schein in [188].
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Below we present a generalization of Schein’s results to the case of Menger
algebras of n-place functions, i.e., to the case of algebras (Φ,O,\,∅), where
Φ ⊂ F(An, A), ∅ ∈ Φ. Such algebras will be called difference Menger algebras.

Definition 3.5.1. An algebra (G,−, 0) of type (2, 0) is called a subtraction
algebra if it satisfies the following identities:

x− (y − x) = x, (3.5.1)
x− (x− y) = y − (y − x), (3.5.2)
(x− y)− z = (x− z)− y, (3.5.3)
0− 0 = 0 (3.5.4)

for all x, y, z ∈ G.

Proposition 3.5.2. Any subtraction algebra satisfies the identity:

0 = x− x. (3.5.5)

Proof. Below we give a short proof of this identity:

0 = 0− ((0− (x− x))− 0) = 0− ((0− 0)− (x− x)) = 0− (0− (x− x))
= (x− x)− ((x− x)− 0) = (x− x)− ((x− 0)− x)
= (x− ((x− 0)− x))− x = x− x,

which is what was required to show.

From (3.5.5), by using (3.5.1), we obtain the following two identities:

x− 0 = x, 0− x = 0. (3.5.6)

Similarly, from (3.5.2), (3.5.3), (3.5.5) and (3.5.6) we can deduce:

((x− y)− (x− z))− (z − y) = 0, (3.5.7)
(x− (x− y))− y = 0. (3.5.8)

This means that a subtraction algebra (G,−, 0) is a special case of BCK-alge-
bras studied by many mathematicians.

Definition 3.5.3. An algebra (G, o,−, 0) of type (n + 1, 2, 0) is called a sub-
traction Menger algebra of rank n, if (G, o) is a Menger algebra of rank n,
(G,−, 0) is a subtraction algebra and the following conditions:

(x− y)[z1 · · · zn] = x[z1 · · · zn]− y[z1 · · · zn], (3.5.9)

u[w̄|i(x− (x− y))] = u[w̄|i x]− u[w̄|i(x− y)], (3.5.10)

x− y = z − t1(x) = z − t2(y) = 0 −→ z − t2(x) = 0 (3.5.11)

are satisfied for all x, y, z, u, z1, . . . , zn ∈ G, w̄ ∈ Gn, i = 1, . . . , n and
t1, t2 ∈ Tn(G).
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By putting n = 1 in the above definition, we obtain a weak subtraction
semigroup 2 studied by B. M. Schein (cf. [188]). Such semigroups are isomorphic
to some subtraction semigroups of the form (Φ, ◦,\).

Theorem 3.5.4. Each difference Menger algebra of n-place functions is a sub-
traction Menger algebra of rank n.

Proof. Let (Φ,O,\,∅) be a difference Menger algebra of n-place functions
defined on A. The algebra (Φ,O) is a Menger algebra of rank n. The operation
\ satisfies (3.5.1), (3.5.2), and (3.5.3). Hence (Φ,\,∅) is a subtraction algebra.
Thus, (Φ,O,\,∅) will be a subtraction Menger algebra if (3.5.9), (3.5.10), and
(3.5.11) will be satisfied.
To verify (3.5.9), observe that for each (ā, c) ∈ (f \ g)[h1 · · ·hn], where f, g,

h1, . . . , hn ∈ Φ, ā ∈ An, c ∈ A there exists b̄ = (b1, . . . , bn) ∈ An such that
(b̄, c) ∈ f \ g and (ā, bi) ∈ hi for each i = 1, . . . , n. Consequently, (b̄, c) ∈ f and
(b̄, c) �∈ g. Thus, (ā, c) ∈ f [h1 · · ·hn]. If (ā, c) ∈ g[h1 · · ·hn], then there exists
d̄ = (d1, . . . , dn) ∈ An such that (d̄, c) ∈ g and (ā, di) ∈ hi for every i = 1, . . . , n.
Since h1, . . . , hn are functions, we obtain bi = di for all i = 1, . . . , n. Thus
b̄ = d̄. Therefore (b̄, c) ∈ g, which is impossible. Hence (ā, c) �∈ g[h1 · · ·hn].
This means that (ā, c) ∈ f [h1 · · ·hn]\g[h1 · · ·hn]. So, the following implication:

(ā, c) ∈ (f \ g)[h1 · · ·hn] −→ (ā, c) ∈ f [h1 · · ·hn] \ g[h1 · · ·hn]

is valid for any ā ∈ An, c ∈ A, i.e.,

(f \ g)[h1 · · ·hn] ⊂ f [h1 · · ·hn] \ g[h1 · · ·hn].

Conversely, let (ā, c) ∈ f [h1 · · ·hn] \ g[h1 · · ·hn]. Then (ā, c) ∈ f [h1 · · ·hn]
and (ā, c) �∈ g[h1 · · ·hn]. Thus, there exists b̄ = (b1, . . . , bn) ∈ An such that
(b̄, c) ∈ f , (b̄, c) �∈ g and (ā, bi) ∈ hi for each i = 1, . . . , n. Hence, (b̄, c) ∈ f \ g
and (ā, c) ∈ (f \ g)[h1 · · ·hn]. So,

(ā, c) ∈ f [h1 · · ·hn] \ g[h1 · · ·hn] −→ (ā, c) ∈ (f \ g)[h1 · · ·hn]

for any ā ∈ An, c ∈ A, i.e., f [h1 · · ·hn] \ g[h1 · · ·hn] ⊂ (f \ g)[h1 · · ·hn]. Thus,

(f \ g)[h1 · · ·hn] = f [h1 · · ·hn] \ g[h1 · · ·hn],

which proves (3.5.9).
Now, let (ā, c) ∈ u[ω̄|i(f\ (f\ g))] = u[ω̄|i(f ∩ g)], where f, g, u ∈ Φ, ω̄ ∈ Φn,

ā ∈ An, c ∈ A. Then there exists b̄ = (b1, . . . , bn) ∈ An such that (ā, bi) ∈ f ∩g,
(ā, bj) ∈ ωj, j ∈ {1, . . . , n}\ {i} and (b̄, c) ∈ u. Since (ā, bi) ∈ f ∩ g implies

2 A weak subtraction semigroup (S, ·,−) is a semigroup (S, ·) satisfying the identities (3.5.1),
(3.5.2), (3.5.3), x(y − z) = xy − xz and (x− (x− y))z = xz − (x− y)z.
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(ā, bi) �∈ f \ g, we have (ā, c) ∈ u[ω̄|if ] and (ā, c) �∈ u[ω̄|i(f \ g)]. Therefore,
(ā, c) ∈ u[ω̄|if ] \ u[ω̄|i(f\ g)]. Thus, we have shown that for any ā ∈ An, c ∈ A
holds the implication

(ā, c) ∈ u[ω̄|i(f \ (f \ g))] −→ (ā, c) ∈ u[ω̄|if ] \ u[ω̄|i(f \ g)],

which is equivalent to the inclusion u[ω̄|i(f \ (f \ g))] ⊂ u[ω̄|if ] \ u[ω̄|i(f \ g)].
Conversely, let (ā, c) ∈ u[ω̄|if ] \ u[ω̄|i(f \ g)]. Then (ā, c) ∈ u[ω̄|if ] and

(ā, c) �∈ u[ω̄|i(f\g)]. The first of these two conditions means that there exists b̄ =
(b1, . . . , bn) ∈ An such that (ā, bi) ∈ f , (ā, bj) ∈ ωj for each j ∈ {1, . . . , n}\ {i}
and (b̄, c) ∈ u. It is easy to see that the second condition (ā, c) �∈ u[ω̄|i(f \ g)]
is equivalent to the implication

(∀d̄)
(
(ā, di) ∈ f ∧

n∧
j=1,j �=i

(ā, dj) ∈ ωj ∧ (d̄, c) ∈ u −→ (ā, di) ∈ g
)
, (3.5.12)

where d̄ = (d1, . . . , dn) ∈ An. From this implication for d̄ = b̄, we obtain

(ā, bi) ∈ f ∧
n∧

j=1,j �=i

(ā, bj) ∈ ωj ∧ (b̄, c) ∈ u −→ (ā, bi) ∈ g,

which gives (ā, bi) ∈ g. Therefore (ā, bi) ∈ f ∩ g = f \ (f \ g). This means that
(ā, c) ∈ u[ω̄|i(f \ (f \ g))]. So, the implication

(ā, c) ∈ u[ω̄|if ] \ u[ω̄|i(f \ g)] −→ (ā, c) ∈ u[ω̄|i(f \ (f \ g))]

is true for all ā ∈ An, c ∈ A. Hence u[ω̄|if ] \ u[ω̄|i(f \ g)] ⊂ u[ω̄|i(f \ (f \ g))].
Thus

u[ω̄|i(f \ (f \ g))] = u[ω̄|if ] \ u[ω̄|i(f \ g)].
This proves (3.5.10).
To prove (3.5.11) suppose that for some f, g, h ∈ Φ and t1, t2 ∈ Tn(Φ) we

have f \ g = ∅, h\ t1(f) = ∅ and h\ t2(g) = ∅. Then f ⊂ g, h ⊂ t1(f) and
h ⊂ t2(g). Hence f = g ◦ �pr1f and pr1 h ⊂ pr1 f , where pr1 f denotes the
domain of f and Δpr1f is the identity binary relation on pr1 f .
From the inclusion h ⊂ t2(g) we obtain

h = h ◦ Δpr1f ⊂ t2(g) ◦ Δpr1f = t2(g ◦ Δpr1f ) = t2(f),

which means that (3.5.11) is also satisfied. This completes the proof that
(Φ,O, \,∅) is a subtraction Menger algebra of rank n.

To prove the converse statement, we need to consider a number of properties
of a subtraction Menger algebra of rank n, introduce some definitions and prove
some auxiliary propositions.

Let (G, o,−, 0) be a subtraction Menger algebra of rank n.
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Proposition 3.5.5. In any subtraction Menger algebra of rank n we have

0[x1 · · ·xn] = 0, x[x1 · · ·xi−10xi+1 · · ·xn] = 0

for all x, x1, . . . , xn ∈ G, i = 1, . . . , n.

Proof. Indeed, using (3.5.5) and (3.5.9), we obtain

0[x1 · · ·xn] = (0− 0)[x1 . . . xn] = 0[x1 · · ·xn]− 0[x1 · · ·xn] = 0.

Similarly, applying (3.5.10) and (3.5.5), we get

u[w̄|i 0] = u[w̄|i(0− (0− 0))] = u[w̄|i 0]− u[w̄|i(0− 0)] = u[w̄|i 0]− u[w̄|i 0] = 0,

which was to be showed.

Let ω be a binary relation defined on (G, o,−, 0) in the following way:

ω = {(x, y) ∈ G×G |x− y = 0}.

Using (3.5.5), (3.5.6), and (3.5.7) it is easy to see that this is an order. In con-
nection with this fact we will sometimes write x � y instead of (x, y) ∈ ω.
Using this notation it is not difficult to verify that

0 � x, x− y � x, (3.5.13)
x � y ←→ x− (x− y) = x, (3.5.14)
x � y −→ x− z � y − z, (3.5.15)
x � y −→ z − y � z − x, (3.5.16)
x � y ∧ u � v −→ x− v � y − u (3.5.17)

holds for all x, y, z, u, v ∈ G.
Moreover, in a subtraction algebra the following two identities:

(x− y)− y = x− y, (3.5.18)
(x− y)− z = (x− z)− (y − z) (3.5.19)

are true. The first is a consequence of (3.5.1). Indeed,

x− y = (x− y)− (y − (x− y)) = (x− y)− y.

From (3.5.13), using (3.5.3) and (3.5.16), we obtain

(x− y)− z � (x− z)− (y − z).

On the other side, (3.5.7) implies ((x− z)− z)− (y − z) � (x− z)− y, which
together with (3.5.18) and (3.5.3) gives ((x − z) − (y − z)) − ((x − y) − z) =
(((x− z)− z)− (y− z))− ((x− y)− z) � ((x− z)− y)− ((x− y)− z) = 0. So,
(x− z)− (y − z) � (x− y)− z. This, by (3.5.14) and (3.5.2), proves (3.5.19).
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Proposition 3.5.6. On the algebra (G, o,−, 0) the relation ω is stable and
weakly steady.

Proof. Let x � y for some x, y ∈ G. Then x− y = 0 and

(x− y)[z1 · · · zn] = 0[z1 · · · zn] = (0− 0)[z1 · · · zn] = 0[z1 · · · zn]− 0[z1 · · · zn] = 0

for all z1, . . . , zn ∈ G. This, by (3.5.9), implies

x[z1 · · · zn]− y[z1 · · · zn] = 0,

i.e., x[z1 · · · zn] � y[z1 · · · zn]. Thus, ω is l-regular.
Moreover, from x � y, using (3.5.6), we obtain x−(x−y) = x, which together

with (3.5.2), gives y − (y − x) = x. Consequently, for any u ∈ G, w̄ ∈ Gn we
have u[w̄|i(y−(y−x))] = u[w̄|i x]. This and (3.5.9) give u[w̄|i y]−u[w̄|i(y−x)] =
u[w̄|i x]. Hence, according to (3.5.13), we obtain u[w̄|i x] � u[w̄|i y]. Thus, ω is
i-regular for every i = 1, . . . , n. Since ω is a quasi-order, the last means that ω
is v-regular. But ω also is l-regular, hence it is stable.
It is clear that ω is weakly steady if and only if it satisfies (3.5.11).3

Proposition 3.5.7. The axiom (3.5.10) is equivalent to each of the following
conditions:

x � y −→ u[w̄|i (y − x)] = u[w̄|i y]− u[w̄|i x], (3.5.20)
x � y −→ t(y − x) = t(y)− t(x), (3.5.21)
t(x− (x− y)) = t(x)− t(x− y) (3.5.22)

for all x, y, u ∈ G, w̄ ∈ Gn, i = 1, . . . , n, t ∈ Tn(G).

Proof. (3.5.10) −→ (3.5.20). Suppose that the condition (3.5.10) is satisfied
and x � y for some x, y ∈ G. Then, according to (3.5.14), we have

x− (x− y) = x.

Hence, by (3.5.2), we obtain y − (y − x) = x. Thus,

y − x = y − (y − (y − x)),

which, in view of (3.5.10), gives u[w̄|i (y − x)] = u[w̄|i (y − (y − (y − x)))] =
u[w̄|iy] − u[w̄|i(y − (y − x))] = u[w̄|iy] − u[w̄|ix]. This means that (3.5.10)
implies (3.5.20).

(3.5.20) −→ (3.5.21). From (3.5.20), it follows that for x � y and all
polynomials t ∈ Tn(G) of the form t(x) = u[w̄|ix] the condition (3.5.21) is

3 In the case of semigroups the fact that ω is weakly steady can be deduced directly from
the axioms of a weak subtraction semigroup (cf. [188]).
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satisfied. To prove that (3.5.21) is satisfied by an arbitrary polynomial from
Tn(G) suppose that it is satisfied by some t′ ∈ Tn(G). Since the relation ω is
stable on the algebra (G, o,−, 0), from x � y it follows t′(x) � t′(y), which in
view of (3.5.20), implies

u[w̄|i (t′(y)− t′(x))] = u[w̄|i t′(y)]− u[w̄|i t′(x)].

But according to the assumption on t′ for x � y, we have t′(y)−t′(x) = t′(y−x),
so the above equation can be written as

u[w̄|i t′(y − x)] = u[w̄|i t′(y)]− u[w̄|i t′(x)].

Thus, (3.5.21) is satisfied by polynomials of the form t(x) = u[w̄|it′(x)].
From the construction of Tn(G), it follows that (3.5.21) is satisfied by all

polynomials t ∈ Tn(G). Therefore (3.5.20) implies (3.5.21).
(3.5.21) −→ (3.5.22). Since, by means of (3.5.13), x − y � x holds for all

x, y ∈ G, from (3.5.21) follows t(x−(x−y)) = t(x)−t(x−y) for any polynomial
t ∈ Tn(G). Thus, (3.5.21) implies (3.5.22).

(3.5.22) −→ (3.5.10). By putting t(x) = u[w̄|i x] we obtain (3.5.10).

On a subtraction Menger algebra (G, o,−, 0) of rank n, we can define a binary
operation � by putting

x� y = x− (x− y). (3.5.23)

By using this operation, the conditions (3.5.9), (3.5.14), and (3.5.22) can be
written in a more useful form:

u[w̄|i(x� y)] = u[w̄|i x]− u[w̄|i(x− y)], (3.5.24)
x � y ←→ x� y = x, (3.5.25)
t(x� y) = t(x)− t(x− y), (3.5.26)

where x, y, u ∈ G, w̄ ∈ Gn, i = 1, . . . , n, t ∈ Tn(G). Moreover, from (3.5.9)
and (3.5.23), we can deduce the identity:

(x� y)[z1 · · · zn] = x[z1 · · · zn]� y[z1 · · · zn]. (3.5.27)

The algebra (G,�) is a lower semilattice. Directly from the conditions (3.5.1)
–(3.5.8) we obtain the following properties:

x � y ∧ x � z −→ x � y � z, (3.5.28)
x � y −→ x� z � y � z, (3.5.29)
x� y = 0 −→ x− y = x, (3.5.30)
(x− y)� y = 0, (3.5.31)
x� (y − z) = (x� y)− (x� z), (3.5.32)
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x− y = x− (x� y), (3.5.33)
(x� y)− (y − z) = x� y � z, (3.5.34)
(x� y)− z = (x− z)� (y − z), (3.5.35)
(x� y)− z = (x− z)� y (3.5.36)

for all x, y, z ∈ G.

Proposition 3.5.8. In a subtraction Menger algebra (G, o,−, 0) of rank n the
following conditions

t(x− y) = t(x)− t(x� y), (3.5.37)
t(x)− t(y) � t(x− y) (3.5.38)

are true for each t ∈ Tn(G) and x, y ∈ G.

Proof. From (3.5.33), we obtain t(x − y) = t(x − (x � y)) for every
t ∈ Tn(G). (3.5.23) and (3.5.13) imply x� y � x, which together with (3.5.21)
gives t(x− (x� y)) = t(x)− t(x� y). Hence, t(x− y) = t(x)− t(x� y). This
proves (3.5.37).
Since x�y � y, the stability of ω implies t(x�y) � t(y) for every t ∈ Tn(G).

From this, by applying (3.5.13) and (3.5.16), we obtain t(x) − t(y) � t(x) −
t(x� y) = t(x− y), which proves (3.5.38).

By [0, a], we denote the initial segment of the algebra (G,−, 0), i.e., the set of
all x ∈ G such that 0 � x � a. On any [0, a] we can define a binary operation
� by letting:

x� y = a− ((a− x)� (a− y)) (3.5.39)

for all x, y ∈ [0, a]. It is not difficult to see that this operation is idempotent
and commutative, and 0 is its neutral element, i.e., x � x = x, x � y = y � x,
x� 0 = x for all x, y ∈ [0, a].

Proposition 3.5.9. For any x, y ∈ [0, b] ⊂ [0, a], where a, b ∈ G, we have

b− ((b− x)� (b− y)) = a− ((a− x)� (a− y)). (3.5.40)

Proof. Note first that b = b � a because b � a. Moreover, from x � b
and y � b, according to (3.5.16), we obtain a − b � a − x and a − b �
a − y. This, together with (3.5.28), gives a − b � (a − x) � (a − y). Thus,
(a− b)− ((a− x)� (a− y)) = 0.
By (3.5.13), we have b− ((a− x)� (a− y)) � b, which implies

b� (b− ((a− x)� (a− y))) = b− ((a− x)� (a− y)). (3.5.41)
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Obviously b = b� b = b� a, x = b� x, y = b� y. Therefore:4

b− ((b− x)� (b− y)) = b� b− ((b� a− b� x)� (b� a− b� y))

(3.5.32)
= b� b− (b� (a− x)� b� (a− y))

= b� b− b� ((a− x)� (a− y))

(3.5.32)
= b� (b− ((a− x)� (a− y)))

(3.5.40)
= b− ((a− x)� (a− y))

= a� b− ((a− x)� (a− y))

(3.5.23)
= (a− (a− b))− ((a− x)� (a− y))

(3.5.19)
= (a− ((a− x)� (a− y)))

− ((a− b)− ((a− x)� (a− y)))

= (a− ((a− x)� (a− y)))− 0

(3.5.6)
= a− ((a− x)� (a− y)),

which completes the proof.

Corollary 3.5.10. The condition (3.5.40) is true for all x, y ∈ [0, a] ∩ [0, b].

Proof. Since [0, a] ∩ [0, b] = [0, a � b] ⊂ [0, a] ∪ [0, b], by Proposition 3.5.9, for
all x, y ∈ [0, a] ∩ [0, b] we have:

a− ((a− x)� (a− y)) = a� b− ((a� b− x)� (a� b− y)),

b− ((b− x)� (b− y)) = a� b− ((a� b− x)� (a� b− y)).

This implies (3.5.40).

From the above corollary, it follows that the value of x� y, if it exists, does
not depend on the choice of the interval [0, a] containing the elements x and y.
In [1] it is proved that for x, y, z ∈ [0, a] we have

x� (x� y) = x, (3.5.42)
x� (x� y) = x, (3.5.43)
(x� y)� z = x� (y � z), (3.5.44)
x� (y � z) = (x� y)� (x� z), (3.5.45)
x� (y � z) = (x� y)� (x� z), (3.5.46)
(x� y)− z = (x− z)� (y − z), (3.5.47)
x � z ∧ y � z −→ x� y � z, (3.5.48)

4 To reduce the number of brackets we will write x � y − z instead of (x � y)− z.
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y � x −→ x = (x− y)� y, (3.5.49)
x = (x� y)− (y − x), (3.5.50)
x = (x� y)� (x− y). (3.5.51)

From (3.5.42) follows x � x� y.

Proposition 3.5.11. If for some x, y ∈ G there exists x�y, then for all u ∈ G,
z̄, w̄ ∈ Gn, i = 1, . . . , n there are also elements x[z̄]�y[z̄] and u[w̄|i x]�u[w̄|i y],
and the following identities are satisfied:

(x� y)[z̄] = x[z̄]� y[z̄], (3.5.52)
u[w̄|i(x� y)] = u[w̄|i x]� u[w̄|i y]. (3.5.53)

Proof. Suppose that an element x � y exists. Then x � a and y � a for some
a ∈ G, which, by the l-regularity of the relation ω, implies x[z̄] � a[z̄] and
y[z̄] � a[z̄] for any z̄ ∈ Gn. This means that x[z̄]� y[z̄] exists and

(x� y)[z̄]
(3.5.39)
= (a− ((a− x)� (a− y)))[z̄]

(3.5.9)
= a[z̄]− ((a− x)� (a− y))[z̄]

(3.5.27)
= a[z̄]− ((a− x)[z̄]� (a− y)[z̄])

(3.5.9)
= a[z̄]− ((a[z̄]− x[z̄])� (a[z̄]− y[z̄]))

(3.5.39)
= x[z̄]� y[z̄].

This proves (3.5.52).
Further, from x � a, y � a and the i-regularity of ω, we obtain u[w̄|i x] �

u[w̄|i a] and u[w̄|i y] � u[w̄|i a]. Hence, there exists an element u[w̄|i x]�u[w̄|i y].
Since x � x � y and y � x � y, we also have u[w̄|i x] � u[w̄|i(x � y)] and
u[w̄|i y] � u[w̄|i(x� y)], which, according to (3.5.48), gives

u[w̄|i x]� u[w̄|i y] � u[w̄|i(x� y)]. (3.5.54)

On the other side, the existence of u[w̄|i x]� u[w̄|i y] implies,

u[w̄|i x] � u[w̄|i x]� u[w̄|i y] and u[w̄|i y] � u[w̄|i x]� u[w̄|i y].

Moreover, by (3.5.38) and (3.5.50), we have

u[w̄|i(x� y)]− u[w̄|i(y − x)] � u[w̄|i((x� y)− (y − x))] = u[w̄|i x].

Consequently,

u[w̄|i(x� y)]− u[w̄|i(y − x)] � u[w̄|i x]� u[w̄|i y]. (3.5.55)
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But y − x � y, so, u[w̄|i(y − x)] � u[w̄|i y] and

u[w̄|i(y − x)] � u[w̄|i x]� u[w̄|i y].

This and (3.5.55) guarantee the existence of an element

(u[w̄|i(x� y)]− u[w̄|i(y − x)])� u[w̄|i(y − x)]

such that

(u[w̄|i(x� y)]− u[w̄|i(y − x)])� u[w̄|i(y − x)] � u[w̄|i x]� u[w̄|i y]. (3.5.56)

Since u[w̄|i(y − x)] � u[w̄|i y] � u[w̄|i(x � y)], the last inequality and (3.5.49)
imply

(u[w̄|i(x� y)]− u[w̄|i(y − x)])� u[w̄|i(y − x)] = u[w̄|i(x� y)],

which together with (3.5.56) gives

u[w̄|i(x� y)] � u[w̄|i x]� u[w̄|i y].

Comparing this inequality with (3.5.54) we obtain (3.5.53).

Corollary 3.5.12. If for some x, y ∈ G an element x� y exists, then for any
polynomial t ∈ Tn(G) an element t(x)�t(y) also exists and t(x�y) = t(x)�t(y).

Proposition 3.5.13. For all x, y ∈ G and all polynomials t1, t2 ∈ Tn(G) we
have:

t1(x� y)� t2(x− y) = 0.

Proof. Let t1(x�y)� t2(x−y) = h. Obviously h � t1(x�y) and h � t2(x−y).
Since t2(x− y) � t2(x), we have h � t2(x). Thus, x� y � x, h � t1(x� y) and
h � t2(x). This, in view of Proposition 3.5.6 and (3.5.11), gives h � t2(x� y).
Consequently,

h � t2(x− y)� t2(x� y). (3.5.57)

Further, by (3.5.37) and (3.5.18), we obtain

t2(x− y)− t2(x� y) = (t2(x)− t2(x� y))− t2(x� y)

= t2(x)− t2(x� y) = t2(x− y).

Therefore, by (3.5.23), we have

t2(x−y)�t2(x�y) = t2(x−y)−(t2(x−y)−t2(x�y)) = t2(x−y)−t2(x−y) = 0,

which together with (3.5.57) implies h � 0. So, h = 0. This completes the
proof.



130 Chapter 3 Ordered Menger algebras

Proposition 3.5.14. For all x, y, z, g ∈ G and all polynomials t1, t2 ∈ Tn(G)
the following conditions are true:

t1(x� y)� t2(y) = t1(x� y)� t2(x� y), (3.5.58)

t1(x� y � z)� t2(y) � t1(x� y)� t2(y � z), (3.5.59)

g � t1(x� y) ∧ g � t2(y � z) −→ g � t2(x� y � z). (3.5.60)

Proof. To prove (3.5.58) observe first that for z = t1(x � y) � t2(y) we have
z � t1(x�y) and z � t2(y). Since the relation ω is weakly steady and x�y � y,
from the above we conclude z � t2(x � y), i.e., t1(x � y) � t2(y) � t2(x � y).
This, by (3.5.29), implies

t1(x� y)� t2(y) � t1(x� y)� t2(x� y).

On the other side, the stability of ω and x � y � y imply t2(x � y) � t2(y)
for every t2 ∈ Tn(G). Hence

t1(x� y)� t2(x� y) � t1(x� y)� t2(y)

by (3.5.29). This completes the proof of (3.5.58).
Further:

t1(x� y � z)� t2(y) = t1((x� z)� y)� t2(y)

(3.5.58)
= t1((x� z)� y)� t2((x� z)� y)

� t1(x� y)� t2(y � z)

proves (3.5.59).
Finally, let g � t1(x� y) and g � t2(y � z). Then

g � t1(x� y)� t2(y � z)
(3.5.26)
= t1(x� y)� (t2(y)− t2(y − z))

(3.5.32)
=

(
t1(x� y)� t2(y)

)
−
(
t1(x� y)� t2(y − z)

)
(3.5.58)
=

(
t1(x� y)� t2(x� y)

)
−
(
t1(x� y)� t2(y − z)

)
(3.5.32)
= t1(x� y)�

(
t2(x� y)− t2(y − z)

)
� t2(x� y)− t2(y − z)

(3.5.38)

� t2

(
(x� y)− (y − z)

)
(3.5.34)
= t2(x� y � z).

This proves (3.5.60) and completes the proof of our proposition.

Corollary 3.5.15. For all x, y, z ∈ G and all polynomials t1, t2 ∈ Tn(G) we
have:

t1(x� y � z)� t2(y) = t1(x� y)� t2(y � z). (3.5.61)



Section 3.5 Subtraction Menger algebras 131

Proof. We have t1(x � y) � t2(y � z) � t1(x � y) and t1(x � y) � t2(y � z) �
t2(y � z), so by (3.5.60) we obtain t1(x � y) � t2(y � z) � t1(x � y � z).
Considering now that t1(x� y)� t2(y � z) � t2(y � z) � t2(y), by (3.5.28), we
get t1(x� y)� t2(y � z) � t1(x� y � z)� t2(y). Taking now into account the
condition (3.5.59) we obtain (3.5.61).

Definition 3.5.16. By a determining pair of a subtraction Menger algebra
(G, o,−, 0) of rank n we mean an ordered pair (ε∗,W ), where ε is a v-regular
equivalence relation defined on (G, o), ε∗ = ε∪{(e1, e1), . . . , (en, en)}, e1, . . . , en
are selectors of a unitary extension (G∗, o∗) of (G, o) and W is the empty set
or an l-ideal of (G, o) which is an ε-class.

Definition 3.5.17. A nonempty subset F of a subtraction Menger algebra
(G, o,−, 0) of rank n is called a filter if:
(1) 0 �∈ F ;
(2) x ∈ F ∧ x � y −→ y ∈ F ;
(3) x ∈ F ∧ y ∈ F −→ x� y ∈ F

for all x, y ∈ G.

If a, b ∈ G and a � b, then [ a) = {x ∈ G | a � x} is a filter with a ∈ [ a) and
b �∈ [ a). By Zorn’s Lemma, the collection of filters which contain an element a,
but do not contain an element b, has a maximal element which is denoted
by Fa,b. Using this filter we define the following three sets:

Wa,b = {x ∈ G | (∀t ∈ Tn(G)) t(x) �∈ Fa,b},
εa,b = {(x, y) ∈ G×G |x� y �∈Wa,b ∨ x, y ∈Wa,b},
ε∗a,b = εa,b ∪ {(e1, e1), . . . , (en, en)}.

Proposition 3.5.18. For any a, b ∈ G, the pair (ε∗a,b,Wa,b) is the determining
pair of the algebra (G, o,−, 0).

Proof. First we show that εa,b is an equivalence relation on G. It is clear
that this relation is reflexive and symmetric. To prove its transitivity, let
(x, y), (y, z) ∈ εa,b. We have four possibilities:

(a) x� y �∈Wa,b ∧ y � z �∈Wa,b,

(b) x� y �∈Wa,b ∧ y, z ∈Wa,b,

(c) x, y ∈Wa,b ∧ y � z �∈Wa,b,

(d) x, y ∈Wa,b ∧ y, z ∈Wa,b.

In the case (a), we have t1(x � y), t2(y � z) ∈ Fa,b for some t1, t2 ∈ Tn(G).
Since Fa,b is a filter, then, obviously, t1(x�y)�t2(y�z) ∈ Fa,b. This, according
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to (3.5.61), implies t1(x�y�z)�t2(y) ∈ Fa,b. But t1(x�y�z)�t2(y) � t1(x�z),
hence also t1(x� z) ∈ Fa,b, i.e., x� z �∈Wa,b. Thus, (x, z) ∈ εa,b.
In the case (b), from x�y �∈Wa,b follows t(x�y) ∈ Fa,b for some polynomial

t ∈ Tn(G). But x� y � y, and consequently t(x� y) � t(y). Thus t(y) ∈ Fa,b,
i.e., y �∈ Wa,b, which is a contradiction. Hence the case (b) is impossible.
Analogously we can show that the case (c) is also impossible. The case (d) is
obvious, because in this case x, z ∈ Wa,b, which means that (x, z) ∈ εa,b. This
completes the proof that εa,b is transitive.
Moreover, if x ∈Wa,b, then t(x) �∈ Fa,b for every t ∈ Tn(G). In particular, for

all t(x) = t′(u[w̄|i x]) ∈ Tn(G) we have t′(u[w̄|i x]) �∈ Fa,b. Thus, u[w̄|i x] ∈Wa,b

for every i = 1, . . . , n. Hence, Wa,b is an i-ideal of (G, o), and consequently, an
l-ideal. It is clear that Wa,b is an εa,b-class.
Next, we prove that the relation εa,b is v-regular. Let x ≡ y(εa,b). Then

x�y �∈Wa,b or x, y ∈Wa,b. In the case x, y ∈Wa,b we obtain u[w̄|i x], u[w̄|i y] ∈
Wa,b because Wa,b is an l-ideal of (G, o). Thus, u[w̄|i x] ≡ u[w̄|i y](εa,b). In the
case where x � y �∈ Wa,b the elements u[w̄|i x], u[w̄|i y] simultaneously belong
or not belong to Wa,b. Indeed, if u[w̄|i x], u[w̄|i y] ∈ Wa,b, then obviously
u[w̄|i x] ≡ u[w̄|i y](εa,b). Now, if u[w̄|i x] �∈ Wa,b, then t(u[w̄|i x]) ∈ Fa,b for
some t ∈ Tn(G). Since x � y �∈ Wa,b, then also t1(x � y) ∈ Fa,b for some
t1 ∈ Tn(G). Thus t1(x � y) � t(u[w̄|i x]) ∈ Fa,b, which, by (3.5.58), implies
t1(x� y)� t(u[w̄|i(x� y)]) ∈ Fa,b. But t1(x� y)� t(u[w̄|i(x� y)]) � t(u[w̄|i y]),
hence t(u[w̄|i y]) ∈ Fa,b, i.e., u[w̄|i y] �∈ Wa,b. So, we have shown that
x � y �∈ Wa,b and u[w̄|i x] �∈ Wa,b imply u[w̄|i y] �∈ Wa,b. Similarly we can
show that x � y �∈ Wa,b and u[w̄|i y] �∈ Wa,b imply u[w̄|i x] �∈ Wa,b. Therefore,
we have proved that in the case x � y �∈ Wa,b the elements u[w̄|i x], u[w̄|i y]
simultaneously belong or not belong to Wa,b.
So, if for x�y �∈Wa,b we have u[w̄|i x], u[w̄|i y] ∈Wa,b, then clearly u[w̄|i x] ≡

u[w̄|i y](εa,b). Therefore assume that u[w̄|i x] �∈ Wa,b (hence u[w̄|i y] �∈ Wa,b).
Thus, x � y �∈ Wa,b, u[w̄|i x] �∈ Wa,b, i.e., t(x � y) ∈ Fa,b, t1(u[w̄|i x]) ∈ Fa,b

for some t, t1 ∈ Tn(G). Hence, t(y � x � y) � t1(u[w̄|i x]) ∈ Fa,b. From this,
according to (3.5.61), we obtain t(y�x)� t1(u[w̄|i(x�y)]) ∈ Fa,b. This implies
t1(u[w̄|i(x � y)]) ∈ Fa,b. Since u[w̄|i(x � y)] � u[w̄|i x] and u[w̄|i(x � y)] �
u[w̄|i y], we have u[w̄|i(x � y)] � u[w̄|i x] � u[w̄|i y], which, by the stability of
ω gives t1(u[w̄|i(x � y)]) � t1(u[w̄|i x] � u[w̄|i y]). Consequently, t1(u[w̄|i x] �
u[w̄|i y]) ∈ Fa,b, so u[w̄|i x] � u[w̄|i y] �∈ Wa,b, i.e., u[w̄|i x] ≡ u[w̄|i y](εa,b). In
this way we have proved that the relation εa,b is i-regular for every i = 1, . . . , n.
Thus it is v-regular.

Proposition 3.5.19. All equivalence classes of εa,b, except of Wa,b, are filters.

Proof. Indeed, let H �= Wa,b be an arbitrary class of εa,b. If x ∈ H and x � y,
then x � y = x �∈ Wa,b, consequently, (x, y) ∈ εa,b. Hence, y ∈ H. Further,
let x, y ∈ H, then (x, y) ∈ εa,b. Thus x � y �∈ Wa,b, i.e., t(x � y) ∈ Fa,b for
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some t ∈ Tn(G). But x � y = x � (x � y), hence, t(x � (x � y)) ∈ Fa,b and
x� (x� y) �∈Wa,b. So x ≡ x� y(εa,b). This implies x� y ∈ H. Thus, we have
shown that H is a filter.

Proposition 3.5.20. If x� y exists for some x, y ∈Wa,b, then x� y ∈Wa,b.

Proof. Let x�y exist for some x, y ∈Wa,b. If x�y �∈Wa,b, then t(x�y) ∈ Fa,b

for some t ∈ Tn(G), and, according to Corollary 3.5.12, t(x� y) = t(x)� t(y).
If t(x) �∈ Fa,b, then Fa,b is a proper subset of the set

U = {u ∈ G | (∃z ∈ Fa,b) z � t(x) � u}

because t(x) ∈ U .
We show that U is a filter. 0 �∈ U because, by (3.5.13), we have 0 � z � t(x)

for any z ∈ Fa,b. Let s ∈ U and s � r. Then z � t(x) � s for some z ∈ Fa,b.
Consequently, z � t(x) � r, so r ∈ U . Now let s ∈ U and r ∈ U , i.e.,
z1 � t(x) � s and z2 � t(x) � r for some z1, z2 ∈ Fa,b. Since Fa,b is a filter, we
have z1 � z2 ∈ Fa,b. Hence, (z1 � z2) � t(x) � s � r, which implies s � r ∈ U .
Thus U is a filter. But by assumption Fa,b ⊂ U is a maximal filter, which
does not contain b, so b ∈ U . Consequently, z1 � t(x) � b for some z1 ∈ Fa,b.
Similarly, if t(y) �∈ Fa,b, then z2 � t(y) � b for some z2 ∈ Fa,b. This implies
z � t(x) � b and z � t(y) � b for z = z1 � z2. Hence (z � t(x)) � (z � t(y))
exists and

(z � t(x))� (z � t(y)) = z � (t(x)� t(y)) = z � t(x� y) ∈ Fa,b

by (3.5.45). But (z � t(x)) � (z � t(y)) � b by (3.5.48), so z � t(x � y) � b.
Since z � t(x � y) ∈ Fa,b, then, obviously, b ∈ Fa,b, which is impossible. So,
t(x) ∈ Fa,b or t(y) ∈ Fa,b, hence x �∈ Wa,b or y �∈ Wa,b, which is contrary to
the assumption that x, y ∈ Wa,b. Thus, the assumption that x � y �∈ Wa,b is
incorrect. Therefore x� y ∈Wa,b.

It is clear that a representation P : G→ F(An, A) of a Menger algebra (G, o)
is a representation of a subtraction Menger algebra (G, o,−, 0) if

P (x− y) = P (x) \ P (y) and P (0) = ∅

for all x, y ∈ G.
With each determining pair (ε∗,W ) is associated a simplest representation

P(ε∗,W ) of (G, o), which assigns to each element g ∈ G an n-place function
P(ε∗,W )(g) defined on H = H0 ∪ {{e1}, . . . , {en}}, where H0 is the set of all
ε-classes of G different from W such that

(H1, . . . , Hn, H) ∈ P(ε,W )(g)←→ g[H1 · · ·Hn] ⊂ H,

for (H1, . . . , Hn) ∈ Hn
0 ∪ {({e1}, . . . , {en})} and H ∈ H.
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Theorem 3.5.21. Each subtraction Menger algebra of rank n is isomorphic to
some difference Menger algebra of n-place functions.

Proof. Let (G, o,−, 0) be a subtraction Menger algebra of rank n. Then the
sum

P =
∑

a,b∈G, a�b

P(ε∗a,b,Wa,b)

of the family
(
P(ε∗a,b,Wa,b)

)
a,b∈G, a�b

of simplest representations of (G, o) is a rep-
resentation of (G, o).
Now we show that P is a representation of (G, o,−, 0). Let H0 be the set of

all εa,b-classes of G different from Wa,b. Consider the collection of H1, . . . , Hn,
H ∈ H, where H = H0 ∪ {{e1}, . . . , {en}}, such that (H1, . . . , Hn, H) ∈
P(ε∗a,b,Wa,b)(g1−g2) for some g1, g2 ∈ G. Then, obviously, (g1−g2)[H1 · · ·Hn] ⊂
H �= Wa,b. Thus (g1−g2)[x̄] ∈ H for each x̄ ∈ H1×· · ·×Hn, which, by (3.5.9),
gives g1[x̄] − g2[x̄] ∈ H. But g1[x̄] − g2[x̄] � g1[x̄] and H is a filter (Proposi-
tion 3.5.19), hence g1[x̄] ∈ H. Thus (g1[x̄] − g2[x̄]) � g2[x̄] = 0, by (3.5.31).
Consequently, (g1[x̄]−g2[x̄])�g2[x̄] ∈Wa,b, because the other εa,b-classes, since
they are filters, do not contain 0. This means that g1[x̄] − g2[x̄] �≡ g2[x̄](εa,b).
Hence, g2[x̄] �∈ H. Therefore g1[H1 · · ·Hn] ⊂ H and g2[h1 · · ·Hn] ∩ H = ∅,
which implies

(H1, . . . , Hn, H) ∈ P(ε∗a,b,Wa,b)(g1) \ P(ε∗a,b,Wa,b)(g2).

In this way, we have proved the inclusion

P(ε∗a,b,Wa,b)(g1 − g2) ⊂ P(ε∗a,b,Wa,b)(g1) \ P(ε∗a,b,Wa,b)(g2). (3.5.62)

To show the reverse inclusion let

(H1, . . . , Hn, H) ∈ P(ε∗a,b,Wa,b)(g1) \ P(ε∗a,b,Wa,b)(g2).

Then (H1, . . . , Hn, H) is in P(ε∗a,b,Wa,b)(g1) but not in P(ε∗a,b,Wa,b)(g2), i.e.,
g1[H1 · · ·Hn] ⊂ H and g2[H1 · · ·Hn]∩H = ∅. So, g1[x̄] ∈ H and g2[x̄] �∈ H for
x̄ ∈ H1 × · · · × Hn. Since g1[x̄] � g2[x̄] �∈ Wa,b implies g1[x̄] ≡ g2[x̄](εa,b) and
g2[x̄] ∈ H, we get a contradiction and conclude that g1[x̄]� g2[x̄] ∈Wa,b.
If g1[x̄] − g2[x̄] ∈ Wa,b, then, by (3.5.51) and Proposition 3.5.20, we ob-

tain g1[x̄] = (g1[x̄]� g2[x̄])� (g1[x̄]− g2[x̄]) ∈Wa,b. Consequently, g1[x̄] ∈Wa,b,
which is impossible because g1[x̄] ∈ H. Thus, (g1[x̄] − g2[x̄]) � g1[x̄] =
g1[x̄] − g2[x̄] �∈ Wa,b. Hence, g1[x̄] − g2[x̄] ≡ g1[x̄](εa,b). This implies that
(g1 − g2)[x̄] = g1[x̄] − g2[x̄] ∈ H. Therefore, (g1 − g2)[H1 · · ·Hn] ⊂ H, i.e.,
(H1, . . . , Hn, H) ∈ P(ε∗a,b,Wa,b)(g1 − g2). So, we have proved

P(ε∗a,b,Wa,b)(g1) \ P(ε∗a,b,Wa,b)(g2) ⊂ P(ε∗a,b,Wa,b)(g1 − g2).
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This together with (3.5.62) proves

P(ε∗a,b,Wa,b)(g1 − g2) = P(ε∗a,b,Wa,b)(g1) \ P(ε∗a,b,Wa,b)(g2),

which means that P (g1 − g2) = P (g1) \ P (g2) for g1, g2 ∈ G. Further on,
P (0) = P (0− 0) = P (0) \ P (0) = ∅, so P is a representation of (G, o,−, 0) by
n-place functions.
We show that this representation is faithful. Let P (g1) = P (g2) for some

g1, g2 ∈ G. If g1 �= g2, then both inequalities g1 � g2 and g2 � g1 can not occur
the same time. Suppose that g1 � g2. Then g1 ∈ Fg1,g2 and, consequently,

({e1}, . . . , {en}, Fg1,g2) ∈ P(ε∗g1,g2 ,Wg1,g2
)(g2).

Since P(ε∗g1,g2 ,Wg1,g2
)(g1) = P(ε∗g1,g2 ,Wg1,g2

)(g2), then, obviously,

({e1}, . . . , {en}, Fg1,g2) ∈ P(ε∗g1,g2 ,Wg1,g2
)(g2).

Thus {g2} = g2[{e1} · · · {en}] ⊂ Fg1,g2 , hence g2 ∈ Fg1,g2 . This is a contradic-
tion because Fg1,g2 is a filter containing g1 but not containing g2. The case
g2 � g1 is analogous. So, the supposition g1 �= g2 is not true. Hence g1 = g2
and P is a faithful representation. The theorem is proved.

3.6 Restrictive Menger algebras

The algebra (Φ, O,�), where Φ is the set of some n-place functions closed with
respect to the Menger composition O and the restrictive product � of functions,
will be called a restrictive Menger algebra of n-place functions.

Theorem 3.6.1. An algebra (G, o,�) of type (n+ 1, 2) is isomorphic to a re-
strictive Menger algebra of n-place functions if and only if (G, o) is a Menger
algebra of rank n, (G,�) is an idempotent semigroup and the following three
identities hold:

x[(y1 � z1) · · · (yn � zn)] = y1 � · · · � yn � x[z1 · · · zn], (3.6.1)

(x � y)[z1 · · · zn] = x[z1 · · · zn] � y[z1 · · · zn], (3.6.2)

x � y � z = y � x � z. (3.6.3)

Proof. Necessity. Let (Φ, O,�) be a restrictive Menger algebra of n-place
functions. Of course, � is an idempotent operation. Moreover,

(α � β) � γ = γ ◦ �pr1(α�β)

for all α, β, γ ∈ Φ. Indeed, if (ā, ā) ∈ �pr1(α�β), then ā ∈ pr1(α � β), i.e.,
(ā, b) ∈ α � β for some b. Thus (ā, b) ∈ α � β = β ◦ �pr1α. So, there is c̄
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for which (ā, c̄) ∈ �pr1α and (c̄, b) ∈ β. Hence ā = c̄ ∈ pr1α, and consequently,
(ā, b) ∈ β. Therefore ā ∈ pr1α and ā ∈ pr1β, which implies (ā, ā) ∈ �pr1α and
(ā, ā) ∈ �pr1β . Consequently, (ā, ā) ∈ �pr1β ◦�pr1α. This proves the inclusion
�pr1(α�β) ⊂ �pr1β ◦ �pr1α. The proof of the converse inclusion is similar.
Using this identity, we obtain

(α � β) � γ = γ ◦ �pr1(α�β) = γ ◦ �pr1β ◦ �pr1α

= (γ ◦ �pr1β) ◦ �pr1α = (β � γ) ◦ �pr1α = α � (β � γ),

which proves that (G,�) is a semigroup.
For all α, βi, γi ∈ Φ, i = 1, . . . , n we have also

α[(β1 � γ1) · · · (βn � γn)] = α[(γ1 ◦ �pr1 β1) · · · (γn ◦ �pr1 βn)]

= α[γ1 · · · γn] ◦ �pr1 βn ◦ · · · ◦ �pr1 β1

= β1 � · · · � βn � α[γ1 · · · γn].

This proves (3.6.1).
Now let α, β, γi ∈ Φ, i = 1, . . . , n, whereΦ ⊂ F(An, A). Suppose that (ā, c) ∈

(α � β)[γ1 · · · γn] for some ā ∈ An, c ∈ A. Then there exists b̄ ∈ An such that
(ā, bi) ∈ γi, i = 1, . . . , n, and (b̄, c) ∈ α � β. But b̄ ∈ pr1α implies (b̄, d) ∈ α for
some d ∈ A. Thus (ā, d) ∈ α[γ1 · · · γn] and ā ∈ pr1α[γ1 · · · γn]. This, together
with (ā, c) ∈ β[γ1 · · · γn], proves (ā, c) ∈ α[γ1 · · · γn] � β[γ1 · · · γn]. Therefore

(α � β)[γ1 · · · γn] ⊂ α[γ1 · · · γn] � β[γ1 · · · γn].

To prove the converse inclusion let (ā, c) ∈ α[γ1 · · · γn] � β[γ1 · · · γn]. Then
ā ∈ pr1α[γ1 · · · γn] and (ā, c) ∈ β[γ1 · · · γn]. From ā ∈ pr1α[γ1 · · · γn] we deduce
the existence of a d such that (ā, d) ∈ α[γ1 · · · γn]. We can therefore select
ē = (e1, . . . , en) ∈ An for which (ā, ei) ∈ γi, i = 1, . . . , n, and (ē, d) ∈ α.
Obviously (ā, c) ∈ β[γ1 · · · γn] implies (ā, bi) ∈ γi, i = 1, . . . , n, and (b̄, c) ∈ β
for some b̄ ∈ An. Since all γi are functions, from (ā, ei) ∈ γi and (ā, bi) ∈ γi
we obtain bi = ei, i = 1, . . . , n, i.e., b̄ = ē. So, (b̄, d) ∈ α. Hence b̄ ∈ pr1α and
(b̄, c) ∈ α � β. Thus (ā, c) ∈ (α � β)[γ1 · · · γn], which proves the inclusion

α[γ1 · · · γn] � β[γ1 · · · γn] ⊂ (α � β)[γ1 · · · γn].

This completes the proof of (3.6.2).
For all α, β, γ ∈ Φ we have also

(α � β) � γ = γ ◦ �pr1(α�β) = γ ◦ �pr1β ◦ �pr1α = γ ◦ �pr1β∩pr1α

= γ ◦ �pr1α∩pr1β = γ ◦ �pr1α ◦ �pr1β = (α � γ) ◦ �pr1β = β � (α � γ).

This proves (3.6.3). The proof of the necessity part is complete.
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The proof of the sufficiency will be based on some auxiliary results. In order
to introduce them note that every algebra (G, o,�) of type (n+1, 2) satisfying
all the conditions of Theorem 3.6.1 will be called a restrictive Menger algebra
of rank n. In this algebra, we define two binary relations

αd = {(x, y) |x � y = x} and αs = {(x, y) | y � x = x}.

As one can verify without any difficulty, these relations are, respectively, a stable
order and quasi-order in the semigroup (G,�).

Proposition 3.6.2. For any x, y ∈ G we have

α−1d ◦ αd ∩ αs = αd, (3.6.4)

(x � y, y) ∈ αd, (x � y, x) ∈ αs. (3.6.5)

Proof. If (x, z) ∈ α−1d ◦ αd and (x, z) ∈ αs, then there is y such that (x, y) ∈ αd

and (y, z) ∈ α−1d . Hence (z, y) ∈ αd and x � y = x, z � y = z, z � x = x,
which together with (3.6.3) give

x � z = x � (z � y) = (z � x) � y = x � y = x.

Thus (x, z) ∈ αd, i.e., α−1d ◦ αd ∩ αs ⊂ αd. To prove the converse inclusion,
observe that if (x, y) ∈ αd, then x � y = x. Hence, by (3.6.3), we have
x = x � x = (x � y) � x = (y � x) � x = y � x. Thus (x, y) ∈ αs, i.e.,
αd ⊂ αs. Since αd is reflexive, we have �G ⊂ αd and �G ⊂ α−1d , which means
that αd = �G ◦αd ⊂ α−1d ◦αd. These two inclusions imply αd ⊂ α−1d ◦ αd ∩αs.
This completes the proof of (3.6.4).
The proof of (3.6.5) is trivial.

Proposition 3.6.3. If (G, o,�) is a restrictive Menger algebra of rank n, then
in the algebra (G, o) the relation αd is stable, the relation αs is l-regular and
v-negative and the condition (3.2.2), where x � y ←→ (x, y) ∈ αd and x �
y ←→ (x, y) ∈ αs, is satisfied.

Proof. Let x � y and xi � yi for all i = 1, . . . , n. Then x = x � y
and xi = xi � yi, i = 1, . . . , n. From x = x � y, by (3.6.2), follows
x[x1 · · ·xn] = (x � y)[x1 · · ·xn] = x[x1 · · ·xn] � y[x1 · · ·xn], which implies
x[x1 · · ·xn] � y[x1 · · ·xn]. From the identities xi = xi � yi and (3.6.1) we
obtain y[x1 · · ·xn] = y[x1 � y1 · · ·xn � yn] = x1 � · · · � xn � y[y1 · · · yn],
whence, by (3.6.5), we obtain x1 � · · · � xn � y[y1 · · · yn] � y[y1 · · · yn], and
consequently, y[x1 · · ·xn] � y[y1 · · · yn]. Therefore x[x1 · · ·xn] � y[y1 · · · yn].
This proves that αd is stable.
Now let x � y, i.e., y � x = x. Then (y � x)[z1 · · · zn] = x[z1 · · · zn],

whence, by (3.6.2), we deduce y[z1 · · · zn] � x[z1 · · · zn] = x[z1 · · · zn]. Thus
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x[z1 · · · zn] � y[z1 · · · zn]. So, αs is l-regular. Further, using the idempotency
of �, (3.6.1) and (3.6.3) we obtain

x[y1 · · · yn]
= x[(y1 � y1) · · · (yi−1 � yi−1) ((yi � yi) � yi) (yi+1 � yi+1) · · · (yn � yn)]

= y1 � · · · � yi−1 � (yi � yi) � yi+1 � · · · � yn � x[y1 · · · yn]
= yi � y1 � · · · � yi � · · · � yn � x[y1 · · · yn]
= yi � x[(y1 � y1) · · · (yi−1 � yi−1) (yi � yi) (yi+1 � yi+1) · · · (yn � yn)]

= yi � x[y1 · · · yn],

which implies x[y1 · · · yn] � yi for every i = 1, . . . , n. This shows that αs is
v-negative.
To prove (3.2.2) assume that x � y, z � x and z � u[w̄ |iy]. Then x = x � y,

x � z = z and u[w̄ |iy] � z = z. The last identity implies x � u[w̄ |iy] �
z = x � z, whence we obtain u[w̄ |i(x � y)] � z = z. So, u[w̄ |ix] � z = z,
i.e., z � u[w̄ |ix]. This completes the proof of (3.2.2) and the proof of our
Proposition.

Proposition 3.6.4. Let (ε∗,W ) be the determining pair of a Menger algebra
(G, o) of rank n, where ε∗ = ε ∪ {(e1, e1), . . . , (en, en)}, e1, . . . , en — are the
selectors in (G∗, o∗). Then

P(ε∗,W )(g1 � g2) = P(ε∗,W )(g1) � P(ε∗,W )(g2) (3.6.6)

holds for all g1, g2 ∈ G if and only if for all g1, g2 ∈ G the implications

g1 � g2 �∈W −→ g1 �∈W ∧ g1 � g2 ≡ g2(ε), (3.6.7)

g1, g2 �∈W −→ g1 � g2 ≡ g2(ε) (3.6.8)

are satisfied.

Proof. It is obvious that the conditions (3.6.7) and (3.6.8) are respectively
equivalent to

y �∈W ∧ g1 � g2 ≡ y(ε) −→ g1 �∈W ∧ g2 ≡ y(ε),

y �∈W ∧ g1 �∈W ∧ g2 ≡ y(ε) −→ g1 � g2 ≡ y(ε).

The above system of implications is equivalent to the statement

(∀y �∈W ) (g1 � g2 ≡ y(ε)←→ g1 �∈W ∧ g2 ≡ y(ε)).

Applying (3.6.2) to this equivalence, we conclude that it is equivalent to
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(∀x̄)(∀y �∈W ) ( (g1 � g2)[x̄] ≡ y(ε)←→ g1[x̄] �∈W ∧ g2[x̄] ≡ y(ε) ),

where x̄ ∈ (G \W )n. This is equivalent to (3.6.6).

Proof of Theorem 3.6.1. Sufficiency. Let (G, o,�) be the restrictive Menger
algebra of rank n. It is evident that the system (G, o, αd, αs) is a f.o.p. Menger
algebra. So, we can use the constructions presented in the proof of Theo-
rem 3.2.1. In particular, we consider the following representation of a Menger
algebra (G, o):

P =
∑
g∈G

P(ε∗g ,Wv(αs〈g〉)),

where εg = εv(αd〈g〉) ∩ εv(αs〈g〉). Theorem 3.2.1 shows that P is a faithful
representation of (G, o) by n-place functions. For this representation we have
also ζP = αd and χP = αs.
The proof of the equality P (g1 � g2) = P (g1) � P (g2) can be reduced to

the proof that all determining pairs of the type (ε∗g,Wv(αs〈g〉)) satisfy con-
dition (3.6.6). In view of Proposition 3.6.4, this fact will be proved if we
prove that these determining pairs satisfy the conditions (3.6.7) and (3.6.8).
To prove (3.6.7), observe first that Wv(αs〈g〉) = G \ αs〈g〉 for every g ∈ G,
because αs is v-negative. From (3.6.1) we conclude x � t(y) = t(x � y) for
all x, y ∈ G, t ∈ Tn(G). So, if g1 � g2 �∈ Wv(αs〈g〉), then (g, g1 � g2) ∈ αs,
i.e., g1 � g2 � g = g. As (g1 � g2, g1) ∈ αs, then (g, g1) ∈ αs. Therefore
g1 �∈ Wv(αs〈g〉). Now, let us show that the condition g2 ≡ g1 � g2(εg), i.e.,
g2 ≡ g1 � g2(εαi〈g〉) for every i = d, s, is equivalent to the condition

(∀t ∈ Tn(G)) ( t(g2) ∈ αi〈g〉 ←→ t(g1 � g2) ∈ αi〈g〉 ) for every i = d, s.

Let t(g2) ∈ αd〈g〉, i.e., g � t(g2) = g. Then t(g � g2) = g. But g1 �∈
Wv(αs〈g〉), i.e., g1 � g = g. Hence t(g1 � g � g2) = g. Consequently,
t(g � g1 � g2) = g. Therefore g � t(g1 � g2) = g, which means that
t(g1 � g2) ∈ αd〈g〉. So, t(g2) ∈ αd〈g〉 implies t(g1 � g2) ∈ αd〈g〉. On the
other hand, if t(g1 � g2) ∈ αd〈g〉, then g � t(g1 � g2) = g, and, consequently,
g � g1 � t(g2) = g. This, by (3.6.3), is equivalent to g1 � g � t(g2) = g.
Because g1 � g = g, the above implies g � t(g2) = g, i.e., t(g2) ∈ αd〈g〉.
Hence g2 ≡ g1 � g2(εαd〈g〉). Now let t(g2) ∈ αs〈g〉, i.e., t(g2) � g = g, which
is equivalent to g � t(g2) � g = g. From this, we have t(g � g2) � g = g.
But g = g1 � g, so, using condition (3.6.3) we get g = t(g1 � g � g2) �
g = t(g � g1 � g2) � g = g � t(g1 � g2) � g = t(g1 � g2) � g = g.
Hence t(g1 � g2) ∈ αs〈g〉. Thus t(g2) ∈ αs〈g〉 implies t(g1 � g2) ∈ αs〈g〉. In
a similar way, we can verify the converse implication. These two implications
prove g2 ≡ g1 � g2(εαs〈g〉). In this way, we have proved that g2 ≡ g1 � g2(εg).
This completes the proof of (3.6.7).
The proof of (3.6.8) is analogous.



140 Chapter 3 Ordered Menger algebras

A restrictive Menger algebra (G, o,�) of rank n � 2 is called special , if for
all i = 1, . . . , n, u, x, y ∈ G, w̄ ∈ Gn the following condition

u[w̄|ix] = u[w̄|iy] −→ u[w̄|ix] � x = u[w̄|iy] � y (3.6.9)

is satisfied.

Theorem 3.6.5. A Menger algebra (G, o,�) of rank n � 2 is isomorphic to
a restrictive Menger algebra of reversive n-place functions if and only if it is
special.

Proof. Let (Φ, O,�) be a restrictive Menger algebra of reversive n-place func-
tions. Assume that ϕ[ψ̄|iα] = ϕ[ψ̄|iβ] for some ϕ, α, β ∈ Φ, ψ̄ ∈ Φn, i ∈
{1, . . . , n}. Then ϕ[ψ̄|iα] ◦ �H = ϕ[ψ̄|iβ] ◦ �H , where H = pr1ϕ[ψ̄|iα] =
pr1ϕ[ψ̄|iβ]. Hence ϕ[ψ̄|iα ◦ �H ] = ϕ[ψ̄|iβ ◦ �H ]. Since all functions in Φ are
reversive, the last equality implies α ◦ �H = β ◦ �H , i.e., ϕ[ψ̄|iα] � α =
ϕ[ψ̄|iβ] � β, which proves the necessity.
To prove the sufficiency, consider a special restrictive Menger algebra (G, o,�)

of rank n � 2 and the relation εm〈α−1d ◦ αd, αs〈g〉〉 defined on (G, o) for every
fixed m ∈ N and g ∈ G. We prove by induction that this relation satisfies the
implication

(g1, g2) ∈ εm〈α−1d ◦ αd, αs〈g〉〉 −→ g � g1 = g � g2. (3.6.10)

First assume that (g1, g2) ∈ ε0〈α−1d ◦ αd, αs〈g〉〉. Then (g1, g2) ∈ α−1d ◦ αd and
g1, g2 ∈ αs〈g〉, whence g1 � g2 = g2 � g1 and g1 � g = g, g2 � g = g.
Therefore g � g1 � g2 = g � g2 � g1 and g1 � g � g2 = g2 � g � g1. So,
g � g2 = g � g1, which means that for m = 0 the implication (3.6.10) is true.
Let it be valid for some m = k. Then for (g1, g2) ∈ εk+1〈α−1d ◦ αd, αs〈g〉〉

there are q, r, u, s, c, d, z, w̄, v̄ for which we have g1 = u[w̄|q c], g2 = u[w̄|q d],
g1, g2 ∈ αs〈g〉 and (s[v̄|r c], z), (z, s[v̄|r d]) ∈ εk〈α−1d ◦αd, αs〈g〉〉. By hypothesis,
the last condition implies

g � s[v̄|rc] = g � s[v̄|rd].

Hence s[v̄|r(g � c)] = s[v̄|r(g � d)], which according to (3.6.9), gives
s[v̄|r(g � c)] � g � c = s[v̄|r(g � d)] � g � d. Further on, using the
idempotency of the operation � and the conditions (3.6.1), (3.6.3), we obtain

s[v̄|rc] � g � c = s[v̄|rd] � g � d. (3.6.11)

As s[v̄|rc], s[v̄|rd] ∈ αs〈g〉, then s[v̄|r c] � g = g and s[v̄|r d] � g = g. This,
together with (3.6.11), gives g � c = g � d. Therefore, u[w̄|q(g � c)] =
u[w̄|q(g � d)], which is equivalent to g � u[w̄|q c] = g � u[w̄|q d]. Thus
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g � g1 = g � g2. So, the implication (3.6.10) is valid for m = k + 1. Hence,
by induction, it is valid for every m ∈ N.
Using the implication (3.6.10) it is not difficult to prove that

(g1, g2) ∈ εm〈α−1d ◦ αd , αs〈g1〉〉 −→ (g1, g2) ∈ αd, (3.6.12)

(g1, g2) ∈ εm〈α−1d ◦ αd, αs〈g〉〉,
x[ȳ|ig2] ∈ αs〈g〉

}
−→ x[ȳ|ig1] ∈ αs〈g〉 (3.6.13)

for all m ∈ N, i = 1, . . . , n, g, g1, g2, x ∈ G, ȳ ∈ Gn.
Consider now the family of determining pairs

(
(ε∗g,Wg)

)
g∈G of a Menger alge-

bra (G, o), where ε∗g = ε〈α−1d ◦ αd, αs〈g〉〉 ∪ {(e1, e1), . . . , (en, en)},
Wg = G \ αs〈g〉, e1, . . . , en — the selectors of (G∗, o∗). Let P be the sum
of the family of simplest representations determined by these pairs. Since the
relations αd and αs satisfy the conditions (3.6.12) and (3.6.13), the system
(G, o, αd, αs) satisfies all assumptions of Theorem 3.3.1, i.e., it is a strong f.o.p.
Menger algebra. So, P, as it was shown in the proof of Theorem 3.3.1, is
a faithful representation of (G, o) by reversive n-place functions.
To complete this proof, we must prove that P (g1 � g2) = P (g1) � P (g2)

for all g1, g2 ∈ G. For this, it is sufficient to show that each determining pair
(ε∗g,Wg) satisfies (3.6.7) and (3.6.8). Let g1 � g2 ∈ αs〈g〉, i.e., let g1 � g2 �
g = g. Then g = g1 � g1 � g2 � g = g1 � g. Thus g1 ∈ αs〈g〉. Similarly we
show g2 ∈ αs〈g〉. From (g2, g2) ∈ αd〈g〉 and (g1 � g2, g2) ∈ αd we conclude

(g2, g1 � g2) ∈ (α−1d ◦ αd) ∩ αs〈g〉 × αs〈g〉 ⊂ ε〈α−1d ◦ αd , αs〈g〉〉,

which proves (3.6.7). If g1, g2 ∈ αs〈g〉, then g1 � g = g, g2 � g = g and
(g1 � g) � (g2 � g) = g � g = g. But, on the other side,

(g1 � g) � (g2 � g) = (g1 � g2) � g � g = (g1 � g2) � g.

Hence (g1 � g2) � g = g. This gives g1 � g2 ∈ αs〈g〉. Now, applying the just
proved relation (g1 � g2, g2) ∈ α−1d ◦ αd, we obtain

(g1 � g2, g2) ∈ ε0〈α−1d ◦ αd, αs〈g〉〉 ⊂ ε〈α−1d ◦ αd, αs〈g〉〉.

So, condition (3.6.8) also takes place. The proof is complete.

Let Φ be the set of (reversive) n-place functions closed with respect to the
Menger composition O, set-theoretic intersection ∩ and restrictive product �
of functions. Algebras, isomorphic to the algebra of the form (Φ, O,∩,�), are
called (strong) restrictive �-Menger algebras of rank n. Their characterization
is given by the following theorem.
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Theorem 3.6.6. An algebra (G, o,�,�) of type (n + 1, 2, 2) is a restrictive
�-Menger algebra of rank n if and only if
(a) (G, o,�) is a restrictive Menger algebra of rank n,
(b) (G,�) is a semilattice,
(c) the identities

x� (y � z) = y � (x� z), (3.6.14)

(x� y) � y = x� y (3.6.15)

and (3.4.1) are satisfied.

Proof. The necessity of these conditions is obvious. We prove the sufficiency.
For this assume that (G, o,�,�) satisfies all these conditions. First observe
that the relation αd coincides with the natural order � in the semilattice (G,�).
Indeed, if x � y, i.e., x � y = x, then (x � y) � y = x � y. This, according to
(3.6.15), gives x � y = x � y. Hence x � y = x, i.e., (x, y) ∈ αd. Conversely,
if (x, y) ∈ αd, then y � (x � y) = y � x, and x � y = y � x, by (3.6.14).
So, y�x = x, i.e., x � y, which was to be proved. Further on, since (G, o,�) is
a restrictive Menger algebra, (G, o, αd, αs), as it was proved, is a f.o.p. Menger
algebra. Thus, αd is stable in (G, o), and αs is l -regular and v-negative.
Now, we show that (G, o,�, αs) satisfies all assumptions of Theorem 3.6.1.

For this it is sufficient to check just the conditions (3.4.13)–(3.4.15). Let x �
x � y, where � is the relation αs, then (x � y) � x = x. From this, according
to (3.6.15), we get x � y = x, i.e., x � y. So, (3.4.13) is satisfied. Next, from
(3.6.15) we have xi � yi � yi for every i = 1, . . . , n, which together with the
stability of αd gives u[(x1�y1) · · · (xn�yn)] � u[y1 · · · yn]. This proves (3.4.14).
To prove (3.4.15) observe that

y � z = z � y ∧ x � y ∧ x � u[w̄|iz] −→ x � u[w̄|i(y � z)] (3.6.16)

for all x, y, z, u ∈ G, w̄ ∈ Gn and i = 1, . . . , n. Indeed, if y � z = z � y, then

z � (y � z) = z � (z � y).

This, according to (3.6.14), gives y � z = z � (z�y). Since z�y � z, from the
above formula we obtain z � (z� y) = z� y, and, consequently, y � z = z� y.
In view of the fact that the order αs is v-negative the condition x � u[w̄|iz]
implies x � z, i.e., z � x = x. Thus, according to the definition of αs, the
condition x � u[w̄|iz] is equivalent to the condition u[w̄|iz] � x = x. Therefore

x = y � x = y � u[w̄|iz] � x = u[w̄|i(y � z)] � x = u[w̄|i(z � y)] � x,

i.e., x � u[w̄|i(y � z)]. This proves (3.6.16). Now, according to (3.6.14), we
have (y� z) �(z� v) = z �(y� z� v) and (z� v) �(y� z) = z �(y� z � v).
Hence

(y � z) � (z � v) = (z � v) � (y � z).
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So, from (3.6.16), we can conclude (3.4.15). Thus, all the constructions and
arguments, used in the proof of Theorem 3.4.5 are valid for (G, o,�, αs).
Let P be the sum of the family of these simplest representations, which

correspond to the determining pairs from the family ((ε∗g,Wg))g∈G, where

εg = {(g1, g2) | g � g1 � g2 or g1, g2 ∈Wg}, Wg = G \ αs〈g〉.

In the proof of Theorem 3.4.5, it was proved that the representation P is faithful
and satisfies the identity P (g1�g2) = P (g1)∩P (g2). It also satisfies the identity
P (g1 � g2) = P (g1) � P (g2). To verify this identity it is sufficient to prove
that the conditions (3.6.7) and (3.6.8) are valid for each determining pair. Let
g1 � g2 �∈ Wg, i.e., g � g1 � g2. Then g � g1, which gives g1 �∈ Wg. Since
g1 � g2 � g2 implies (g1 � g2)�g2 = g1 � g2, we have also (g1 � g2)�g2 �∈Wg,
i.e., g1 � g2 ≡ g2(εg). So, condition (3.6.7) is satisfied. Now, if g1 �∈ Wg and
g2 �∈ Wg, then g1 � g = g and g2 � g = g. Hence g1 � g2 � g = g1 � g = g,
i.e., g � (g1 � g2). As it is easy to see, since (g1 � g2) � g2 = g2 � (g1 � g2),
by applying (3.6.16) in the relation above we obtain g � (g1 � g2) � g2, i.e.,
g1 � g2 ≡ g2(εg). This proves (3.6.8) and completes our proof.

Corollary 3.6.7. A restrictive �-Menger algebra of rank n � 2 is strong if
and only if it satisfies (3.4.3).

Proof. Indeed, let u[w̄|ig1] �∈ Wg and u[w̄|ig1] ≡ u[w̄|ig2](εg), where Wg and
εg are as in the last proof. Then g � u[w̄|ig1] � u[w̄|ig2]. Applying (3.4.3) to
this condition, we obtain g � u[w̄|i(g1 � g2)]. But u[w̄|i(g1 � g2)] � g1 � g2
implies g � g1 � g2, i.e., g1 ≡ g2(εg). So, the restriction of εg to αs〈g〉 is
v-cancellative. Thus, P is a representation by reversive n-place functions, which
was to be proved.

Finally, we consider restrictive D-Menger algebras of n-place functions , i.e.,

algebras of the form (Φ, O,�,
n+1
�A), where Φ ⊂ F(An, A) and n � 2.

Theorem 3.6.8. An algebra (G, o,�, e) of type (n + 1, 2, 0), where n � 2, is
isomorphic to some restrictive D-Menger algebra of n-place functions if and
only if
(a) (G, o,�) is a restrictive Menger algebra of rank n � 2,
(b) (G,�), where x� y = e[xyn−1] for all x, y ∈ G, is a semilattice,
(c) the conditions (3.4.16), (3.6.15) and

e � g = g −→ g[en] = g (3.6.17)

are satisfied.
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Proof. As it is not difficult to see, the algebra (G, o,�,�) satisfies all the
assumptions of Theorem 3.6.6. Thus to prove the above theorem, we can use
the same arguments as in the proof of Theorem 3.6.6, in this case however,
instead of the representation from the proof of Theorem 3.6.6, we consider the
representation from the proof of Theorem 3.4.6, i.e., the representation

P =
∑
g∈G′

P(ε∗g ,Wg) +
∑
g∈G′′

P(εg,Wg),

where G′ = {g | e �∈ αs〈g〉}, G′′ = {g | e ∈ αs〈g〉} and εg, ε
∗
g,Wg are as in the

proof of Theorem 3.6.6. Therefore P (g1�g2)=P (g1)�P (g2) for all g1, g2∈G.
To prove that the representation P is faithful it is sufficient to prove that ζP

coincides with the natural order of (G,�). The equality P (e) =
n+1
�A, where A

is some set, can be proved analogously as in the proof of Theorem 3.4.6.

Finally note that an algebra (G, o,�, e) is isomorphic to some restrictive
D-Menger algebra of reverse n-place functions, where n � 2, if and only if the
assumptions of Theorem 3.6.8 are satisfied and the identity (3.4.3) holds.

3.7 Functional Menger systems

On the set F(An, A) of all n-place functions defined on A we can consider n
unary operations R1, . . . ,Rn such that for every function ϕ ∈ F(An, A) Ri ϕ
is the restriction of n-place projectors defined on A to the domain of ϕ, i.e.,

Ri ϕ = ϕ � Ini (3.7.1)

for every i = 1, . . . , n, where Ini is the ith n-place projector on A. In other
words, Ri ϕ is an n-place function from F(An, A), which satisfies the conditions

pr1Ri ϕ = pr1ϕ, (3.7.2)

ā ∈ pr1ϕ −→ Ri ϕ(ā) = ai (3.7.3)

for any ā ∈ An. Algebras of the form (Φ, O,R1, . . . ,Rn), where Φ is a subset
of F(An, A), are called functional Menger systems of rank n.
Such algebras (with some additional operations) were first studied in [80,192]

and [193]. For example, V. Kafka considered in [80] an algebraic system of the

form M = (Φ, O,R1, . . . ,Rn,L,⊂), where Φ ⊂ F(An, A) and Lϕ =
n+1
� pr2ϕ for

every ϕ ∈ Φ. Such an algebraic system satisfies the conditions:

(A1) (Φ, O) is a Menger algebra,

(A2) ⊂ is an order,
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(A3) the following identities are satisfied:⎧⎪⎨⎪⎩
ϕ[R1ϕ · · ·Rnϕ] = ϕ,

Ri(ϕ[γ1 · · · γn]) = Ri((Rjϕ)[γ1 · · · γn]),
(Lϕ)[ϕ · · ·ϕ] = ϕ,

(A4) L(ϕ[γ1 · · · γn]) ⊂ Lϕ for all ϕ, γ1 · · · γn ∈ Φ,

(A5) Φ has elements I1, . . . , In such that ϕ[I1 · · · In] = ϕ and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γi ⊂ Ii −→ Riγi ⊂ γi,

ϕ ⊂
n⋂

j=1
Ij −→ Lϕ ⊂ ϕ,

γk ⊂ Ik −→ γk[ϕ1 · · ·ϕn] ⊂ ϕk,
n∧

k=1

(γk ⊂ Ik) −→ ϕ[γ1 · · · γn] ⊂ ϕ,

Riγj ⊂
n⋂

k=1

Riγk −→ Ij [γ1 · · · γn] = γj,

ϕ ⊂ ψ −→ ϕ = ψ[ρ1 · · · ρn] for some ρ1 ⊂ I1, . . . , ρn ⊂ In

for all ϕ, ϕ1, . . . , ϕn, γ1, . . . , γn ∈ Φ and i, j, k ∈ {1, . . . , n}.
It is proved in [80] that if an algebraic system (G, o,R1, . . . , Rn, L,�) satisfies
the above conditions, then there exists an isomorphism of the algebra (G, o) into
(F(An, A), O) which transforms the order � into the set-theoretical inclusion.
However, A1 − A5 do not give a complete characterization of systems of the
form (Φ, O,R1, . . . ,Rn,L,⊂).
Let (G, o,R1, . . . , Rn) be an algebra of type (n + 1, 1, . . . , 1) which satisfies

the identities:

x[ȳ][z̄] = x[y1[z̄] · · · yn[z̄]], (3.7.4)

x[R1x · · ·Rnx] = x, (3.7.5)

x[ū|iz][R1y · · ·Rny] = x[ū|i z[R1y · · ·Rny]], (3.7.6)

Ri(x[R1y · · ·Rny]) = (Rix)[R1y · · ·Rny], (3.7.7)

x[R1y · · ·Rny][R1z · · ·Rnz] = x[R1z · · ·Rnz][R1y · · ·Rny], (3.7.8)

Ri(x[ȳ]) = Ri((Rkx)[ȳ]), (3.7.9)

(Rix)[ȳ] = yi[R1(x[ȳ]) · · ·Rn(x[ȳ])] (3.7.10)

for all i, k = 1, . . . , n.

Theorem 3.7.1. Each functional Menger system (Φ, O,R1, . . . ,Rn) of rank
n satisfies the identities (3.7.4)–(3.7.10).
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Proof. The identity (3.7.4) is obvious. Furthermore, for every ϕ ∈ Φ we
have ϕ[R1ϕ · · ·Rnϕ] = ϕ[(ϕ � In1 ) · · · (ϕ � Inn )] = ϕ � ϕ[In1 · · · Inn ] and
ϕ[In1 · · · Inn ] = ϕ. Thus ϕ[R1ϕ · · ·Rnϕ] = ϕ � ϕ = ϕ, which proves (3.7.5).
Since for any α, β ∈ Φ we have α[R1β · · ·Rnβ] = β � α, for all ϕ, α, β ∈ Φ,
ψ̄ ∈ Φn and i = 1, . . . , n, we have also ϕ[ψ̄|iα][R1β · · ·Rn β] = β � ϕ[ψ̄|iα] =
ϕ[ψ̄|i(β � α)] = ϕ[ψ̄|i α[R1β · · ·Rnβ]]. This proves (3.7.6). Because α � β �
γ = β � α � γ holds for all α, β, γ ∈ Φ, then, evidently, Ri(ϕ[R1ψ · · ·Rnψ]) =
Ri(ψ � ϕ) = (ψ � ϕ) � Ini = ψ � (ϕ � Ini ) = ψ � Riϕ = (Riϕ)[R1ψ · · ·Rnψ]
for i = 1, . . . , n and ϕ, ψ ∈ Φ. Similarly γ[R1β · · ·Rnβ][R1α · · ·Rnα] =
γ[R1α · · ·Rnα][R1β · · ·Rnβ]. So, (3.7.7) and (3.7.8) are proved too.
Now let ϕ, ψ1, . . . , ψn ∈ Φ, then, according to (3.6.1)–(3.6.3) and (3.7.1),

we obtain

Ri((Rkϕ)[ψ1 · · ·ψn]) = (ϕ � Ink )[ψ1 · · ·ψn] � Ini

= ϕ[ψ1 · · ·ψn] � Ink [ψ1 · · ·ψn] � Ini

= ϕ[ψ1 · · ·ψn] � ψ1 � · · · � ψn � ψk � Ini

= ψ1 � · · · � ψn � ϕ[ψ1 · · ·ψn] � Ini

= ϕ[ψ1 · · ·ψn] � Ini = Ri(ϕ[ψ1 · · ·ψn]).

So, we proved (3.7.9). Further we have

Rk(ϕ[ψ1 · · ·ψn]) = (ϕ � Ini )[ψ1 · · ·ψn]

= ϕ[ψ1 · · ·ψn] � Ini [ψ1 · · ·ψn]

= ϕ[ψ1 · · ·ψn] � ψ1 � · · · � ψn � ψi

= ψ1 � · · · � ψn � ϕ[ψ1 · · ·ψn] � ψi

= ϕ[ψ1 · · ·ψn] � ψi

= ψi[R1(ϕ[ψ1 · · ·ψn]) · · ·Rn(ϕ[ψ1 · · ·ψn])],

which proves (3.7.10). The proof is complete.

Assume that the algebra G = (G, o,R1, . . . , Rn) satisfies the identities
(3.7.4)–(3.7.10) and consider on it the new operation � defined by the for-
mula x � y = y[R1x · · ·Rnx].

Proposition 3.7.2. (G, o,�) is a restrictive Menger algebra of rank n.

Proof. Indeed, by (3.7.4), (G, o) is a Menger algebra of rank n. From (3.7.5)
and (3.7.8), we obtain:

x � x = x and z � (y � x) = y � (z � x).

From (3.7.6), it follows that y � x[ū|i z] = x[ū|i(y � z)] for every i = 1, . . . , n.
Applying the idempotency of � to this identity we obtain (3.6.1). Furthermore,
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using (3.7.7), we have

(x � y) � z = z[R1(x � y) · · ·Rn(x � y)]

= z[R1y[R1x · · ·Rnx] · · ·Rny[R1x · · ·Rnx]]

= z[(R1y)[R1x · · ·Rnx] · · · (Rny)[R1x · · ·Rnx]]

= z[R1y · · ·Rny][R1x · · ·Rnx]

= (y � z)[R1x · · ·Rnx] = x � (y � z).

This means that the operation � is associative. Now, according to (3.7.10),

(x � y)[z̄] = y[R1x · · ·Rnx][z̄] = y[(R1x)[z̄] · · · (Rnx)[z̄]]

= y[z1[R1x[z̄] · · ·Rnx[z̄]] · · · zn[R1x[z̄] · · ·Rnx[z̄]]]

= y[z̄][R1x[z̄] · · ·Rnx[z̄]] = x[z̄] � y[z̄],

which proves (3.6.2). The proof is complete.

Since (G, o,�) is a restrictive Menger algebra, we can consider on G the
relations αd and αs, which, as it is known, satisfy all the conditions of Theo-
rem 3.2.1. Thus, (G, o, αd, αs) if a f.o.p. Menger algebra of rank n.
Below we describe the fundamental properties of αd and αs connected with

the operations Ri, i = 1, . . . , n. For simplicity’s sake, the relation αd will be
denoted by �, while the relation αs — by �.

Proposition 3.7.3. Rix = (Rix)[R1x · · ·Rnx] and Rix = RiRkx hold for
all x ∈ G and i, k = 1, . . . , n.

Proof. Indeed, using (3.7.5) and (3.7.7), we get

Rix = Rix[R1x · · ·Rnx] = (Rix)[R1x · · ·Rnx]

for every x ∈ G and i = 1, . . . , n. Next, using (3.7.5), (3.7.9) and the just
proved identity, we obtain Rix = Rix[R1x · · ·Rnx] = Ri(Rkx)[R1x · · ·Rnx] =
RiRkx.

Proposition 3.7.4. For all x, y ∈ G and every i = 1, . . . , n
(a) x � y implies Rix � Riy,
(b) the condition Rix � Riy is equivalent to x � y.

Proof. (a) Let x � y for some x, y ∈ G. Then x = x � y and
Rix = Ri(x � y) = Riy[R1x · · ·Rnx], which, by Proposition 3.7.3, gives
Rix = Riy[R1Rix · · ·RnRix]. Applying (3.7.7) to this identity, we obtain
Rix = (Riy)[R1Rix · · ·RnRix], i.e., Rix = (Rix) � (Riy). Thus Rix � Riy.
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(b) If x � y, then y � x = x and Rix[R1y · · ·Rny] = Rix for every i =
1, . . . , n. This, by means of (3.7.7), gives (Rix)[R1y · · ·Rny] = Rix. Applying
to this identity condition (3.7.10), we obtain

Rix = (Riy)[R1x[R1y · · ·Rny] · · ·Rnx[R1y · · ·Rny]]

= (Riy)[R1(y � x) · · ·Rn(y � x)] = (Riy)[R1x · · ·Rnx]

= (Riy)[R1Rix · · ·RnRix] = (Rix) � (Riy),

i.e., Rix � Riy. Conversely, if Rix � Riy holds for some i = 1, . . . , n, then,
by the previous proposition, it also holds for every i = 1, . . . , n. Thus for every
i = 1, . . . , n we have Rix � Riy, because αd ⊂ αs. The last condition is equi-
valent to (Riy) � (Rix) = Rix, i.e., to (Rix)[R1y · · ·Rny] = Rix. Therefore
we have y � Rix = Rix, and consequently

y � x = y � x[R1x · · ·Rnx] = x[R1x · · ·Rnx][R1y · · ·Rny]

= x[(y � R1x) · · · (y � Rnx)] = x[R1x · · ·Rnx] = x.

So, x � y and the proof is complete.

Proposition 3.7.5. For all i = 1, . . . , n and x, y, y1, . . . , yn ∈ G we have:
(a) Rix � x and x � Rix,
(b) (Rix)[y1 · · · yn] � yi,
(c) x[R1y · · ·Rny] � x.

Proof. (a) Since x � x is valid for every x ∈ G, by Proposition 3.7.4 we also
have Ri(Rix) � Rix. So, Rix � x. The proof of x � Rix is analogous.
(b) Using (3.7.9) and (3.7.10) we get

(Rix)[y1 · · · yn] � yi = yi[R1(Rix)[y1 · · · yn] · · ·Rn(Rix)[y1 · · · yn]]
= yi[R1x[y1 · · · yn] · · ·Rnx[y1 · · · yn]] = (Rix)[y1 · · · yn].

Thus (Rix)[y1 · · · yn] � yi.
(c) It is trivial: x[R1y · · ·Rny] = y � x � x, by Proposition 3.7.2.

For every element g of the algebra G we define the relation ρg ⊂ G × G
letting:

ρg =
(
α−1d ◦ αd ∩ αs〈g〉 × αs〈g〉

)
∪ α ′s〈g〉 × α ′s〈g〉,

where α ′s〈g〉 = G \ αs〈g〉. It is clear that ρg is a quasi-equivalence. On
(G, o) it is also i-regular for every i = 1, . . . , n. Indeed, if (g1, g2) ∈ ρg and
g1, g2 ∈ α ′s〈g〉, then u[w̄|i g1], u[w̄|i g2] ∈ α ′s〈g〉 because α ′s〈g〉 is an l-ideal. So,
(u[w̄|i g1], u[w̄|i g2]) ∈ ρg. If g1, g2 ∈ αs〈g〉, then, obviously, (g1, g2) ∈ α−1d ◦ αd,
i.e., g1 � z and g2 � z for some z ∈ G. These inequalities together with
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the stability of αd imply u[w̄|i g1] � u[w̄|i z] and u[w̄|i g2] � u[w̄|i z]. Hence
(u[w̄|i g1], u[w̄|i g2]) ∈ α−1d ◦ αd. Suppose now that u[w̄|i g1] lies in αs〈g〉. Then
also u[w̄|i z] lies in αs〈g〉. Therefore g2 � z, g � g2 and g � u[w̄|i z], which,
according to (3.2.2), gives g � u[w̄|i g2]. In the same manner, we prove that
g � u[w̄|i g2] implies g � u[w̄|i g1]. So the elements u[w̄|i g1] and u[w̄|i g2] si-
multaneously belong or do not belong to αs〈g〉. If they do not belong to αs〈g〉,
then obviously (u[w̄|i g1], u[w̄|i g2]) ∈ ρg. If they belong to αs〈g〉, then

(u[w̄|i g1], u[w̄|i g2]) ∈ α−1d ◦ αd ∩ αs〈g〉 × αs〈g〉 ⊂ ρg.

This completes the proof of the i-regularity of ρg, where i = 1, . . . , n.
Let εg by the transitive closure of ρg. It is clear that εg is a v-congruence on

(G, o) and α ′s〈g〉 is its equivalence class. For each g1 ∈ G on the quotient set
G/εg we define an n-place function Pg(g1) putting

Pg(g1)(εg〈x1〉, . . . , εg〈xn〉) = εg〈g1[x1 · · ·xn] 〉 (3.7.11)

for all x1, . . . , xn ∈ G such that g1[x1 · · ·xn] ∈ αs〈g〉. Otherwise this function is
not defined. It is not difficult to verify that Pg is a representation of a Menger
algebra (G, o). Using this function we can prove the main result of this section.

Theorem 3.7.6. An algebra G = (G, o,R1, . . . , Rn) of type (n+ 1, 1, . . . , 1) is
isomorphic to a functional Menger algebra of rank n if and only if it satisfies
the identities (3.7.4)–(3.7.10).

Proof. The necessity of the above identities follows from Theorem 3.7.1. To
prove the sufficiency of the identities (3.7.4)–(3.7.10) assume that the algebra
G satisfies them and P is the sum of the family of representations (Pg)g∈G of
(G, o) by n-place functions. We prove that the representation P is faithful and
P (Rix) = RiP (x) for each x ∈ G and i = 1, . . . , n.
First we prove αd = ζP and αs = χP . Let g1 � g2, then g1[x̄] � g2[x̄] for

every x̄ ∈ Gn. Since g1[x̄] ∈ αs〈g〉 implies g2[x̄] ∈ αs〈g〉, the inclusion αd ⊂
α−1d ◦ αd gives (g1[x̄], g2[x̄]) ∈ α−1d ◦ αd∩αs〈g〉×αs〈g〉 ⊂ εg. So, (g1, g2)∈ζPg for
each g∈G, i.e., αd⊂ζP . Conversely, if (g1, g2)∈ζP , then, for any g∈G, x̄∈Gn,
from g1[x̄]∈αs〈g〉 we conclude (g1[x̄], g2[x̄]) ∈ εg, which, according to (3.7.5),
for x̄ = (R1g1, . . . , Rng1) and g = g1 gives (g1 , g2[R1g1 · · ·Rng1]) ∈ εg. But εg is
a transitive closure of ρd , thus in αs〈g1〉 one can find elements x1, . . . , xm−1 for
which (g1, x1) ∈ α−1d ◦ αd, (x1, x2) ∈ α−1d ◦ αd , . . . , (xm−1 , g2[R1g1 · · ·Rng1]) ∈
α−1d ◦ αd. This means that for some elements z1, . . . , zm ∈ G we have
g1 � z1, x1 � z1, x1 � z2, x2 � z2, . . . , xm−1 � zm, g2[R1g1 · · ·Rng1] � zm.
Because g1 � z1 and x1 � z1 together with g1 � x1 imply g1 � x1, we
have g1 � z2. Similarly from g1 � z2, x2 � z2 and g1 � x2 we conclude
g1 � x2 and so on. Proceeding this way, after a finite number of steps, we get
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g1 � g2[R1g1 · · ·Rng1], which, by Proposition 3.7.5 (c), gives g1 � g2. Hence
ζP ⊂ αd, and consequently αd = ζP . The proof of αs = χP is similar.
From the above it follows, in particular, that the representation P is faithful.
The proof of the identity P (Rix) = RiP (x), x ∈ G, i = 1, . . . , n, is based on

the relation εg. Since P is the sum of representations Pg, g ∈ G, and, by Propo-
sition 3.7.5, the equality P (Rix)(a1, . . . , an) = ai is true for every (a1, . . . , an) ∈
pr1P (Rix), it is necessary to show that for each g ∈ G (a1, . . . , an) ∈ pr1Pg(Rix)
implies Pg(a1, . . . , an) = ai. According to the definition of Pg, this last inclu-
sion means that for elements y1, . . . , yn ∈ G, from (Rix)[y1 · · · yn] ∈ αs〈g〉
we can deduce (Rix)[y1 · · · yn] ≡ yi(εg). So, let g � (Rix)[y1 · · · yn]. Since
(Rix)[y1 · · · yn] � yi, then obviously we have ((Rix)[y1 · · · yn], yi) ∈ ρg ⊂ εg,
which was to be proved.

Algebras of the form (Φ, O,∩,R1, . . . ,Rn), where Φ ⊂ F(An, A) and ∩ is
a set-theoretic intersection, are called functional Menger ∩-algebras of n-place
functions.

Theorem 3.7.7. An algebra (G, o,�, R1, . . . , Rn) of type (n+ 1, 2, 1, . . . , 1) is
isomorphic to some functional Menger ∩-algebra of n-place functions if and
only if
(a) (G, o,R1, . . . , Rn) is a functional Menger system of rank n,
(b) (G,�) is a semilattice,
(c) the identities

x� y[R1z · · ·Rnz] = (x� y)[R1z · · ·Rnz], (3.7.12)

x[R1(x� y) · · ·Rn(x� y)] = x� y. (3.7.13)

and (3.4.1) are satisfied.

Proof. The necessity of these conditions is obvious. To prove their sufficiency
assume that the algebra (G, o,�, R1, . . . , Rn) of type (n+1, 2, 1, . . . , 1) satisfies
all these conditions. By Proposition 3.7.2 the algebra (G, o,�) with the opera-
tion x � y = y[R1x · · ·Rnx] is a restrictive Menger algebra of rank n. In this
algebra the conditions (3.7.12) and (3.7.13) have the form

x� (z � y) = z � (x� y) and (x� y) � x = x� y.

Since (G,�) is a semilattice, the last identity is equivalent to the identity
(3.6.15). This means that (G, o,�,�) satisfies the conditions of Theorem 3.6.6.
So, it is a restrictive �-algebra of rank n, i.e., it is isomorphic to some algebra
of the form (Φ, O,∩, �), where Φ ⊂ F(An, A) and � is the restrictive product
of n-place functions.
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Let P =
∑

g∈G P(εg,Wg) be the sum of simplest representations considered in
the proof of Theorem 3.6.6. Then P is a faithful representation of (G, o,�,�)
by n-place functions. Let us show that P also satisfies

P (Rig) = RiP (g)

for all g ∈ G and i = 1, . . . , n. First observe that

g1 � g2 ←→ P (g1) ⊂ P (g2),

g1 � g2 ←→ pr1P (g1) ⊂ pr1P (g2).

Indeed, for g1, g2 ∈ G we have g1 � g2 ←→ g1 � g2 = g1 ←→ P (g1 � g2) =
P (g1) ←→ P (g1) ∩ P (g2) = P (g1) ←→ P (g1) ⊂ P (g2), which proves the first
equivalence. Analogously g1 � g2 ←→ g1 = g2 � g1 ←→ P (g1) = P (g2 � g1)
←→ P (g1) = P (g2) � P (g1)←→ pr1P (g1) ⊂ pr1P (g2).
The above two equivalences together with Proposition 3.7.5 (a) imply

pr1P (Rig) ⊂ pr1P (g) and pr1P (g) ⊂ pr1P (Rig), whence we obtain the identity
pr1P (Rig) = pr1P (g) = pr1RiP (g). Thus,

pr1P (Rig) = pr1R1P (g). (3.7.14)

This means that for every (εg〈x1〉, . . . , εg〈xn〉) ∈ pr1P(εg,Wg)(Rix) we have
g � (Rix)[x1 · · ·xn], which by Proposition 3.7.5 (b) implies g � xi for every
i = 1, . . . , n. Consequently, g � xi� (Rix)[x1 · · ·xn]. The last relation, accord-
ing to the definition of εg, gives (Rix)[x1 · · ·xn] ≡ xi(εg), i.e.,

P(εg ,Wg)(Rix)(εg〈x1〉, . . . , εg〈xn〉) = εg〈xi〉

for all g ∈ G and i = 1, . . . , n. From this, in view of (3.7.14), we dedu-
ce P (Rig) = RiP (g), which proves that P is a faithful representation of
(G, o,�, R1, . . . , Rn) by n-place functions.5

3.8 Notes on Chapter 3

The task of finding an axiom system for a class of algebras of n-place functions
(for a fixed n) closed under superposition was formulated by K. Menger in his
article [114]. A similar task for functional Menger systems ordered by inclu-
sion was considered by V. Kafka [80]. But in [80] this task was not fulfilled
completely because the proof of the main theorem of this work is not com-
plete. Investigations of functional semigroups were initiated by B. Schweizer
and A. Sklar in [190,192,193].

5 Note that every algebra G� = (G, o,�, R1, . . . , Rn) of type (n+ 1, 2, 1, . . . , 1) satisfying all
the conditions of Theorem 3.7.7 will be called a functional Menger �-algebra of rank n.
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The first results on restrictive Menger algebras were obtained by V. S. Trokhi-
menko in [216] and [230]. The first result on Menger algebras of reversive mul-
tiplace functions can be found in [215]. Research on P-algebras of multiplace
functions was started in [222]. Further studies were conducted in [224, 239]
and [32]. Theorem 3.7.7 is proved in the last paper.
The restrictive multiplication of binary relations and functions was intro-

duced by V. V. Vagner [246] in connection with some problems on differential
geometry. This operation was further studied in [10,122,175].
The study of restrictive semigroups was initiated by V. V. Vagner [250],

research on restrictive bisemigroups of binary relations — by B. M. Schein [170]
(see also [173,174]).
The first abstract characterization of semigroups of binary relations ordered

by the set-theoretic inclusion was given by K. A. Zareckii [263]. In this paper he
also gives an abstract characterization of ordered semigroups of transitive and
reflexive binary relations. Later investigations were conducted by B. M. Schein
in [164,166,167]. In [166] B. M. Schein proved that a semigroup of transitive and
reflexive relations, where set-theoretic inclusion of relations is not considered,
can be characterized by an infinite system of elementary axioms which can
be written in the language of the first order predicates containing the sign
"=". This system is not equivalent to any finite system of elementary axioms.
Abstract characterizations of ordered semigroups of binary relations ordered by
set-theoretic inclusion of relations, inclusion of first projections and inclusion of
second projections were given in [167]. These three inclusions were considered
in various combinations: all three, pairwise and each of them separately.
Stable orders on homomorphic images of symmetrical semigroups of partial

functions were described by M. G. Mogilevskii [121].
The systematical study of representations of abstract semigroups by partial

one-to-one transformations was started by B. M. Schein in his two papers [160]
and [161]. In those two papers he proved that each semigroup satisfying some
infinite system of elementary axioms can be isomorphically embedded into in-
verse semigroup of partial transformations.
An axiomatization of ∩-semigroups and inverse ∩-semigroups of one-to-one

transformations was given by V. S. Garvackii [46], an abstract characterization
of ∪-semigroups and (∩,∪)-semigroups of transformations — by B. M. Schein
in [181,182].



Chapter 4

Relations between functions

During the investigation of Menger algebras of multiplace functions, we find
various properties of functions, which may be interesting for us, for example,
the existence of a set of fixed points, the definiteness on the same set, the
compatibility on some sets, and so on. It is known that an isomorphism of
Menger algebras do not preserves such information. In order to preserve it, we
must insert into the signature of Menger algebras some additional relations,
which may be used for the abstract characterization of these properties. In the
previous chapter, we have described only two such relations – the inclusion of
functions ζΦ and the inclusion of domains χΦ. In this chapter, we will consider
Menger algebras of functions containing, in addition to these two relations,
other naturally defined relations such as, for example, the relation of semi-
compatibility, connectivity, and co-definability.

4.1 Stabilizers of Menger algebras

A nonempty subset H of a (f.o.p., f.o., p.q-o.) Menger algebra (G, o) of rank
n is called a (reversive) stabilizer if there exists an isomorphism P of this
algebra onto some (respectively, f.o.p., f.o., p.q-o.) Menger algebra of (reversive)
n-place functions such that H is the preimage of the stabilizer of some point.
So, H contains all those elements of (G, o) that are mapped by P onto functions
having the same common fixed point.

Lemma 4.1.1. For a nonempty subset H of G to be a stabilizer of a f.o.p.
Menger algebra (G, o, ζ, χ) of rank n it is necessary and sufficient that it is
a quasi-stable, l-unitary, ζ-saturated normal v-complex and that there exists
such χ-saturated subset A ⊂ G containing H, that

g1 ∈ H ∧ g2 ∈ H ∧ t(g1) ∈ A −→ t(g2) ∈ A, (4.1.1)

g1 � g2 ∧ g1 ∈ A ∧ u[w̄|i g2] ∈ H −→ u[w̄|i g1] ∈ H, (4.1.2)

g1 � g2 ∧ g1 ∈ A ∧ u[w̄|i g2] ∈ A −→ u[w̄|i g1] ∈ A (4.1.3)

for all t ∈ Tn(G), i = 1, . . . , n, g1, g2 ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, where x � y
means (x, y) ∈ ζ and e1, . . . , en are the selectors of (G∗, o∗).
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Proof. Necessity. Let (Φ, O, ζΦ, χΦ) be some f.o.p. Menger algebra of n-place
functions and Ha

Φ be the stabilizer of a point a. For ϕ ∈ Ha
Φ, we have

ϕ(a, . . . , a) = a and

ϕ[ϕ · · ·ϕ](a, . . . , a) = ϕ(ϕ(a, . . . , a), . . . , ϕ(a, . . . , a)) = ϕ(a, . . . , a) = a,

i.e., ϕ[ϕ · · ·ϕ] ∈ Ha
Φ. So, H

a
Φ is quasi-stable. Now let ϕ[ψ · · ·ψ] ∈ Ha

Φ and
ψ ∈ Ha

Φ, then

a = ϕ[ψ · · ·ψ](a, . . . , a) = ϕ(ψ(a, . . . , a), . . . , ψ(a, . . . , a)) = ϕ(a, . . . , a).

Hence ϕ ∈ Ha
Φ. Thus, H

a
Φ is l-unitary. Analogously we can show that Ha

Φ
is ζΦ-saturated. Furthermore, if ϕ(ā) = ψ(ā) holds for some ϕ, ψ ∈ Φ and
ā ∈ pr1 ϕ ∩ pr1 ψ, then it is not difficult to see that for every t ∈ Tn(Φ) we
have t(ϕ)〈ā〉 = t(ψ)〈ā〉. So, if ϕ, ψ, t(ϕ) ∈ Ha

Φ, then t(ψ) ∈ Ha
Φ. Thus, H

a
Φ is

a normal v-complex.
Consider the set

Aa = {ϕ ∈ Φ | (a, . . . , a) ∈ pr1ϕ}.

It is clear that Aa is χΦ-saturated and Ha
Φ ⊆ Aa. If t(ϕ) ∈ Aa for some

ϕ, ψ ∈ Ha
Φ and t ∈ Tn(Φ), then (a, . . . , a) ∈ pr1t(ϕ). Because ϕ(a, . . . , a) =

a = ψ(a, . . . , a), thus t(ϕ)(a, . . . , a) = t(ψ)(a, . . . , a). So, t(ψ) ∈ Aa. This
proves (4.1.1). Now let ϕ ⊂ ψ and α[χ̄|i ψ] ∈ Ha

Ψ for some α, ψ ∈ Φ, χ̄ ∈ Φn,
i = 1, . . . , n and ϕ ∈ Aa. Since (a, . . . , a) ∈ pr1ϕ together with ϕ ⊂ ψ imply
(a, . . . , a) ∈ pr1ψ and ψ(a, . . . , a) = ϕ(a, . . . , a), we obtain

a = α[χ̄|i ψ](a, . . . , a) = α(χ̄(a, . . . , a)|i ψ(a, . . . , a))
= α(χ̄(a, . . . , a)|i ϕ(a, . . . , a)) = α[χ̄|i ϕ](a, . . . , a),

where χ̄(a, . . . , a) denotes the vector (χ1(a, . . . , a), . . . , χn(a, . . . , a)). The above
means that α[χ̄|i ϕ] ∈ Ha

Φ. In this way we have shown (4.1.2). The proof of
(4.1.3) is similar.

Sufficiency. Assume that all the conditions of the lemma are fulfilled. Then,
as it is not difficult to see, for any g1, g2 ∈ G, t ∈ Tn(G)

g1 � g2 ∧ g1 ∈ A ∧ t(g2) ∈ A −→ t(g1) ∈ A, (4.1.4)

g1 � g2 ∧ g1 ∈ A ∧ t(g2) ∈ H −→ t(g1) ∈ H. (4.1.5)

Let us consider the representation P = P1 + P(ε∗, A′) of a Menger
algebra (G, o) by n-place functions, where P1 is some faithful representation of
a f.o.p. Menger algebra (G, o, ζ, χ), and P(ε∗, A′) is this simplest representation
that corresponds to the determining pair (ε∗, A′), where ε = εv(H) ∩ εv(A),
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ε∗ = ε ∪ {(e1, e1), . . . , (en, en)}, A′ = G \ A and e1, . . . , en are selectors in
(G∗, o∗). Since the representation P1 is faithful, we have ζ = ζP1 and χ = χP1 .
So, the representation P is also faithful.
The proof that P is an isomorphism of (G, o, ζ, χ) is based on the following

two inclusions: ζ ⊂ ζ(ε∗, A′) and χ ⊂ χ(ε∗, A′). To prove the first inclusion, let
g1 � g2 and g1[x̄] ∈ A for some x̄ ∈ B = Gn ∪ {(e1, . . . , en)}. Then, from
g1 � g2 and the stability of ζ, we conclude t(g1[x̄]) � t(g2[x̄]) for all t ∈ Tn(G),
x̄ ∈ B. If t(g1[x̄]) ∈ H, then also t(g2[x̄]) ∈ H, because H is ζ-saturated by
the assumption. Similarly, t(g2[x̄]) ∈ H, together with g1[x̄] � g2[x̄], g1[x̄] ∈ A,
and according to (4.1.5), gives t(g1[x̄]) ∈ H. Therefore, g1[x̄] ≡ g2[x̄] (εv(H)).
In a similar way, using (4.1.4), we obtain g1[x̄] ≡ g2[x̄] (εv(A)). From the above,
we conclude g1[x̄] ≡ g2[x̄](ε), i.e., (g1, g2) ∈ ζ(ε∗, A′). Thus ζ ⊂ ζ(ε∗, A′). To prove
the second inclusion, let g1 � g2 and g1[x̄] ∈ A, where x̄ ∈ B and � denotes
the relation χ. Since this relation is l-regular, we have also g1[x̄] � g2[x̄], and,
consequently, g2[x̄] ∈ A. Thus (g1, g2) ∈ χ(ε∗, A′), which proves χ ⊂ χ(ε∗, A′). So,
ζP = ζP1 ∩ ζ(ε∗, A′) = ζ ∩ ζ(ε∗, A′) = ζ. Using the same argument, we can prove
the equality χP = χ. These two equalities show that P is an isomorphism.
Now let g1, g2 ∈ H. If t(g1) ∈ A for some t ∈ Tn(G), then t(g2) ∈ A, by

(4.1.1). Similarly t(g2) ∈ A implies t(g1) ∈ A. So, g1 ≡ g2(εv(A)). This means
that H is contained in some εv(A)-class. But H, as a normal v-complex, is a
εv(H)-class disjoint with Wv(H). Because A′ is a subset of Wv(H), H also is
a ε-class disjoint with A′. If g ∈ H, then g[g · · · g] ∈ H, by the quasi-stability
of H, and as a consequence g[H · · ·H] ⊂ H, by the v-regularity of the relation
ε. So, P(ε∗, A′)(g)(c, . . . , c) = c, where c is the element used to index the ε-class
H. On the other hand, if g[H · · ·H] ⊂ H, then for every h ∈ H we have
g[h · · ·h] ∈ H, which, by the l-unitarity, gives g ∈ H. Likewise, we have shown
that g ∈ H if and only if P(ε∗, A′)(g)(c, . . . , c) = c. In view of the fact that P
is the sum of representations, we come to the conclusion that all the functions
from P (H), and only them, have c as a common fixed point.

Let (G, o, ζ, χ) be a f.o.p. Menger algebra of rank n, H ⊂ G and ρ =
ζ ∪H ×H. Denoting by C[H] the (ρ, χ)∗-closure of H, we can formulate the
following theorem.

Theorem 4.1.2. A nonempty subset H of G is a stabilizer of a f.o.p. Menger
algebra (G, o, ζ, χ) of rank n if and only if it is a quasi-stable, l-unitary and
ζ-saturated normal v-complex such that

g1 � g2 ∧ g1 ∈ C[H] ∧ u[w̄|i g2] ∈ H −→ u[w̄|i g1] ∈ H (4.1.6)

for all g1, g2 ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, i = 1, . . . , n.

Proof. Necessity. Let Ha
Φ be the stabilizer of a in a f.o.p. Menger algebra

(Φ, O, ζΦ, χΦ) of n-place functions. We have, of course, C[Ha
Φ] =

∞⋃
n=0

n
C(Ha

Φ),
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where ϕ ∈ C(Ha
Φ) if and only if (α, β) ∈ ζΦ ∪ Ha

Φ × Ha
Φ, (t(α), ϕ) ∈ χΦ and

α, t(β) ∈ Ha
Φ for some α, β ∈ Φ, t ∈ Tn(Φ). Using induction it is not difficult

to show that for all ϕ ∈ Φ and m ∈ N the following implication

ϕ ∈
m
C (Ha

Φ) −→ (a, . . . , a) ∈ pr1ϕ (4.1.7)

takes place. Suppose that α ⊂ β, α ∈ C[Ha
Φ] and ϕ[ψ̄|i β] ∈ Ha

Φ for some

α, β, ϕ ∈ Φ, ψ̄ ∈ Φn, i ∈ {1, . . . , n}. Since α ∈
m
C (Ha

Φ) for some m ∈ N,
then, as a consequence of (4.1.7), we obtain (a, . . . , a) ∈ pr1α. But α ⊂ β, so,
α(a, . . . , a) = β(a, . . . , a) and

a = ϕ[ψ̄|i β](a, . . . , a) = ϕ(ψ̄(a, . . . , a)|i β(a, . . . , a))
= ϕ(ψ̄(a, . . . , a)|i α(a, . . . , a)) = ϕ[ψ̄|i α](a, . . . , a).

Hence ϕ[ψ̄|i α] ∈ Ha
Φ, which proves (4.1.6).

Sufficiency. Let the subset H satisfy all the conditions of the theorem. Then
(4.1.6) corresponds to condition (4.1.2) from the last lemma, where A = C[H].
If g1 � g2 and g1, u[w̄|i g2] ∈ C[H], then (g1, g2) ∈ ρ, u[w̄|i g1] � u[w̄|i g2] and
g1, u[w̄|i g2] ∈ C[H]. Since C[H] is (ρ, χ)∗-closed, u[w̄|i g1] ∈ C[H]. This proves
(4.1.3). In a similar way we can prove that C[H] satisfies (4.1.1). Obviously
C[H] is χ-saturated and H ⊂ C[H]. This means that all the conditions of
Lemma 4.1.1 are satisfied. Hence H is a stabilizer of a f.o.p. Menger algebra
(G, o, ζ, χ). The theorem is proved.

In view of C[H] =
∞⋃
n=0

n
C (H), the implication (4.1.6) is equivalent to the

system of conditions (A′m)m∈N, where

A′m : g1 � g2 ∧ u[w̄|i g2] ∈ H ∧ g1 ∈
m
C (H) −→ u[w̄|i g1] ∈ H

for any g1, g2 ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, i = 1, . . . , n. Besides, from
m
C (H) ⊂

m+1
C (H), follows that A′m+1 implies A′m. Moreover, condition A′m can

be rewritten in the form Am : A′′m −→ u[w̄|i g1] ∈ H, where

A′′m :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g1 � g2 ∧ u[w̄|i g2] ∈ H,

(a1 � b1 ∨ a1, b1 ∈ H) ∧ t1(a1) � g,

2m−1−1∧
k=1

⎛⎜⎝ (a2k � b2k ∨ a2k, b2k ∈ H) ∧ t2k(a2k) � ak,

(a2k+1 � b2k+1 ∨ a2k+1, b2k+1 ∈ H),

t2k+1(a2k+1) � tk(bk)

⎞⎟⎠ ,

2m−1∧
k=2m−1

(ak ∈ H ∧ tk(bk) ∈ H)



Section 4.1 Stabilizers of Menger algebras 157

for all g1, g2, ak, bk ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, tk ∈ Tn(G), i = 1, . . . , n,
k = 1, . . . , 2m − 1. This means that the stabilizer of a f.o.p. Menger algebra
(G, o, ζ, χ) of rank n is in particular its quasi-stable, l-unitary and ζ-saturated
normal v-complex H, which satisfies the system of implications (Am)m∈N.

In the next two theorems, we present the characterization of stabilizers in
f.o. and p.q-o. Menger algebras of rank n.

Theorem 4.1.3. A nonempty subset H of a f.o. Menger algebra (G, o, ζ) of
rank n is its stabilizer if and only if it is a quasi-stable, l-unitary and ζ-saturated
normal v-complex, which for all g1, g2 ∈ G, t1, t2 ∈ Tn(G) satisfies the implica-
tion

g1 � g2 ∧ t1(g1) ∈ H ∧ t2(g2) ∈ H −→ t2(g1) ∈ H. (4.1.8)

Proof. We omit the proof of the necessity of (4.1.8) because it is not difficult. To
prove the sufficiency assume that all the conditions of the theorem are satisfied
and consider the representation P = P1 + P(ε∗v(H),Wv(H)) of a Menger algebra
(G, o) by n-place functions, where P1 is an isomorphism of a f.o. Menger algebra
(G, o, ζ) onto some f.o. Menger algebra of n-place functions and P(ε∗v(H),Wv(H))

is the simplest representation of (G, o). First we show that

ζ ⊂ ζ(ε∗v(H),Wv(H)).

Let g1 � g2 and g1[x̄] �∈Wv(H) for some x̄ ∈ B. Then there exists t1 ∈ Tn(G)
such that t1(g1[x̄]) ∈ H. In view of the stability of ζ from g1 � g2 we con-
clude t(g1[x̄]) � t(g2[x̄]). But by the assumption, H is also ζ-saturated, so
t(g2[x̄]) ∈ H. Conversely, if t(g2[x̄]) ∈ H, then, according to g1[x̄] � g2[x̄] and
t1(g1[x̄]) ∈ H, by (4.1.8), we obtain t(g1[x̄]) ∈ H. Thus g1[x̄] ≡ g2[x̄](εv(H)),
i.e., (g1, g2) ∈ ζ(ε∗v(H),Wv(H)). Hence we have shown ζ ⊂ ζ(ε∗v(H),Wv(H)). Fur-
ther, in a similar way as in the proof of Lemma 4.1.1, we show that P is an
isomorphism of (G, o, ζ), and H is the εv(H)-class disjoint with Wv(H), which
corresponds to the common fixed point of all functions P (g), where g ∈ H, and
only these functions.

Theorem 4.1.4. For a nonempty subset H of a p.q-o.Menger algebra (G, o, χ)
of rank n to be its stabilizer it is necessary and sufficient to be a quasi-stable
l-unitary normal v-complex.

Proof. Let all the conditions of the theorem are fulfilled. Consider the repre-
sentation P = P1 + P(ε∗v(H),∅) of a Menger algebra (G, o) by n-place functions,
where P1 is an isomorphism of (G, o, χ). Then χ = χP1 and P is one-to-one.
Since P(ε∗v(H),∅) is a representation of (G, o) by full n-place functions, we have
χ ⊂ χ(ε∗v(H),∅) = G×G, whence χP = χP1 ∩χ(ε∗v(H),∅) = χ∩G×G = χ. So, P
is a faithful representation of (G, o, χ). But H is a normal v-complex, therefore,
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obviously, H is a εv(H)-class, which (as in the previous proofs) implies that
P (H) is the stabilizer of some point.

Corollary 4.1.5. For a nonempty subset H of a Menger algebra (G, o) of rank
n the following two statements are equivalent:
(a) H is a stabilizer of a Menger algebra (G, o),
(b) H is a quasi-stable l-unitary normal v-complex of (G, o).

Proof. The implication (a)−→(b) is obvious. To prove the converse implication
assume that (b) is valid and consider the relation χ = G×G. Then (G, o,G×G)
is a p.q-o. Menger algebra, which, according to Theorem 4.1.4, means that the
subset H is its stabilizer. So, i.e., (b) implies (a).

Lemma 4.1.6. A nonempty subset H of a strong f.o.p. Menger algebra
(G, o, ζ, χ) of rank n � 2 is its reversive stabilizer if and only if it is quasi-
stable, l-unitary and there exists a χ-saturated subset A ⊂ G containing H,
such that

(x, y) ∈ ε〈ρ,A〉 ∧ x ∈ H −→ y ∈ H, (4.1.9)

(x, y) ∈ ε〈ρ,A〉 ∧ u[w̄|i x] ∈ A −→ u[w̄|i y] ∈ A (4.1.10)

for all x, y ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, i = 1, . . . , n, where ρ means ζ−1◦ ζ ∪
H ×H.

Proof. Necessity. Let (Φ, O, ζΦ, χΦ) be a f.o.p. Menger algebra of reversive
n-place functions, Ha

Φ — the stabilizer of a, Aa — the set of all ϕ ∈ Φ for
which (a, . . . , a) ∈ pr1ϕ. First we show, using induction, that for all m ∈ N
and α, β ∈ Φ the following implication

(α, β) ∈ εm〈ρΦ, Aa〉 −→ α(a, . . . , a) = β(a, . . . , a), (4.1.11)

where ρΦ = ζ−1Φ ◦ ζΦ ∪ Ha
Φ × Ha

Φ, is fulfilled. Indeed, (α, β) ∈ ε0〈ρΦ, Aa〉
means that α ⊂ γ, β ⊂ γ for some γ ∈ Φ, and (a, . . . , a) ∈ pr1 α ∩ pr1 β
or α(a, . . . , a) = a = β(a, . . . , a). So, in both cases α(a, . . . , a) = β(a, . . . , a),
which proves (4.1.11) for m = 0. Assume now, that it is fulfilled for some fixed
m ∈ N. If (α, β) ∈ εm+1〈ρΦ, Aa〉, then α = ϕ[ψ̄|qγ] ∈ Aa, β = ϕ[ψ̄|qχ] ∈ Aa,
(f [ḡ|rγ], θ) ∈ εm〈ρΦ, Aa〉, (θ, f [ḡ|rχ]) ∈ εm〈ρΦ, Aa〉 for some ϕ, χ, γ, f, θ ∈ Φ,
ψ̄, ḡ ∈ Φn, q, r ∈ {1, . . . , n}. Whence

f [ḡ|rγ](a, . . . , a) = θ(a, . . . , a) = f [ḡ|rχ](a, . . . , a),

which proves
γ(a, . . . , a) = χ(a, . . . , a),
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because all functions in Φ are reversive. Therefore
α(a, . . . , a) = ϕ[ψ̄|qγ](a, . . . , a) = ϕ(ψ̄(a, . . . , a)|qγ(a, . . . , a))

= ϕ(ψ̄(a, . . . , a)|qχ(a, . . . , a)) = ϕ[ψ̄|qχ](a, . . . , a) = β(a, . . . , a),

where ψ̄(a, . . . , a) = (ψ1(a, . . . , a), . . . , ψn(a, . . . , a)). Thus, (4.1.11) is true for
m+ 1, and consequently, for every m ∈ N.
Now let (α, β) ∈ ε〈ρΦ, Aa〉 and α ∈ Ha

Φ. Then (α, β) ∈ εm〈ρΦ, Aa〉 for
some m ∈ N, whence, by (4.1.11), we obtain α(a, . . . , a) = β(a, . . . , a). But
α(a, . . . , a) = a, so, β(a, . . . , a) = a, i.e., β ∈ Ha

Φ. This proves (4.1.9). The
proof of (4.1.10) is analogous.

Sufficiency. Let all the conditions of the lemma be fulfilled. The subset A is
χ-saturated, so, the subset A′ = G \A is an l-ideal of a Menger algebra (G, o).
Indeed, if u[w̄|ix] ∈ A, then u[w̄|ix] � x together with the v-negativeness of
χ imply x ∈ A. Now let (g1, g2) ∈ εm〈ρ,A〉, x[ȳ|ig1] � g and x[ȳ|ig2] ∈ A.
But εm〈ρ,A〉 ⊂ ε〈ρ,A〉, so, (g1, g2) ∈ ε〈ρ,A〉 and x[ȳ|ig2] ∈ A. This, by
(4.1.10), gives x[ȳ|ig1] ∈ A. Hence g ∈ A because A is χ-saturated. So, the
subset A is 〈ρ, χ〉-closed. Thus, the ordered pair (ε∗, A′), where ε∗ = ε〈ρ,A〉 ∪
{(e1, e1), . . . , (en, en)}, e1, . . . , en — the selectors in (G∗, o∗), is a determining
pair, and P(ε∗,A′) is the simplest representation of a Menger algebra (G, o) by
reversive n-place functions. As H ×H ⊂ ε〈ρ,A〉, then H is contained in some
ε〈ρ,A〉-class. Further, if (x, y) ∈ ε〈ρ,A〉 and x ∈ H, then, according to (4.1.9),
we have y ∈ H. Thus, H is an ε〈ρ,A〉-class disjoint from A′.
Let g1 � g2 and g1[x̄] ∈ A for some x̄ ∈ Gn ∪ {(e1, . . . , en)}. Since ζ is

l-regular, then g1[x̄] � g2[x̄], which together with ζ ⊂ χ and the χ-saturation of
A implies g2[x̄] ∈ A, therefore (g1[x̄], g2[x̄]) ∈ ε〈ρ,A〉. Hence (g1, g2) ∈ ζ(ε∗, A′),
and consequently, ζ ⊂ ζ(ε∗, A′). The proof of χ ⊂ χ(ε∗, A′) is similar.
Now let P1 be an arbitrary faithful representation of a strong f.o.p. Menger

algebra (G, o, ζ, χ) by reversive n-place functions. Then the representation

P = P1 + P(ε∗, A′)

is an isomorphism of (G, o, ζ, χ) such that H is the preimage of the stabilizer
of some point. The proof of this fact is identical to the corresponding part of
the proof of Lemma 4.1.1.

The 〈ρ, χ〉-closure ofH in a strong f.o.p. Menger algebra (G, o, ζ, χ) of rank n,
where ρ = ζ−1 ◦ ζ ∪H ×H, will be denoted by F [H].

Theorem 4.1.7. A nonempty subset H of a strong f.o.p. Menger algebra
(G, o, ζ, χ) of rank n � 2 is its reversive stabilizer if and only if it is quasi-
stable, l-unitary and satisfies the condition

(x, y) ∈ ε〈ρ, F [H]〉 ∧ x ∈ H −→ y ∈ H (4.1.12)

for all x, y ∈ G.
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Proof. Necessity. Let Ha
Φ be the stabilizer of the point a of a f.o.p. Menger

algebra (G, o, ζΦ, χΦ) of reversive n-place functions. First of all, let us show
that for any m, k ∈ N and α, β ∈ Φ the following conditions are fulfilled:

α ∈ Fk(H
a
Φ) −→ α〈a, . . . , a〉 �= ∅, (4.1.13)

(α, β) ∈ εm〈ρΦ, Fk[H
a
Φ]〉 −→ α〈a, . . . , a〉 = β〈a, . . . , a〉, (4.1.14)

where ρΦ = ζ−1Φ ◦ ζΦ ∪Ha
Φ ×Ha

Φ and Fk(H
a
Φ) are as in Section 2.1 (p. 35) with

ρ = ρΦ, σ = χΦ. Assume that P (k) is the one-place predicate over the set
of natural numbers, which is the conjunction of the conditions (4.1.13) and
(4.1.14), where α, β,m are connected by the universal quantifier. For k = 0
and α ∈ Ha

Φ = F0(H
a
Φ), we have α(a, . . . , a) = a, which implies α〈a, . . . , a〉 �= ∅.

If (α, β) ∈ εm〈ρΦ, F0(H
a
Φ)〉 = Ha

Φ ×Ha
Φ, then α〈a, . . . , a〉 = {a} = β〈a, . . . , a〉.

So, P (0) is fulfilled.
Assume now that P (k) is fulfilled for some fixed k ∈ N and consider α ∈

Fk+1(H
a
Φ). Then (ϕ1, ϕ2) ∈ εm〈ρΦ, F0(H

a
Φ)〉, pr1ψ[χ̄|iϕ1] ⊂ pr1α and ψ[χ̄|iϕ2] ∈

Fk(H
a
Φ) for some ϕ1, ϕ2, ψ ∈ Φ, χ̄ ∈ Φn, i ∈ {1, . . . , n}. According to the

assumption, this last condition means that ψ[χ̄|i ϕ2]〈a, . . . , a〉 �= ∅, whence
ϕ2〈a, . . . , a〉 �= ∅. Therefore from the first condition we obtain ϕ1〈a, . . . , a〉 =
ϕ2〈a, . . . , a〉 �= ∅. Thus

ϕ1(a, . . . , a) = ϕ2(a, . . . , a)

and
∅ �= ψ[χ̄|i ϕ2]〈a, . . . , a〉 = {ψ(χ̄(a, . . . , a)|i ϕ2(a, . . . , a))}

= {ψ(χ̄(a, . . . , a)|i ϕ1(a, . . . , a))} = ψ[χ̄|i ϕ1]〈a, . . . , a〉,
whence (a, . . . , a) ∈ pr1ψ[χ̄|i ϕ1] ⊂ pr1α. So, (4.1.13) is valid for k + 1. Now
let (α, β) ∈ ε0〈ρΦ, Fk+1(H

a
Φ)〉, i.e., α, β ∈ Ha

Φ or α ⊂ γ, β ⊂ γ for some γ ∈ Φ
and α, β ∈ Fk+1(H

a
Φ). Since (4.1.13) is true for k+ 1, (a, . . . , a) ∈ pr1α∩ pr1β.

Hence from α ⊂ γ, β ⊂ γ we have α(a, . . . , a) = γ(a, . . . , a) = β(a, . . . , a),
and consequently, α〈a, . . . , a〉 = β〈a, . . . , a〉. For α, β ∈ Ha

Φ, the last equality is
evident. So, condition (4.1.14) is true for k + 1 and m = 0. Suppose that it is
valid for k + 1 and some m ∈ N. If

(α, β) ∈ εm+1〈ρΦ, Fk+1(H
a
Φ)〉,

then we have α = ϕ[ψ̄|q γ] ∈ Fk+1(H
a
Φ), β = ϕ[ψ̄|q χ] ∈ Fk+1(H

a
Φ) and

{(f [ḡ|r γ], θ), (θ, f [ḡ|r χ])} ⊂ εm〈ρΦ, Fk+1(H
a
Φ)〉 for some ϕ, χ, γ, f, θ ∈ Φ, ψ̄, ḡ ∈

Φn, q, r ∈ {1, . . . , n}. The last inclusion together with the above supposition
implies

f [ḡ|r γ]〈a, . . . , a〉 = θ〈a, . . . , a〉 = f [ḡ|r χ]〈a, . . . , a〉.
But our functions are reversive, so

γ〈a, . . . , a〉 = χ〈a, . . . , a〉 �= ∅.
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Consequently

α〈a, . . . , a〉 = {ϕ(ψ̄(a, . . . , a)|q γ(a, . . . , a))}
= {ϕ(ψ̄(a, . . . , a)|q χ(a, . . . , a))} = β〈a, . . . , a〉.

This proves that (4.1.14) is true for k + 1 and m + 1. Hence, by induction, it
is valid for k + 1 and all m ∈ N. So P (k + 1) is fulfilled. From the above we
conclude that P (k) is fulfilled for all k ∈ N.
Now let (α, β) ∈ ε〈ρΦ, F [Ha

Φ]〉 and α ∈ Ha
Φ. Then one can find such m, k ∈ N

for which (α, β) ∈ εm〈ρΦ, Fk(H
a
Φ)〉, which, according to (4.1.13) and (4.1.14),

gives α〈a, . . . , a〉 = β〈a, . . . , a〉 �= ∅. So, α ∈ Ha
Φ implies β〈a, . . . , a〉 = {a},

i.e., β ∈ Ha
Φ. The condition (4.1.12) is proved.

Sufficiency. Observe that the set F [H] plays the same role in our theorem as
A in Lemma 4.1.6. Indeed, H is contained in F [H] and F [H] is χ-saturated,
because it is 〈ρ, χ〉-closed, where ρ = ζ−1 ◦ ζ ∪H ×H. The condition (4.1.12)
corresponds to the implication (4.1.9). Moreover, if (x, y) ∈ ε〈ρΦ, F [H]〉 and
u[w̄|i x] ∈ F [H], then, according to (2.1.9), there exists m ∈ N such that
(x, y) ∈ εm〈ρΦ, F [H]〉. But u[w̄|i y] � u[w̄|i y], u[w̄|i x] ∈ F [H] and F [H] is
〈ρ, χ〉-closed, so u[w̄|i y] ∈ F [H]. This means that the analog of (4.1.10) is also
satisfied. Therefore all the conditions of Lemma 4.1.6 are fulfilled and H is
a reversive stabilizer of a strong p.q-o. Menger algebra.

As it is not difficult to see that condition (4.1.12) is equivalent to the system
(Bm)m∈N, where

Bm : (x, y) ∈ εm〈ρΦ, Fm(H)〉 ∧ x ∈ H −→ y ∈ H,

which for every fixed m ∈ N can be written in the elementary form by a finite
number of steps.

Using the same method as in the proof of Theorem 4.1.3, we can prove that
a nonempty subset H of a strong f.o. Menger algebra (G, o, ζ) of rank n � 2
is a reversive stabilizer if and only if it is a quasi-stable, strong, l-unitary and
ζ-saturated subset of G. But in this case, we must consider the isomorphic rep-
resentation P = P1+P(ε∗v(H),Wv(H)), where P1 is some faithful representation of
(G, o, ζ), and P(ε∗v(H),Wv(H)) is the simplest representation of (G, o) by reversive
n-place functions. The last assertion is a consequence of the fact that H is
a strong subset of (G, o).
From the above argument we obtain the following corollary.

Corollary 4.1.8. For a nonempty subset H of a strong Menger algebra (G, o)
of rank n � 2 the following two conditions are equivalent:
(a) H is a reversive stabilizer of (G, o),
(b) H is a quasi-stable strong and l-regular algebra subset of (G, o).
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Proof. The implication (a)−→(b) is obvious. To prove the converse implication
assume that (b) is valid and consider a strong f.o. Menger algebra (G, o,

∧
ζ),

where
∧
ζ is defined by (3.3.6). Let x ∈ H and (x, y) ∈

∧
ζ, i.e., x ∈ H and

∧
y ⊂ ∧

x.

Since x ∈ H, we have
∧
x ⊂ H, whence

∧
y ⊂ H and as a consequence y ∈ H. So, H

is
∧
ζ-saturated. Thus, H is a reversive stabilizer of (G, o,

∧
ζ). This proves (a).

Let F 0[H] be the 〈ρ0, χ〉-closure of H ⊂ G in a strong p.q-o. Menger algebra
(G, o, χ) of rank n � 2, where ρ0 = �G ∪H ×H.

Theorem 4.1.9. For a nonempty subset H of G to be a reversive stabilizer
of a strong p.q-o. Menger algebra (G, o, χ) of rank n � 2 it is necessary and
sufficient to be quasi-stable, l-unitary and the following condition

(x, y) ∈ ε〈ρ0, F 0[H]〉 ∧ x ∈ H −→ y ∈ H (4.1.15)

to be satisfied for all x, y ∈ G.

Proof. Let Ha
Φ be the stabilizer of a in a p.q-o. Menger algebra (Φ, O, χΦ)

of reversive n-place functions. Since �Φ ⊂ ζΦ, we have F 0[Ha
Φ] ⊂ F [Ha

Φ],
whence ε〈ρ0Φ, F 0[Ha

Φ]〉 ⊂ ε〈ρΦ, F [Ha
Φ]〉, where ρΦ, F [Ha

Φ] are as in the proof of
Theorem 4.1.7 and ρ0Φ = �Φ ∪ Ha

Φ × Ha
Φ. So, if (α, β) ∈ ε〈ρ0Φ, F 0[Ha

Φ]〉 and
α ∈ Ha

Φ, then (α, β) ∈ ε〈ρΦ, F [Ha
Φ]〉 and α ∈ Ha

Φ, which, by Theorem 4.1.7,
implies that β ∈ Ha

Φ. This proves the necessity of condition (4.1.15).
To prove the sufficiency consider the representation P = P1 + P(ε∗,W ) of

a Menger algebra (G, o) by reversive n-place functions, where P1 is an iso-
morphism of (G, o, χ) onto some p.q-o. Menger algebra of reversive n-place
functions and (ε∗,W ) is the determining pair of (G, o), where

ε∗ = ε〈ρ0, F 0[H]〉 ∪ {(e1, e1), . . . , (en, en)}, W = G \ F 0[H],

e1, . . . , en — the selectors of (G∗, o∗). Analogously as in the proof of Lemma
4.1.6 we prove that H is an ε-class disjoint from W and P is an isomorphism
of (G, o, χ,H) onto some system (Φ, O, χΦ, H

a
Φ) of reversive n-place functions.

This completes our proof.

Comparing the conditions (4.1.12) and (4.1.15), we come to the conclusion
that (4.1.15) is equivalent to the system of conditions

(
B0

m

)
, where B0

m is
obtained from Bm as a result of the change of ρ into ρ0. Similarly as Bm, every
B0

m can be written in elementary form by a finite number of steps.

Now we consider Menger algebras of the form (Φ, O,∩,�). Such algebras
are called restrictive ∩-Menger algebras of n-place functions. The abstract
analog of such algebras is called a restrictive �-Menger algebra of rank n and
is denoted by (G, o,�,�). Stabilizers in such algebras are described by the
following theorem.
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Theorem 4.1.10. For a nonempty subset H to be a stabilizer of a restrictive
�-Menger algebra (G, o,�,�) of rank n it is necessary and sufficient to be
a αd-saturated,1 l-unitary, quasi-stable and �-stable 2 subset and there exists
such αs-saturated, �-stable subset A of a set G, containing H, that

g1 ∈ A ∧ g2 ∈ H −→ g1 � g2 ∈ H (4.1.16)

for all g1, g2 ∈ G.

Proof. Necessity. Let (Φ, O,∩,�) be some restrictive ∩-Menger algebra of
n-place functions and Ha

Φ be the stabilizer of a point a. In the same way as in
the proof of Lemma 4.1.1 we can prove that Ha

Φ is l-unitary and quasi-stable.
If ϕ ∈ Ha

Φ and (ϕ, ψ) ∈ αd, where ϕ, ψ ∈ Φ, then ϕ(a, . . . , a) = a and ϕ ⊂ ψ,
whence ψ(a, . . . , a) = a, hence ψ ∈ Ha

Φ. So, H
a
Φ is αd-saturated. Obviously

Ha
Φ ⊂ Aa = {ϕ ∈ Φ | (a, . . . , a) ∈ pr1ϕ}.
Now let (ϕ, ψ) ∈ αs, where ϕ, ψ ∈ Φ, and ϕ ∈ Aa. Then pr1ϕ ⊂ pr1ψ

and (a, . . . , a) ∈ pr1ϕ. Therefore (a, . . . , a) ∈ pr1ψ, whence ψ ∈ Aa. So,
Aa is αs-saturated. It is obvious that Aa is �-stable. Finally, let ϕ ∈ Aa

and ψ ∈ Ha
Φ, then clearly (a, . . . , a) ∈ pr1ϕ and ψ(a, . . . , a) = a, whence

(ϕ � ψ)(a, . . . , a) = a, i.e., (ϕ � ψ) ∈ Ha
Φ. This proves (4.1.16).

Sufficiency. Let all the conditions of the theorem be fulfilled. Since (G, o,�,�)
is a restrictive �-Menger algebra of rank n, it is isomorphic to some restrictive
∩-Menger algebra of n-place functions. Let P1 be this isomorphism.
Consider the binary relation

ε[A] = {(g1, g2) | g1 � g2 ∈ A ∨ g1, g2 ∈ A′}

on the given algebra, where A′ = G \ A. It is a v-regular equivalence. Indeed,
the reflexivity and the symmetry of ε[A] are obvious. To prove the transitiv-
ity let (g1, g2) ∈ ε[A] and (g2, g3) ∈ ε[A]. If g1, g2, g3 ∈ A′, then, evidently,
(g1, g3) ∈ ε[A]. Therefore, suppose that g1 � g2 ∈ A and g2 � g3 ∈ A. Then
(g1 � g2) � (g2 � g3) ∈ A because A is �-stable. Hence, by (3.6.14), we have
g3 � ((g1 � g2) � g2) ∈ A. According to (3.6.15), the last condition may be
written as g3 � (g1 � g2) ∈ A. Since g3 � (g1 � g2) � g1 � g3 and αd ⊂ αs then
from the αs-saturatability of A we obtain g1�g3 ∈ A. Therefore (g1, g3) ∈ ε[A].
So, the transitivity of ε[A] is proved. Hence, ε[A] is an equivalence relation.
It is also v-regular. Indeed, let (g1, g2) ∈ ε[A]. If u[w̄|ig1], u[w̄|ig2] ∈ A′,

where u ∈ G, w̄ ∈ Gn, then, evidently, u[w̄|ig1] ≡ u[w̄|ig2](ε[A]). But from
g1 � g2 ∈ A and u[w̄|ig1] ∈ A, according to the �-stability of A, we obtain
(g1 � g2) � u[w̄|ig1] ∈ A, whence u[w̄|i(g1 � g2) � g1] ∈ A, by (3.6.1). Hence

1 The definitions of relations αd and αs see p. 137.
2 A subset H of G is called ∗-stable, where ∗ ∈ {�,�}, if for every x, y ∈ G the condition
x, y ∈ H −→ x ∗ y ∈ H is fulfilled.



164 Chapter 4 Relations between functions

u[w̄|ig1 � g2] ∈ A. Since u[w̄|ig1 � g2] � u[w̄|ig2] and A is αd-saturated, then
u[w̄|ig2] ∈ A. Similarly we show that u[w̄|ig1] ∈ A follows from g1 � g2 ∈
A and u[w̄|ig2] ∈ A. Thus u[w̄|ig1] and u[w̄|ig2] belong or not belong to A
simultaneously. In the case when u[w̄|ig1], u[w̄|ig2] ∈ A it is not difficult to
show that u[w̄|ig1 � g2] � u[w̄|ig1] and u[w̄|ig1 � g2] � u[w̄|ig2]. Therefore
u[w̄|ig1 � g2] � u[w̄|ig1]� u[w̄|ig2]. Since u[w̄|ig1 � g2] ∈ A, we have u[w̄|ig1]�
u[w̄|ig2] ∈ A. Hence u[w̄|ig1] ≡ u[w̄|ig2](ε[A]). So, ε[A] is i-regular for every
i = 1, . . . , n, therefore it is v-regular.
By assumption the set A is αs-saturated, hence it is an l-ideal of the restrictive

�-Menger algebra (G, o,�,�).
Now we are able to prove that the mapping P(ε[A],A′) : g �→ P(ε[A],A′)(g)

is a representation of a restrictive �-Menger algebra (G, o,�,�) by n-place
functions. To prove this fact it is sufficient to verify that the pair (ε[A], A′)
satisfies the conditions (3.4.8), (3.4.9), (3.4.10) of Proposition 3.4.2 and the
conditions (3.6.7), (3.6.8) of Proposition 3.6.4. Let g1 � g2 ∈ A. Given that
g1 � g2 � g1 and A is αd-saturated, we obtain g1 ∈ A. This proves (3.4.8).
Besides, from g1 � g2 ∈ A, it follows that (g1, g2) ∈ ε[A], which verifies (3.4.9).
Now let g1 ∈ A and (g1, g2) ∈ ε[A], then g1 � g2 ∈ A, whence (g1 � g2) � g1 ∈
A, hence g1 � g2 ≡ g1(ε[A]). So, condition (3.4.10) is fulfilled. Next, let
g1 � g2 ∈ A. Since (g1 � g2, g1) ∈ αs, then g1 ∈ A. It is known that
(g1 � g2, g1) ∈ αs, whence (g1 � g2)�g2 = g1 � g2, therefore (g1 � g2)�g2 ∈ A.
This gives g1 � g2 ≡ g2(ε[A]). Thus (3.6.7) is also valid. Now let g1, g2 ∈ A.
By the �-stability of A we obtain g1 � g2 ∈ A, from which follows g1 � g2 ≡
g2(ε[A]). This verifies (3.6.8). So, P(ε[A],A′) is a representation of (G, o,�,�)
by n-place functions.
Consider now the representation P = P1+P(ε[A],A′) of a restrictive �-Menger

algebra (G, o,�,�) by n-place. It is clear that this representation is faithful,
because P1 is an isomorphism. Note that a subsetH is an ε[A]-class, which does
not coincides with A′. Indeed, H ⊂ A, hence, evidently, H �= A′. Moreover,
if g1, g2 ∈ H, then, by the �-stability of H, we obtain g1 � g2 ∈ H, whence
g1�g2 ∈ A. Therefore g1 ≡ g2(ε[A]). If g1 ∈ H and g1 ≡ g2(ε[A]), then g1 ∈ A,
hence g2 ∈ A. But g1 ≡ g2(ε[A]) and g1, g2 ∈ A, according to the definition of
ε[A], implies g1 � g2 ∈ A. So, g1 � g2 ∈ A and g1 ∈ H, therefore, by (4.1.16),
we obtain (g1 � g2) � g1 ∈ H, whence, by (3.6.15), we have g1 � g2 ∈ H. This
together with g1 � g2 � g2 implies g2 ∈ H. So, H is an ε[A]-class disjoint
from A′.
Let (Xi)i∈I be the family of ε[A]-classes disjoint from A′ and H = Xk, where

k ∈ I. We show that

g ∈ H ←→ P (g)(k, . . . , k) = k. (4.1.17)

Indeed, if g ∈ H, then the quasi-stability of H implies g[g · · · g] ∈ H.
Whence, by the v-regularity of ε[A], we get g[H · · ·H] ⊂ H. Therefore
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P(ε[A], A′)(g)(k, . . . , k) = k. Hence P (g)(k, . . . , k) = k. Conversely, if the last
equality is valid, then g[H · · ·H] ⊂ H. Thus g[h · · ·h] ∈ H for some h ∈ H,
which by l-unitarity of H, proves g ∈ H. So, condition (4.1.17) is true. We
have shown in this way that H is a stabilizer of a restrictive �-Menger algebra
(G, o,�,�).

Let (G, o,�,�) be a restrictive �-Menger algebra of rank n. A subset X of
this algebra is called C-closed, if it satisfies the condition

a � b = g � a � b ∧ a, b ∈ X −→ g ∈ X (4.1.18)

for all a, b, g ∈ G. Note that every C-closed subset is αs-saturated and �-stable.
Indeed, putting a = b = x and g = y in (4.1.18), we obtain

x = y � x ∧ x ∈ X −→ y ∈ X

for all x, y ∈ G. The last formula means that X is αs-saturated. Furthermore,
if x, y ∈ X, then, according to (4.1.18), from x � y = (x � y) � x � y, follows
x � y ∈ X. So, X is �-stable.
For each subset X we define the subset E(X) in the following way:

E(X) = {g ∈ G | a � b = g � a � b for some a, b ∈ X}, (4.1.19)

where g, a, b ∈ G. It is not difficult to show that the following conditions

(i) X ⊂ E(X) for all X ⊂ G,

(ii) X ⊂ Y −→ E(X) ⊂ E(Y ) for all X,Y ⊂ G,

(iii) E(X) = X for each C-closed subset X ⊂ G

are true. We denote the least C-closed subset, containing X, by C(X).

Proposition 4.1.11. For each subset X of a restrictive �-Menger algebra
(G, o,�,�) of rank n the equality

C(X) =

∞⋃
m=0

Em(X)

is true, where E 0(X) = X and Em(X) = E(Em−1(X)), m ∈ N.

Proof. Since X⊂C(X), we have E(X)⊂E(C(X)) =C(X). So, E(X)⊂C(X),
hence E 2(X) = E(E(X)) ⊂ E(C(X)) = C(X). Therefore E 2(X) ⊂ C(X).
Similarly we can prove that Em(X) ⊂ C(X) for every m ∈ N. Hence
∞⋃

m=0
Em(X) ⊂ C(X). Let us show that the subset

∞⋃
m=0

Em(X) is C-closed. In-

deed, if a � b = g � a � b and a, b ∈
∞⋃

m=0
Em(X), then there exist m1,m2 ∈ N
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such that a ∈ Em1(X) and b ∈ Em2(X). Let m = max {m1,m2}, then
Em1(X) ⊂ Em(X) and Em2(X) ⊂ Em(X). Thus, we have a � b = g � a � b
and a, b ∈ Em(X). Hence by (4.1.19) we obtain g ∈ Em+1(X), therefore

g ∈
∞⋃

m=0
Em(X). So, the subset

∞⋃
m=0

Em(X) is C-closed. Since C(X) is the

least C-closed subset, containing X, then C(X) ⊂
∞⋃

m=0
Em(X), which com-

pletes the proof.

Theorem 4.1.12. For a nonempty subset H to be a stabilizer of a restrictive
�-Menger algebra (G, o,�,�) of rank n it is necessary and sufficient that it
is an αd-saturated, l-unitary, quasi-stable and �-stable subset satisfying for all
g1, g2 ∈ G the condition

g1 ∈ C(H) ∧ g2 ∈ H −→ g1 � g2 ∈ H. (4.1.20)

Proof. Let (Φ, O,∩,�) be a restrictive ∩-Menger algebra of n-place functions
and Ha

Φ be its stabilizer of a point a. At first we show, using induction, that
for each m ∈ N the implication

f ∈ Em(Ha
Φ) −→ (a, . . . , a) ∈ pr1f, (4.1.21)

where f ∈ F, is valid. For m = 0, it is obviously satisfied. Suppose that it
is satisfied for some k ∈ N and consider f ∈ E k+1(H

a
Φ). Then α � β = f �

α � β and α, β ∈ E k(H
a
Φ) for some α, β ∈ F . The last equality means that

pr1(α � β) ⊂ pr1f . By inductive assumption, from α, β ∈ E k(H
a
Φ) we obtain

(a, . . . , a) ∈ pr1α and (a, . . . , a) ∈ pr1β. Therefore (a, . . . , a) ∈ pr1(α � β),
hence (a, . . . , a) ∈ pr1f . So, this implication is true for k+1, and consequently,
it valid for every m ∈ N.
Now let α ∈ C(Ha

Φ) and β ∈ Ha
Φ, then β(a, . . . , a) = a and α ∈ Em(Ha

Φ)
for some m ∈ N. Hence, by (4.1.21), we obtain (a, . . . , a) ∈ pr1α. Therefore
(α � β)(a, . . . , a) = a and so α � β ∈ Ha

Φ. The condition (4.1.21) is proved.
The other conditions of the theorem were verified in the proof of Theorem

4.1.10. In this way, we have proved the necessity of all the conditions of Theo-
rem 4.1.12.
Conversely, let all the conditions of Theorem 4.1.12 be satisfied. As it has

been shown above, the subset C(H) is αd-saturated, �-stable and H ⊂ C(H).
Thus, a restrictive �-Menger algebra (G, o,�,�) satisfies all the conditions
formulated in Theorem 4.1.10. Therefore H is a stabilizer of this algebra. So,
the sufficiency of the conditions of Theorem 4.1.12 is proved.

Note that using induction it is not difficult to prove the following proposition:
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Proposition 4.1.13. For any subset X of a restrictive �-Menger algebra
(G, o,�,�) of rank n and for all g ∈ G, m ∈ N the condition g ∈ Em(X)
is fulfilled if and only if there are elements ai, bi ∈ G, i = 1, 2, . . . , 2m − 1 such
that the formula

Am :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

a1 � b1 = g � a1 � b1,

2m−1−1∧
i=1

(
a2i � b2i = ai � a2i � b2i,

a2i+1 � b2i+1 = bi � a2i+1 � b2i+1

)
,

2m−1∧
i=2m−1

(ai ∈ X ∧ bi ∈ X)

holds.

In accordance with Proposition 4.1.11, condition (4.1.20) is equivalent to the
system (A′m)m∈N, where

A′m : g1 ∈ Em(H) ∧ g2 ∈ H −→ g1 � g2 ∈ H.

Next, by Proposition 4.1.13 we show that A′m is equivalent to the condition

A′′m : g2 ∈ H ∧ Am −→ g1 � g2 ∈ H

for all g1, g2, ai, bi ∈ G, i = 1, 2, . . . , 2m − 1.
Thus we have proved the following theorem:

Theorem 4.1.14. For a nonempty subset H to be a stabilizer of a restrictive
�-Menger algebra (G, o,�,�) of rank n it is necessary and sufficient that it
is an αd-saturated, l-unitary, quasi-stable and �-stable subset satisfying the
conditions (A′′m)m∈N.

4.2 Stabilizers of functional Menger systems

In a similar way as in the case of Menger algebras, we will say that a nonempty
subsetH ofG is a stabilizer of a functional Menger system G=(G, o,R1, . . . , Rn)
if there exists a representation P of G by n-place functions on some set A such
that H = Ha

P for some point a ∈ A, where

Ha
P = {g ∈ G |P (g)(a, . . . , a) = a}.

The description of stabilizers of functional Menger systems is based on the
properties of two binary relations � and � defined in the following way:

x � y ←→ x = y[R1x · · ·Rnx], x � y ←→ R1x � R1y.
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It is not difficult to see that the first relation coincides with the relation αd

defined in § 3.6, while the second one with αs. From Proposition 3.6.3 and
condition (3.6.4) we see that the first relation is a stable order, the second one
– an l-regular v-negative quasi-order containing �, which satisfy the condition
(3.2.2). Thus, the system (G, o, αd, αs) is a f.o.p. Menger algebra of rank n,
i.e., it satisfies all conditions of Theorem 3.2.1.
From the results obtained in Section 3.7, it follows that

x � y −→ Rix � Riy, x � y ←→ Rix � Riy,

x � y ←→ x[R1y · · ·Rny] = x, (Rix)[y1 · · · yn] � yi,

x[R1y1 · · ·Rnyn] � x, Rix = RiRkx,

for all x, y, xi, yi ∈ G and i, k = 1, . . . , n.
Remember that every pair (E ,W ), where E is a v-regular equivalence defined

on (G, o) and W is the empty set or an l-ideal of (G, o) which is an E-class,
determines the family (Ha)a∈AE of all E-classes (uniquely indexed by elements
of some set AE) such that Ha �= W. Using this family, we can define for every
g ∈ G an n-place function P(E,W )(g) on AE putting

P(E,W )(g)(a1, . . . , an) = b←→ g[Ha1 · · ·Han ] ⊂ Hb, (4.2.1)

where (a1, . . . , an) ∈ pr1 P(E,W )(g) ←→ g[Ha1 · · ·Han ] ∩ W = ∅, and Hb is
the E-class which contains all elements of the form g[h1 · · ·hn], hi ∈ Hai ,
i = 1, . . . , n. It is not difficult to see that the map P(E,W ) : g �→ P(E,W )(g)
satisfies the identity

P(E,W )(g[g1 · · · gn]) = P(E,W )(g)[P(E,W )(g1) · · ·P(E,W )(gn)], (4.2.2)

i.e., P(E,W ) is a representation of (G, o) by n-place functions.
Furthermore, let T �

n (G) be the set of transformations t : x �→ t(x) on G,
where x is an individual variable, such that:

(a) x ∈ T �
n (G),

(b) if t(x) ∈ T �
n (G), then a[ b̄ |it(x)] ∈ T �

n (G) and Rit(x) ∈ T �
n (G) for all a ∈ G,

b̄ ∈ Gn and i = 1, . . . , n,

(c) T �
n (G) contains only elements determined in (a) and (b).

It is clear that Tn(G) ⊂ T �
n (G) (see p. 26). We shall say that a subset H of

a functional Menger system G is a normal v�-complex , if the condition

g1, g2, t(g1) ∈ H −→ t(g2) ∈ H

is true for all g1, g2 ∈ G, t ∈ T �
n (G).

Using the set T �
n (G) we can give the first characterization of stabilizers of

a functional Menger system.
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Theorem 4.2.15. A nonempty subset H of G is a stabilizer of a functional
Menger system G = (G, o,R1, . . . , Rn) of rank n if and only if it is a quasi-
stable l-unitary normal v�-complex contained in some subset A of G such that
RiA ⊂H, Ri(G \A) ⊂G \A and the conditions (4.1.1), (4.1.2), and (4.1.3)
are satisfied for all x, y ∈ G, w̄ ∈ Gn, t ∈ T �

n (G) and i = 1, . . . , n, where the
symbol u[w̄ |i ] may be empty.3

Proof. The proof of the necessity of the conditions of the theorem is similar to
the proof of the necessity of the conditions of Lemma 4.1.1. So, we prove only
the sufficiency of these conditions.
Let H and A be two subsets of G satisfying all the conditions formulated

in the theorem. First we shall prove that H is αd-saturated and A is an
αs-saturated subset, i.e., that the following implications

x � y ∧ x ∈ H −→ y ∈ H, (4.2.3)

x � y ∧ x ∈ A −→ y ∈ A (4.2.4)

are true.
Indeed, x � y means x = y[R1x · · ·Rnx]. Since x ∈ H, H ⊂ A and

RiA ⊂ H, we have Rix ∈ H for every i = 1, . . . , n. This, together with the
fact that H is an l-unitary normal v�-complex, implies that H is v-unitary.
So, y[R1x · · ·Rnx] ∈ H and Rix ∈ H for every i = 1, . . . , n, which by the
v-unitarity of H gives y ∈ H. This proves (4.2.3).
Now, if x�y and x∈A, then also R1x � R1y, i.e., R1x = (R1y)[R1x · · ·Rnx].

From RiA ⊂ H, it follows that Rix ∈ H, so, applying the v-unitarity of H to
(R1y)[R1x · · ·Rnx] ∈ H we obtain R1y ∈ H, whence we get R1y ∈ A. Since
Ri(G\A) ⊂ G\A means that

Rix ∈ A −→ x ∈ A (4.2.5)

for every x ∈ G and i = 1, . . . , n, from R1y ∈ A follows y ∈ A. This completes
the proof of (4.2.4).
Thus in a f.o.p. Menger algebra (G, o, αd, αs) the subsets H and A satisfy all

conditions of Lemma 4.1.1. Now consider the representation P = P1 + P(ε,A′)
of a Menger algebra (G, o) by n-place functions, where P1 is some faithful
representation of a functional Menger system G of rank n, and P(ε,A′) is the
representation, which corresponds to the pair (ε,A′), where ε = εv(H)∩ εv(A),
A′ = G \ A. Since the representation P1 is faithful,4 then the representation
P is also faithful. As in Lemma 4.1.1 we can show that g ∈ H if and only if
P(ε,A′)(g)(c, . . . , c) = c, where c is the element used to the indexation of the
ε-class H.

3 If u[w̄ |i ] is the empty symbol, then u[w̄ |ix] is equal to x.
4 Note that by Theorem 3.7.6 P1 is also a representation of (G, o, αd, αs), because αd = ζP

and αs = χP .
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To finish the proof of the theorem we must show that P(ε,A′) satisfies the
identity

P(ε,A′)(Rig) = RiP(ε,A′)(g). (4.2.6)

Indeed, for every
ā = (a1, . . . , an) ∈ pr1 P(ε,A′)(Rig),

where Hai = ε〈xi〉, xi ∈ A, i = 1, . . . , n, we have (Rig)[x1 · · ·xn] ∈ A, whence,
applying (3.7.10), we obtain xi[R1g[x1 · · ·xn] · · ·Rng[x1 · · ·xn]] ∈ A. As A′

is an l-ideal, the last condition implies Rig[x1 · · ·xn] ∈ A for i = 1, . . . , n.
Thus g[x1 · · ·xn] ∈ A, because in the case g[x1 · · ·xn] �∈ a we have xi ∈ G\A
and therefore ā ∈ pr1 P(ε,A′)(g). This proves the inclusion pr1 P(ε,A′)(Rig) ⊂
pr1 P(ε,A′)(g).
To prove the converse inclusion, let ā ∈ pr1 P(ε,A′)(g), where Hai = ε〈xi〉 with

xi ∈ A for i = 1, . . . , n. Then g[x1 · · ·xn] ∈ A, which, by RkA ⊂ H ⊂ A, gives
Rkg[x1 · · ·xn] ∈ A. Whence, in view of (3.7.9), we deduce Rk(Ri)[x1 · · ·xn] ∈ A
for k, i = 1, . . . , n. From this, by (4.2.5), we get (Rig)[x1 · · ·xn] ∈ A. Thus
ā ∈ pr1 P(ε,A′)(Rig) for every i = 1, . . . , n.
In this way we have proved

pr1 P(ε,A′)(Rig) = pr1 P(ε,A′)(g) = pr1RiP(ε,A′)(g) (4.2.7)

for every g ∈ G.
Let ā ∈ pr1 P(ε,A′)(Rig), i.e., (Rig)[x1 · · ·xn] ∈ A, where Hai = ε〈xi〉,

xi ∈ A, i = 1, . . . , n. Applying the stability of � to (Rig)[x1 · · ·xn] � xi
we obtain t((Rig)[x1 · · ·xn]) � t(xi) for every t ∈ Tn(G) and each i = 1, . . . , n.
If t((Rig)[x1 · · ·xn]) ∈ H, then, according (4.2.3), we get t(xi) ∈ H. Con-
versely if t(xi) ∈ H, from (Rig)[x1 · · ·xn] � xi and (Rig)[x1 · · ·xn] ∈ A
we can deduce, using (4.1.5), that t((Rig)[x1 · · ·xn]) ∈ H. Consequently,
(Rig)[x1 · · ·xn] ≡ xi(εv(H)). Similarly we can prove that (Rig)[x1 · · ·xn] ≡
xi(εv(A)). Thus (Rig)[x1 · · ·xn] ≡ xi(ε) for every i = 1, . . . , n. This means
that P(ε,A′)(Rig)(a1, . . . , an) = ai. So,

P(ε,A′)(Rig)(a1, . . . , an) = (RiP(ε,A′)(g))(a1, . . . , an),

which, together with (4.2.7), proves (4.2.6).
From (4.2.2) and (4.2.6), it follows that P(ε,A′) is a representation of G by

n-place functions. Thus P = P1 + P(ε,W ) is a faithful representation of G for
which H = Ha

P .

Let G be a functional Menger system of rank n and H be some subset of G.
We say that a subset X of G is CH-closed, if for all a, b, c ∈ G, t ∈ T �

n (G) the
implication:

a = b[R1a · · ·Rna] ∨ a, b ∈ H,

t(a)[R1c · · ·Rnc] = t(a),

a, t(b) ∈ X

⎫⎪⎬⎪⎭ −→ c ∈ X
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is true. In an abbreviated form this implication can be written as

(a � b ∨ a, b ∈ H) ∧ t(a) � c ∧ a, t(b) ∈ X −→ c ∈ X. (4.2.8)

Let CH(X) denote the set of all c ∈ G for which there exist a, b ∈ G and
t ∈ T �

n (G) such that the premise of (4.2.8) is satisfied. Furthermore, let

CH [X] =
∞⋃

m=0

m
CH (X),

where
0
CH (X) = X and

m+1
CH (X) = CH(

m
CH (X)) for every m = 0, 1, 2, . . ..

By induction we can prove that g ∈
m
CH(X) if and only if the following system

of conditions is fulfilled:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

( a1 = b1[R1a · · ·Rna] ∨ a1, b1 ∈ H ) ∧ t1(a1)[R1g · · ·Rng] = t1(a1)

2m−1−1∧
i=1

⎛⎜⎜⎜⎜⎝
a2i = b2i[R1a2i · · ·Rna2i] ∨ a2i, b2i ∈ H,

t2i(a2i)[R1ai · · ·Rnai] = t2i(a2i),

a2i+1 = b2i+1[R1a2i+1 · · ·Rna2i+1] ∨ a2i+1, b2i+1 ∈ H,

t2i+1(a2i+1)[R1ti(bi) · · ·Rnti(bi)] = t2i+1(a2i+1)

⎞⎟⎟⎟⎟⎠
2m−1∧
i=2m−1

(ai ∈ X ∧ ti(bi) ∈ X)

where ak, bk ∈ G, tk ∈ T �
n (G).

The above system of conditions will be denoted by MH(X,m, g).

Theorem 4.2.16. A nonempty subset H of G is a stabilizer of a functional
Menger system G of rank n if and only if it is a quasi-stable l-unitary normal
v�-complex such that RiH ⊂ H for every i = 1, . . . , n and

x = y[R1x · · ·Rnx] ∈ CH [H] ∧ u[w̄ |iy] ∈ H −→ u[w̄ |ix] ∈ H (4.2.9)

for all x, y, u ∈ G, w̄ ∈ Gn, i = 1, . . . , n, where the symbol u[w̄ |i ] may be
empty.

Proof. Necessity. Let Ha
Φ be the stabilizer of a point a in a functional Menger

system (Φ, O,R1, . . . ,Rn) of n-place functions. From the first part of the proof
of Lemma 4.1.1 follows that Ha

Φ is a quasi-stable l-unitary normal v
�-complex of

(Φ, O,R1, . . . ,Rn). If ϕ∈Ha
Φ, then ϕ(a, . . . , a)=a, whence Riϕ(a, . . . , a) = a,

i.e., Riϕ ∈ Ha
Φ. So, RiH

a
Φ ⊂ Ha

Φ for every i = 1, . . . , n.
To prove (4.2.9), we shall consider ϕ = ψ[R1ϕ · · ·Rnϕ] ∈ CHa

Φ
[Ha

Φ] and
α[ω̄ |iψ] ∈ Ha

Φ for some α,ϕ, ψ ∈ Φ, ω̄ ∈ Φn, i = 1, . . . , n, where CHa
Φ
[Ha

Φ] =∞⋃
m=0

m
CHa

Φ
(Ha

Φ). Then ϕ = ψ[R1ϕ · · ·Rnϕ] ∈
m
CHa

Φ
(Ha

Φ) for some m ∈ N. But,
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as it is not difficult to see by induction, ϕ ∈
m
CHa

Φ
(Ha

Φ) implies (a, . . . , a) ∈
pr1 ϕ. The above relation means that (a, . . . , a) ∈ pr1 ϕ and (a, . . . , a) ∈
pr1 ψ[R1ϕ · · ·Rnϕ]. Therefore

ϕ(a, . . . , a) = ψ[R1ϕ · · ·Rnϕ](a, . . . , a)

= ψ(R1ϕ(a, . . . , a), . . . ,Rnϕ(a, . . . , a)) = ψ(a, . . . , a).

Moreover, for α[ω̄ |iψ] ∈ Ha
Φ we have

a = α[ω̄ |iψ](a, . . . , a) = α(ω̄(a, . . . , a) |iψ(a, . . . , a))
= α(ω̄(a, . . . , a) |iϕ(a, . . . , a)) = α[ω̄ |iϕ](a, . . . , a),

where ω̄(a, . . . , a) denotes ω1(a, . . . , a), . . . , ωn(a, . . . , a). So, α[ω̄ |iϕ] ∈ Ha
Φ,

which completes the proof of (4.2.9).

Sufficiency. Let H satisfy all the conditions of the theorem. We prove that
it satisfies also all the conditions of Theorem 4.2.15. Since, by assumption, H
is a quasi-stable l-unitary normal v�-complex such that RiH ⊂ H for every
i = 1, . . . , n, we must prove that it satisfies the conditions (4.1.1), (4.1.2),
(4.1.3) and that RiA ⊂ H, Ri(G\A) ⊂ G\A for some A ⊂ G containing H and
all i = 1, . . . , n.
First let us prove that H satisfies the condition (4.2.3). Indeed, if x � y and

x ∈ H, then y[R1x · · ·Rnx] = x ∈ H and Rix ∈ H, i = 1, . . . , n. Since H is an
l-unitary normal v�-complex, H is also a v-unitary subset. Therefore y ∈ H,
which completes the proof of (4.2.3).

Now let A = CH [H]. Clearly we have H ⊂ A. Since CH [H] =
∞⋃

m=0

m
CH (H),

to prove that RiU ⊂ H for every i = 1, . . . , n, it is sufficient to show that

Ri(
m
CH (H)) ⊂ H (4.2.10)

for every m ∈ N. For m = 0 it is obvious because
0
CH (H) = H and RiH ⊂ H

for all i = 1, . . . , n. Suppose that (4.2.10) is true for some k ∈ N. We prove

that it is valid for k + 1. Let g ∈
k+1
CH (H). Then

(a � b ∨ a, b ∈ H) ∧ t(a) � g ∧ a, t(b) ∈
k
CH (H)

for some a, b ∈ G, t ∈ T �
n (G). From a, t(b) ∈

k
C (H), according to our suppo-

sition, we get Ria,Rit(b) ∈ H. If a � b and a ∈ H, then b ∈ H by (4.2.3).
Thus a, b, Rit(b) ∈ H, whence Rit(a) ∈ H, because H is a normal v�-complex.
The condition t(a) � g implies Rit(a) � Rig, which, by (4.2.3), gives Rig ∈ H.
In a similar way a, b ∈ H and t(a) � g prove Rig ∈ H. We have thus shown
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that Ri(
k+1
CH (H)) ⊂ H. So, the inclusion (4.2.10) is valid for m = k + 1 and

consequently for every m ∈ N. Therefore RiA ⊂ H for every i = 1, . . . , n.
To prove the inclusion Ri(G\A) ⊂ G\A observe that it is equivalent to the

condition
(∀g ∈ G) (g ∈ G\A −→ Rig ∈ G\A),

which can be written in the form

(∀g ∈ G) (Rig ∈ A −→ g ∈ A). (4.2.11)

In the case A = CH [H] this last condition means that

(∀g ∈ G)(∀m ∈ N)
(
Rig ∈

m
CH (H) −→ (∃n ∈ N) g ∈

n
CH (H)

)
. (4.2.12)

Let Rig ∈
m
CH (H) for some g ∈ G and m ∈ N. Considering Rig = Ri(Rig) and

(4.2.10), we conclude Rig ∈ H. Thus Rig � Rig, Rig � g and Rig ∈ H and
therefore g ∈ CH(H), i.e., g ∈

n
CH (H) for some n ∈ N. This proves (4.2.12).

So, Ri(G\A) ⊂ G\A for A = CH [H] and i = 1, . . . , n.
To prove (4.1.1), observe that for x, y ∈ H and t(x) ∈ A = CH [H], the just

proved inclusion implies Rit(x) ∈ RiA ⊂ H. Thus x, y,Rit(x) ∈ H. But H
is a normal v�-complex, hence Rit(y) ∈ H. So, for A = C[H], the condition
(4.1.1) is satisfied. The condition (4.1.2) is also valid, because for A = CH [H] it
coincides with (4.2.9). Since the subset CH [H] is CH -closed, condition (4.1.3)
holds too. This means that H satisfies all the conditions of Theorem 4.2.15.
Hence, H is a stabilizer.

As it is not difficult to see, condition (4.2.9) is equivalent to the system of
conditions (A′m)m∈N, where

A′m : x = y[R1x · · ·Rnx] ∧ x ∈
m
CH (H) ∧ u[w̄ |iy] ∈ H −→ u[w̄ |ix] ∈ H

for all x, y, u ∈ G, w̄ ∈ Gn, i = 1, . . . , n. Since, x ∈
m
CH (H) means that system

of conditions MH(H,m, x) is satisfied, condition A′m can be written as

Am : x = y[R1x · · ·Rnx] ∧ MH(H,m, x) ∧ u[w̄ |iy] ∈ H −→ u[w̄ |ix] ∈ H.

So, the last theorem can be rewritten in the following form.

Theorem 4.2.17. A nonempty subset H of G is a stabilizer of a functional
Menger system G of rank n if and only if it is a quasi-stable l-unitary normal
v�-complex such that RiH ⊂ H for every i = 1, . . . , n and the system of condi-
tions (Am)m∈N is satisfied.
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Let G� = (G, o,�, R1, . . . , Rn) be a functional Menger �-algebra of rank n.
A subset H of G is called �-stable if the implication

x ∈ H ∧ y ∈ H −→ x� y ∈ H

is valid for all x, y ∈ G.

Theorem 4.2.18. A nonempty subset H of G is a stabilizer of a functional
Menger �-algebra G� of rank n if and only if
(a) it is a quasi-stable, �-stable and v-unitary subset of G,
(b) there exists a subset A of G such that H ⊂ A, Ri(G\A) ⊂ G\A and

RiA ⊂ H for every i = 1, . . . , n,
(c) the following two implications

x ∈ A ∧ y ∈ H −→ y[R1x · · ·Rnx] ∈ H, (4.2.13)

x ∈ A ∧ y ∈ A −→ y[R1x · · ·Rnx] ∈ A (4.2.14)

are true for all x, y ∈ G.

Proof. The proof of the necessity of the conditions of the theorem is very similar
to the proof of the necessity of the conditions of Lemma 4.1.1. So, we only prove
the sufficiency of these conditions.
We shall however show first that the implication

x� y ∈ A ∧ u[w̄ |i(y � z)] ∈ A −→ u[w̄ |i(x� y � z)] ∈ A, (4.2.15)

where the symbol u[w̄ |i ] may be empty, is valid for all x, y, z ∈ G and
i = 1, . . . , n. For this purpose suppose that the premise of this implication
is fulfilled. Then, according to (4.2.14), we have

u[w̄ |i(y � z)][R1(x� y) · · ·Rn(x� y)] ∈ A.

Whence, by (3.7.6), we obtain u[w̄ |i(y� z)[R1(x� y) · · ·Rn(x� y)]] ∈ A. From
this, by (3.7.12), we obtain u[w̄ |i(z � y[R1(x � y) · · ·Rn(x � y)])] ∈ A, which,
according to (3.7.13), implies u[w̄ |i(x� y � z)] ∈ A. This completes the proof
of (4.2.15).
Furthermore, in the same way as in the proof of Theorem 4.2.15, we can show

that conditions (4.2.3), (4.2.4), (4.2.5) are satisfied and G \A is an l-ideal. We
consider next the relation:

E [A] = {(g1, g2) ∈ G×G | g1 � g2 ∈ A ∨ g1, g2 ∈ A′}, (4.2.16)

where A′ = G \ A. The reflexivity and symmetry of this relation are obvious.
Let (g1, g2), (g2, g3) ∈ E [A]. If g1, g2, g3 ∈ A′, then obviously (g1, g3) ∈ E [A].
If g1 � g2, g2 � g3 ∈ A, then, according to (4.2.15), we have g1 � g2 � g3 ∈ A.
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Whence, in view of (4.2.4) and the fact that the relation � is contained in the
relation �, g1 � g2 � g3 � g1 � g3 and g1 � g2 � g3 � g1 � g3, we conclude
g1 � g3 ∈ A, i.e., (g1, g3) ∈ E [A]. So, E [A] is also transitive. Thus E [A] is an
equivalence relation.
It is v-regular too. Indeed, for (g1, g2)∈E [A] we have g1, g2∈A′ or g1�g2∈A.

Since A′ is an l-ideal, in the first case u[w̄ |ig1], u[w̄ |ig2] ∈ A′, i.e.,

u[w̄ |ig1] ≡ u[w̄ |ig2](E [A]). (4.2.17)

In the case g1� g2 ∈ A, u[w̄ |ig1], u[w̄ |ig2] ∈ A′, (4.2.17) holds too. In the case
g1 � g2 ∈ A, u[w̄ |ig1] ∈ A, according to (4.2.14), we have

u[w̄ |ig1][R1(g1 � g2) · · ·Rn(g1 � g2)] ∈ A,

whence, applying (3.7.6), we obtain

u[w̄ |ig1[R1(g1 � g2) · · ·Rn(g1 � g2)]] ∈ A,

which, by (3.7.13), implies u[w̄ |i(g1� g2)] ∈ A. This, together with (4.2.4) and
u[w̄ |i(g1 � g2)] � u[w̄ |ig2], gives us u[w̄ |ig2] ∈ A.
Similarly, g1 � g2 ∈ A and u[w̄ |ig2] ∈ A imply u[w̄ |ig1] ∈ A and therefore

u[w̄ |ig1] and u[w̄ |ig2] simultaneously belong or do not belong to A.
Let u[w̄ |ig1], u[w̄ |ig2] ∈ A. Since

u[w̄ |i(g1 � g2)] � u[w̄ |igj]

for j = 1, 2, from the above we obtain

u[w̄ |i(g1 � g2)] � u[w̄ |ig1]� u[w̄ |ig2],

which, after application of (4.2.4), gives us u[w̄ |i(g1 � g2)] ∈ A. Thus (4.2.17)
is satisfied in any case. So, the relation E [A] is i-regular for every i = 1, . . . , n,
i.e., it is v-regular.

H is an equivalence class of E [A]. Indeed, if g1, g2 ∈ H, then g1 � g2 ∈ H
by the �-stability of H. Consequently g1 � g2 ∈ A, i.e., g1 ≡ g2(E [A]). On the
other hand, if g1 ≡ g2(E [A]) and g1 ∈ H, then g1�g2 ∈ A, whence, by (4.2.13),
we get

g1[R1(g1 � g2) · · ·Rn(g1 � g2)] ∈ H.

From this, applying (3.7.13), we deduce g1�g2 ∈ H, which, in view of g1�g2 �
g2 and (4.2.3), implies g2 ∈ H. So, H is an equivalence class of E [A].
Consider the representation P(E [A],A′) of (G, o) induced by the pair (E [A], A′).

We shall prove that

P(E [A],A′)(g1 � g2) = P(E [A],A′)(g1) ∩ P(E [A],A′)(g2), (4.2.18)

P(E [A],A′)(Rig) = RiP(E [A],A ′)(g) (4.2.19)
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for all g, g1, g2 ∈ G and i = 1, . . . , n.
Let P(E [A],A′)(g1 � g2)(a1, . . . , an) = b, where Hai , Hb are equivalence classes

of E [A] containing the elements ai and y ∈ A, respectively. Then we have
(g1 � g2)[x1 · · ·xn] ≡ y(E [A]), whence, in view of (3.7.14), we obtain

y � g1[x1 · · ·xn]� g2[x1 · · ·xn] ∈ A. (4.2.20)

So, y � g1[x1 · · ·xn] ∈ A and y � g2[x1 · · ·xn] ∈ A, i.e., g1[x1 · · ·xn] ≡ y(E [A])
and g2[x1 · · ·xn] ≡ y(E [A]). Therefore

P(E [A],A′)(g1)(a1, . . . , an) = b and P(E [A],A′)(g2)(a1, . . . , an) = b. (4.2.21)

This proves the inclusion P(E [A],A′)(g1 � g2) ⊂ P(E [A],A′)(g1) ∩ P(E [A],A′)(g2).
To prove the inverse inclusion assume (4.2.21). Then g1[x1 · · ·xn] ≡ y(E [A])

and g2[x1 · · ·xn] ≡ y(E [A]), i.e., y � g1[x1 · · ·xn] and y � g2[x1 · · ·xn] are in A.
From this, applying (4.2.15), we obtain (4.2.20), whence, as it was shown above,
we have P(E [A],A′)(g1�g2)(a1, . . . , an) = b. Thus, P(E [A],A′)(g1)∩P(E [A],A′)(g2) ⊂
P(E [A],A′)(g1 � g2). This completes the proof of (4.2.18).
Further, using the same method as in the proof of condition (4.2.7), we prove

that
pr1 P(E [A],A′)(Rig) = pr1 P(E [A],A′)(g) = pr1RiP(E [A],A′)(g)

for every g ∈ G. Now, if (a1, . . . , an) ∈ pr1 P(E [A],A′)(Rig), then obviously
(Rig)[x1 · · ·xn] ∈ A for all xi ∈ Hai , i = 1, . . . , n. Since (Rig)[x1 · · ·xn] � xi
implies (Rig)[x1 · · ·xn] � xi = (Rig)[x1 · · ·xn], from the above we conclude
(Rig)[x1 · · ·xn]� xi ∈ A. Hence (Rig)[x1 · · ·xn] ≡ xi(E [A]). Therefore,

P(E [A],A′)(Rig)(a1, . . . , an) = ai

for all i = 1, . . . , n. This proves (4.2.19). So, the representation P(E [A],A′) of
(G, o) is also a representation of a functional Menger �-algebra G�.
Observe that

g ∈ H ←→ P(E [A],A′)(g)(a, . . . , a) = a, (4.2.22)

where a is an element used as an index of the E [A]-classH. In fact, for g ∈ H the
quasi-stability of H implies g[g · · · g] ∈ H. Whence, g[H · · ·H] ⊂ H because H
is an E [A]-class and the relation E [A] is v-regular. So, P(E [A],A′)(g)(a, . . . , a) = a.
Conversely, if g[H · · ·H] ⊂ H, then g[h · · ·h] ∈ H for every h ∈ H. From this,
by the l-unitarity of H, we get g ∈ H, which completes the proof of (4.2.22).
Since the algebra G� satisfies the axioms (3.7.4)–(3.7.10), from Theorem 3.7.6,

it follows that there exists an isomorphism of the algebra G onto some func-
tional Menger ∩-algebra of n-place functions. Denote this isomorphism by P1

and consider the representation P = P1+P(E [A],A′). It is clear that P is a faithful
representation of the algebra G� by n-place functions and H = Ha

P .
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Theorem 4.2.19. A nonempty subset H of a functional Menger �-algebra G�
of rank n is its stabilizer if and only if it is a stable, �-stable and v-unitary
subset of G such that RiH ⊂ H for every i = 1, . . . , n.

Proof. The necessity of these conditions is obvious, therefore we shall prove
only their sufficiency.
Recall that on p. 168 we noted that relation � coincides with αd and relation

� coincides with αs. Moreover, as it is not difficult to see, for any subset
H of G satisfying all the conditions of the theorem, we have αd(H) ⊂ H.5

This inclusion is equivalent to (4.2.3). Indeed, for x ∈ H and x � y we have
y[R1x · · ·Rnx] = x ∈ H and Rix ∈ H for every i = 1, . . . , n, whence, according
to the v-unitarity of H, we obtain y ∈ H. This proves (4.2.3).
Using this condition we shall prove that A = αs(H) and H satisfy all condi-

tions of Theorem 4.2.18. The stability of H implies its quasi-stability. Since αs

is a quasi-order we have also H ⊂ αs(H) = A. Moreover, for every x ∈ A there
exists h ∈ H such that (h, x) ∈ αs, i.e., Rih � Rix for every i = 1, . . . , n. Since
Rih ∈ H for every h ∈ H and i = 1, . . . , n, the statement above, according to
(4.2.3), implies that Rix ∈ H for i = 1, . . . , n. Therefore RiA ⊂ H for every
i = 1, . . . , n.
The inclusion Ri(G \ A) ⊂ G \ A, where i = 1, . . . , n, is equivalent to the

implication (∀x ∈ G)(x ∈ G \ A −→ Rix ∈ G \ A, which, by contraposition,
means that

Rix ∈ A −→ x ∈ A

for every x ∈ G. But A = αs(H), so, for every x ∈ G and every h ∈ H

(h,Rix) ∈ αs −→ x ∈ αs(H). (4.2.23)

Let (h,Rix) ∈ αs for some x ∈ G and h ∈ H. Then

H � h = h[R1Rix · · ·RnRix] = h[R1x · · ·Rnx],

whence (h, x) ∈ αs and therefore x ∈ αs(H). This means that the implication
(4.2.23) is valid. So, Ri(G \ A) ⊂ G \ A for every i = 1, . . . , n. In this way we
have proved that A and H satisfy the first two conditions of Theorem 4.2.18.
To prove that A and H satisfy the third condition of the theorem, we must

show that
x ∈ A ∧ y ∈ H −→ y[R1x · · ·Rnx] ∈ H, (4.2.24)

x ∈ A ∧ y ∈ A −→ y[R1x · · ·Rnx] ∈ A. (4.2.25)

Let x ∈ A = αs(H) and y ∈ H. Then also (h, x) ∈ αs, i.e., h = h[R1x · · ·Rnx]
for some h ∈ H. Since from h ∈ H follows Rih ∈ H for all i = 1, . . . , n, we

5 Recall that for any relation ρ ⊂ X × Y and any subset A of X by ρ(A) we denote the set
{y ∈ Y | (∃x ∈ A)(x, y) ∈ ρ}.
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have y ∈ H and Rih ∈ H, i = 1, . . . , n. This, by the stability of H, implies
y[R1h · · ·Rnh] ∈ H. Whence, applying (3.7.7), (3.7.4) and (3.7.8), we obtain

y[R1h · · ·Rnh] = y[R1h[R1x · · ·Rnx] · · ·Rnh[R1x · · ·Rnx]]

= y[(R1h)[R1x · · ·Rnx] · · · (Rnh)[R1x · · ·Rnx]]

= y[R1h · · ·Rnh][R1x · · ·Rnx]

= y[R1x · · ·Rnx][R1h · · ·Rnh].

Thus y[R1x · · ·Rnx][R1h · · ·Rnh] ∈ H. But H is v-unitary and Rih ∈ H for
every i = 1, . . . , n, so, y[R1x · · ·Rnx] ∈ H. This proves (4.2.24).
Now let x, y ∈ A = αs(H). Then there exist a, b ∈ H such that (a, x) ∈ αs

and (b, y) ∈ αs, i.e., a = a[R1x · · ·Rnx] and b = b[R1y · · ·Rny]. Because
b ∈ H implies Rib ∈ H for i = 1, . . . , n, we have a,R1b, . . . , Rnb ∈ H. Whence,
a[R1b · · ·Rnb] ∈ H according to the stability of H. Moreover, applying (3.7.8),
(3.7.7) and (3.7.4), we obtain

a[R1b · · ·Rnb] = a[R1x · · ·Rnx][R1b · · ·Rnb]

= a[R1b · · ·Rnb][R1x · · ·Rnx]

= a[R1b[R1y · · ·Rny] · · ·Rnb[R1y · · ·Rny]]

= a[(R1b)[R1y · · ·Rny] · · · (Rnb)[R1y · · ·Rny]][R1x · · ·Rnx]

= a[R1b · · ·Rnb][R1y · · ·Rny][R1x · · ·Rnx]

= a[R1b · · ·Rnb][(R1y)[R1x · · ·Rnx] · · · (Rny)[R1x · · ·Rnx]]

= a[R1b · · ·Rnb][R1(y[R1x · · ·Rnx]) · · ·Rn(y[R1x · · ·Rnx])].

Thus, (a[R1b · · ·Rnb], y[R1x · · ·Rnx]) ∈ αs, i.e., y[R1x · · ·Rnx] ∈ αs(H). This
completes the proof of (4.2.25).
In this way, we have shown that A and H satisfy all the conditions of The-

orem 4.2.18. Therefore, H is the stabilizer of a functional Menger �-alge-
bra G�.

4.3 Stationary subsets

The stationary subset of Φ, where Φ ⊆ F(An, A), is the set of all functions
from Φ for which there exists at least one fixed point, i.e., the set

St(Φ) = {ϕ ∈ Φ | (∃a ∈ A)ϕ(a, . . . , a) = a}.

Proposition 4.3.1. The stationary subset St(Φ) of the algebra (Φ, O) has the
following properties:
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ϕ ⊂ ψ ∧ ϕ ∈ St(Φ) −→ ψ ∈ St(Φ), (4.3.1)

ϕ ∈ St(Φ) −→ ϕ[ϕ · · ·ϕ] ∈ St(Φ), (4.3.2)

ϕ ∈ St(Φ) −→ Riϕ ∈ St(Φ), (4.3.3)

ϕ[ψ · · ·ψ] = ψ ∧ ψ ∈ St(Φ) −→ ϕ ∈ St(Φ), (4.3.4)

ϕ[ψ · · ·ψ] = ψ �= 0 −→ ϕ ∈ St(Φ), (4.3.5)

ϕ[ψ · · ·ψ] �= 0 −→ Riϕ ∈ St(Φ), (4.3.6)

ϕ[ψ · · ·ψ] ∩ ψ �= 0 −→ ϕ ∈ St(Φ), (4.3.7)

0 �∈ St(Φ) −→ Ri0 = 0, (4.3.8)

where ϕ, ψ ∈ Φ, i = 1, . . . , n and 0 is a zero of (Φ, O).6

Proof. If ϕ ∈ St(Φ), then ϕ(a, . . . , a) = a, whence, by ϕ ⊂ ψ, we obtain
ψ(a, . . . , a) = a. Thus ψ ∈ St(Φ). This proves (4.3.1).
For ϕ ∈ St(Φ) we also have

ϕ[ϕ · · ·ϕ](a, . . . , a) = ϕ(ϕ(a, . . . , a), . . . , ϕ(a, . . . , a)) = ϕ(a, . . . , a) = a.

This implies ϕ[ϕ · · ·ϕ] ∈ St(Φ). So, (4.3.2) is valid too. The proof of (4.3.3) is
analogous.
If ψ ∈ St(Φ) and ϕ[ψ · · ·ψ] = ψ, then ψ(a, . . . , a) = a for some a ∈ A.

Thus, ϕ(a, . . . , a) = ϕ(ψ(a, . . . , a), . . . , ψ(a, . . . , a)) = ϕ[ψ · · ·ψ](a, . . . , a) =
ψ(a, . . . , a) = a, i.e., ϕ ∈ St(Φ). This proves (4.3.4).
Let now ϕ[ψ · · ·ψ] = ψ �= 0, where 0 is a zero of (Φ, O). Then ψ �= ∅

and thus there exists ā = (a1, . . . , an) ∈ pr1 ψ. Therefore ϕ(ψ(ā) · · ·ψ(ā)) =
ϕ[ψ · · ·ψ](ā) = ψ(ā), which implies ϕ ∈ St(Φ). The condition (4.3.5) is proved.
Similarly we can prove (4.3.6) and (4.3.7).
Observe that

0 �= ∅←→ St(Φ) = Φ. (4.3.9)

Indeed, if 0 �= ∅, then 0(ā) = b for some ā ∈ An and b ∈ A. Since 0 = ϕ[0 · · · 0]
for every ϕ ∈ Φ, we have b = 0(ā) = ϕ(0(ā), . . . , 0(ā)) = ϕ(b, . . . , b). Thus ϕ ∈
St(Φ). Consequently, St(Φ) = Φ. Conversely, if St(Φ) = Φ, then 0 ∈ St(Φ).
Therefore 0(a, . . . , a) = a for some a ∈ A. So, 0 �= ∅.
Using the equivalence just proved we can see that in the case where 0 �∈ St(Φ),

i.e., St(Φ) �= Φ, we must have 0 = ∅. Therefore Ri0 = Ri∅ = ∅ = 0 for every
i = 1, . . . , n. This proves (4.3.8).

6 A zero of (G, o) (if it exists) is an element 0 such that 0[yz · · ·u] = x[0yz · · ·u] =
x[y0z · · ·u] = · · · = x[yz · · · 0] = 0 for all x, y, z, · · ·u ∈ G. In the algebras of functions,
the role of zero is played the empty set, i.e., the empty function. But in some algebras of
functions, there exist a nonempty function satisfying the above identities defining zero.
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Definition 4.3.2. A nonempty subset H of G is called a stationary subset
of a Menger algebra (G, o) of rank n if it has a faithful representation P by
n-place functions such that

g ∈ H ←→ P (g) ∈ St(P (G)) (4.3.10)

for every g ∈ G, where P (G) = {P (g) | g ∈ G}.

First we shall describe all stationary subsets of f.o.p., f.o. and p.q-o. Menger
algebras. For this purpose we will use the relation

θh = {(g1, g2) ∈ G×G | ∃t ∈ Tn(G) g1 = t(h), g2 = t(h[h · · ·h])}.

Using this relation, we can consider on a f.o.p. Menger algebra (G, o, ζ, χ)
of rank n the new binary relation ρh = ζ ∪ θh and the (ρh, χ)-closure of any
subset X ⊂ G, for every h ∈ G. The (ρh, χ)-closure of X will be denoted by
[X]h. In the case when X = {g, g[g · · · g]} instead of [X]h we shall write [g]h.

Theorem 4.3.3. For a nonempty subset H of a f.o.p. Menger algebra
(G, o, ζ, χ) of rank n to be a stationary subset it is necessary and sufficient
that for all m ∈ N, g, h, xi, zi, xm+1 ∈ G and i = 0, 1, . . . ,m, the following
implications are true:

0 �∈ H −→ 0 � g, (4.3.11)
m∧
i=0

(
0 �= h � xi � zi ∧ 0 �= h � xi+1 � zi

)
,

g[x0 · · ·x0] = xm+1

⎫⎬⎭ −→ g ∈ H, (4.3.12)

m∧
i=0

(
(xi � zi ∧ xi+1 � zi) ∨

{xi, xi+1} ⊂ {ti(h), ti(h[h · · ·h])}

)
,

{x0, . . . , xm+1} ⊂ [h]h ∧ h ∈ H,

g[x0 · · ·x0] = xm+1

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
−→ g ∈ H, (4.3.13)

where 0 is a zero of (G, o), x � y ←→ (x, y) ∈ ζ, x � y ←→ (x, y) ∈ χ and
h � x � z means h � x ∧ x � z.

Proof. Necessity. Let (Φ, O, ζΦ, χΦ) be some f.o.p. Menger algebra of n-place
functions defined on the set A. Recall that if ϕ is a zero of (Φ, O), then
according to (4.3.9) we have

ϕ �= ∅←→ St(Φ) = Φ. (4.3.14)

Now if ϕ �∈ St(Φ), then St(Φ) �= Φ. Hence, according to (4.3.14) we get
ϕ = ∅. Therefore ϕ ⊂ ψ for every ψ ∈ Φ. This proves (4.3.11).
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To prove (4.3.12), assume that for some α, βi, χi ∈ Φ, i = 0, 1, . . . ,m+1 the
conditions

m∧
i=0

(
ϕ �= ψ ∧ pr1ψ ⊂ pr1χi ∩ pr1χi+1 ∧ χi ⊂ βi ∧ χi+1 ⊂ βi

)
and α[χ0 · · ·χ0] = χm+1, where ϕ is a zero of (Φ, O), are satisfied. Since
ψ �= ϕ, then, obviously, ψ �= ∅, i.e., ψ〈ā〉 �= ∅ for some ā ∈ An. From
pr1ψ ⊂ pr1χi ∩ pr1χi+1 we conclude that χi〈ā〉 �= ∅ for all i = 0, 1, . . . ,m+ 1.
But χi ⊂ βi, χi+1 ⊂ βi, so, βi〈ā〉 �= ∅ and χi(ā) = βi(ā) = χi+1(ā) for
i = 0, 1, . . . ,m. Thus, χm+1(ā) = α[χ0 · · ·χ0](ā) = α(χ0(ā), . . . , χ0(ā)) =
α(χm+1(ā), . . . , χm+1(ā)). Hence α ∈ St(Φ), which proves (4.3.12).
The proof of (4.3.13) is based on the condition

α(a, . . . , a) = a ∧ β ∈
m
Eα (α) −→ (a, . . . , a) ∈ pr1β, (4.3.15)

where α, β ∈ Φ, a ∈ A, m ∈ N and Eα(X) means E(X) for ρ = ζΦ ∪ θα
and σ = χΦ.7 It is clear that for m = 0 the above condition is true. Assume

that it is valid for some m and consider β ∈
m+1
Eα (α), where α(a, . . . , a) = a.

Then (ϕ1, ϕ2) ∈ ζΦ ∪ θα, pr1f [ψ̄|iϕ1] ⊂ pr1β and ϕ1, f [ψ̄|iϕ2] ∈
m
Eα (α). Ac-

cording to our assumption, the last condition implies (a, . . . , a) ∈ pr1ϕ1 and
(a, . . . , a) ∈ pr1f [ψ̄|iϕ2]. Thus, if ϕ1 ⊂ ϕ2, then ϕ1(a, . . . , a) = ϕ2(a, . . . , a); if
(ϕ1, ϕ2) ∈ θα, then ϕ1 = t(ψ1), ϕ2 = t(ψ2) for some t ∈ Tn(Φ) and ψ1, ψ2 ∈
{α, α[αn]}. Of course ψi(a, . . . , a) = a for i = 1, 2. Whence ϕ1(a, . . . , a) =
t(ψ1)(a, . . . , a) = t(ψ2)(a, . . . , a) = ϕ2(a, . . . , a). Thus, f [ψ̄|iϕ2](a, . . . , a) =
f(ψ̄(a, . . . , a)|iϕ2(a, . . . , a)) = f [ψ̄|iϕ1](a, . . . , a). So, (a, . . . , a) ∈ pr1β. This
means that (4.3.15) is valid for m+1. Hence, by induction, it is valid for every
m ∈ N.
Now let α ∈ St(Φ), β[χ0 · · ·χ0] = χm+1,

m∧
i=0

(
(χi ⊂ ϕi ∧ χi+1 ⊂ ϕi) ∨ {χi, χi+1} ⊂ {ti(α), ti(α[αn])}

)
and {χ0, χ1, . . . , χm+1} ⊂ [α]α. Because α(a, . . . , a) = a for some a ∈ A, then,
according to (4.3.15), we have (a, . . . , a) ∈ pr1χ0∩· · ·∩pr1χm+1. Further, from

χ0(a, . . . a) = χ1(a, . . . a) = · · · = χm+1(a, . . . , a),

we obtain

χm+1(a, . . . , a) = β[χ0 · · ·χ0](a, . . . , a) = β(χ0(a, . . . , a), . . . , χ0(a, . . . , a))

= β(χm+1(a, . . . , a), . . . , χm+1(a, . . . , a)),

7 For the definition of E(X) see p. 34.
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which implies β ∈ St(Φ) and proves (4.3.13).

Sufficiency. Let (G, o, ζ, χ) be a f.o.p. Menger algebra of rank n and let H be
its nonempty subset satisfying all the conditions of the theorem. Observe that
if (G, o) has a zero 0 and 0 belongs to H, then H = G. Indeed, according to
(4.3.13), for g ∈ G and t ∈ Tn(G), from 0 ∈ H, g[0n] = 0, 0 ∈ {t(0), t(0[0n])}
and 0 ∈ [0]0, it follows that g ∈ H, which was to be proved.
Consider two families of determining pairs

(
(ε∗g,Wg)

)
g∈G and ((π∗h, Vh))h∈H

on a Menger algebra (G, o), where

ε∗g = ε(ζ−1 ◦ ζ, χ〈g〉) ∪ {(e1, e1), . . . , (en, en)},

π∗h = ε(ζ−1 ◦ ζ ∪ θh, [h]h) ∪ {(e1, e1), . . . , (en, en)},

Wg = G \ χ〈g〉, Vh = G \ [h]h, e1, . . . , en — the selectors in (G∗, o∗), and the
following representations of (G, o) by n-place functions:

P1 =
∑
g∈G

P(ε∗g ,Wg) , P 0
1 =

∑
g∈G\{0}

P(ε∗g ,Wg) , P2 =
∑
h∈H

P(π∗h, Vh).

Let P = P1 + P2 in the case when 0 ∈ H, and P = P 0
1 + P2 in the case

when 0 �∈ H. P , defined in such a way is an isomorphism of (G, o, ζ, χ) onto
some f.o.p. Menger algebra of n-place functions for which H is the preimage
of the stationary subset. In fact, for g1 � g2 we have g1[x̄] � g2[x̄] for any
x̄ ∈ B = Gn ∪ {(e1, . . . , en)}. If g1[x̄] �∈Wg, i.e., g � g1[x̄], then

(g1[x̄], g2[x̄]) ∈ ζ−1 ◦ ζ ∩ χ〈g〉 × χ〈g〉 ⊂ ε(ζ−1 ◦ ζ, χ〈g〉).

If g1[x̄] �∈ Vh, where h ∈ H, then

(g1[x̄], g2[x̄]) ∈ ζ−1 ◦ ζ ∩ [h]h × [h]h ⊂ ε(ζ−1 ◦ ζ, [h]h).

Thus, ζ ⊂ ζ(ε∗g,Wg) and ζ ⊂ ζ(π∗h, Vh) for all g ∈ G and h ∈ H. Whence
ζ ⊂ ζP1 ∩ ζP2 ⊂ ζP 0

2
∩ ζP2 .

Assume now that (g1, g2) ∈ ζP1 , i.e., that for all g ∈ G and x̄ ∈ B g � g1[x̄]
implies (g1[x̄], g2[x̄]) ∈ ε(ζ−1 ◦ ζ, χ〈g〉). This gives us, for g = g1 and x̄ =
(e1, . . . , en)

(g1, g2) ∈ ε(ζ−1 ◦ ζ, χ〈g1〉),

which means that

{(g1, x1), (x1, x2), . . . , (xn−1, g2)} ⊂ ζ−1 ◦ ζ ∩ χ〈g1〉 × χ〈g1〉

for some x1, . . . , xn−1 ∈ G. So, one can find y1, . . . , yn ∈ G such that g1 � y1,
x1 � y1, x1 � y2, x2 � y2, . . . , xn−1 � yn, g2 � yn. From the conditions
x1 � y1, g1 � x1 and g1 � y1 we conclude g1 � x1. Consequently g1 � y2.
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In the same way x2 � y2, g1 � x2 and g1 � y2 imply g1 � x2. Iterating
this procedure, after a finite number of steps, we obtain g1 � g2, which proves
ζP1 ⊂ ζ. Hence ζ = ζP1 .
Now let 0 �∈ H and (g1, g2) ∈ ζP 0

1
. If g1 = 0, then, according to (4.3.11),

(g1, g2) ∈ ζ. If g1 �= 0, then, similarly as in the previous case, we obtain
(g1, g2) ∈ ζ. Thus, if 0 �∈ H, then ζP 0

1
⊂ ζ. So, in this case ζ = ζP 0

1
.

Summarizing the above discussion we see that ζP = ζP1 ∩ ζP2 = ζ ∩ ζP2 = ζ if
0 ∈ H, and ζP = ζP 0

1
∩ ζP2 = ζ ∩ ζP2 = ζ if 0 �∈ H. Hence ζ = ζP in both cases,

which, in particular, proves that the representation P is faithful, because ζ is
an ordering relation.
Let g1 � g2. Then g1[x̄] � g2[x̄] for every x̄ ∈ B. If g � g1[x̄], then g � g2[x̄].

If g1[x̄] ∈ [h]h for some h ∈ H, then also g2[x̄] ∈ [h]h, because the subset [h]h is
χ-saturated. Thus χ ⊂ χ(ε∗g ,Wg) and χ ⊂ χ(π∗h, Vh) for all g ∈ G, h ∈ H. Hence
χ ⊂ χP1 ∩ χP2 ⊂ χP 0

1
∩ χP2 . Further, from (g1, g2) ∈ χP 0

1
, i.e., from g � g1[x̄],

it follows that g � g2[x̄] for any g ∈ G \ {0} and x̄ ∈ B, which for g = g1 and
x̄ = (e1, . . . , xn) gives g1 � g2. For g1 = 0, the v-negativeness of χ implies
0 = 0[g2 · · · g2] � g2. Therefore χP 0

1
⊂ χ, whence χ = χP 0

1
, and consequently

χ ⊂ χP1 ⊂ χP 0
1
= χ. Thus χ = χP1 . Finally, χP = χP1 ∩χP2 = χ∩χP2 = χ for

0 ∈ H and χP = χP 0
1
∩χP2 = χ∩χP2 = χ for 0 �∈ H. So, χ = χP in both cases.

This means that P is an isomorphism of (G, o, ζ, χ) onto some f.o.p. Menger
algebra of n-place functions.
For every g ∈ H, the elements g and g[gn] are in the same π∗g-class, let us

say X, different from Vg. Because the relation ε(ζ−1 ◦ ζ ∪ θg, [g]g) is v-regular,
we have g[X · · ·X] ⊂ X. This means that P(π∗g , Vg)(g)(a, . . . , a) = a, where a
is an element used for the indexation of the class X. Hence P (g) ∈ St(P (G)).
Conversely, if P (g) has some fixed point and G has a zero 0 and 0 ∈ H, then,
as it was mentioned above, H = G. Whence g ∈ H. Assume that 0 �∈ H.
Because P (g) = P 0

1 (g) ∪ P2(g) ∈ St(P (G)), then there exists (a) g1 �= 0 such
that P(ε∗g1 ,Wg1 )

(g) has the fixed point, or (b) h ∈ H such that P(π∗h, Vh)(g) has
the fixed point. If (a) holds and X is the ε∗g1-class different from Wg1 such that
g[X · · ·X] ⊂ X, then g[x0 · · ·x0] ≡ x0(ε

∗
g1) for some x0 ∈ X. Thus, for some

xi, xm+1, zi ∈ G, i = 0, 1, . . . ,m we have
m∧
i=0

(0 �= g1 � xi � zi ∧ 0 �= g1 � xi+1 � zi)

and g[x0 · · ·x0] = xm+1, which together with (4.3.12) implies g ∈ H. If (b) holds
and X is the π∗h-class different from Vh and g[X · · ·X] ⊂ X, then for x0 ∈ X
we have g[x0 · · ·x0] ≡ x0(π

∗
h), i.e., there are xi, zi, xm+1 ∈ G, ti ∈ Tn(G),

i = 0, 1, . . . ,m such that g[x0 · · ·x0] = xm+1 and
m∧
i=1

(
(xi � zi ∧ xi+1 � zi) ∨ {xi, xi+1} ⊂ {ti(h), ti(h[hn])}

)
.
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This, according to (4.3.13), implies g ∈ H. So, g ∈ H if and only if P (g) has
the fixed point.

Replacing in the conditions (4.3.12) and (4.3.13) the relation χ by relation
δ ◦ ζ we obtain two new conditions which will be denoted by (4.3.12 a) and
(4.3.13 a), respectively.

Corollary 4.3.4. A nonempty subset H of a f.o. Menger algebra (G, o, ζ)
of rank n is stationary if and only if for all m ∈ N, g, h, xi, zi, xm+1 ∈ G,
i = 0, 1, . . . ,m, it satisfies the conditions (4.3.11), (4.3.12 a), and (4.3.13 a),
where 0 is a zero of (G, o).

Proof. Indeed, if H is the stationary subset of a f.o. Menger algebra (G, o, ζ),
then, of course, it is the stationary subset of a f.o.p. Menger algebra (G, o, ζ, χP ),
where P is a faithful representation of (G, o, ζ) by n-place functions such that
H = P−1 (St(P (G))). Moreover, δ ◦ ζ ⊂ χP and the premises of (4.3.12 a)
and (4.3.13 a) imply the premises of (4.3.12) and (4.3.13), and consequently,
the conclusions of (4.3.12 a) and (4.3.13 a). So, the conditions (4.3.12 a) and
(4.3.13 a) are satisfied.
Conversely, if the subset H of a f.o. Menger algebra (G, o, ζ) satisfies all

the conditions of the corollary, then, as it is known, the system (G, o, ζ, δ ◦ ζ)
is a f.o.p. Menger algebra for which the conditions (4.3.12 a) and (4.3.13 a)
correspond to (4.3.12) and (4.3.13), respectively. Thus, by Theorem 4.3.3, H is
the stationary subset of (G, o, ζ).

Let [X] 0h be the (ρ
0
h, χ)-closure of the subset X of a p.q-o. Menger algebra

(G, o, χ) of rank n, where h ∈ G and ρ0h = �G ∪ θh. Using this closure, we can
give the following characterization of stationary subsets of (G, o, χ).

Theorem 4.3.5. A nonempty subset H of a p.q-o.Menger algebra (G, o, χ) of
rank n is stationary if and only if the following conditions are satisfied:

0 �∈ H ∧ g � 0 −→ g = 0, (4.3.16)

g[x · · ·x] = x �= 0 −→ g ∈ H, (4.3.17)
m∧
i=0

(
xi = xi+1 ∨ {xi, xi+1} ⊂ {ti(h), ti(h[hn])}

)
,

{x0, . . . , xm+1} ⊂ [h] 0h ∧ h ∈ H,

g[x0 · · ·x0] = xm+1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ −→ g ∈ H (4.3.18)

for all m ∈ N, g, h, xi, xm+1 ∈ G, ti ∈ Tn(G), i = 0, 1, . . . ,m, where 0 is
a zero element of (G, o).
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Proof. It is not difficult to check that the conditions of the theorem are neces-
sary, so, we verify only the sufficiency. For this, let H be the subset of a p.q-o.
Menger algebra (G, o, χ) of rank n satisfying all the conditions of the theorem.
Consider the canonical representation Λ of (G, o) by translations. Obviously
χΛ = G×G. For every element g ∈ G we define the set

Hg = {x̄ ∈ B | g[x̄] �= 0},

where B = Gn ∪ {(e1, . . . , en)} and 0 is a zero in (G, o). We can show that Λ0,
where Λ0(g) = Λ(g) ∩ (Hg × G) for every g ∈ G, is a faithful representation
of (G, o). Let g1 � g2 and g1[x̄] �= 0, where x̄ ∈ B, then g1[x̄] � g2[x̄].
Thus, according to (4.3.16), 0 �∈ H implies g2[x̄] �= 0. Hence (g1, g2) ∈ χΛ0 for
0 �∈ H, and consequently, χ ⊂ χΛ0 . Let a be some fixed element from G and let
Λa(g) = Λ(g)∩(B×χ〈a〉) for every g ∈ G. It is clear that Λa is a representation
of (G, o) by n-place functions and χ =

⋂
a∈G

χΛa =
⋂

a∈G\{0}
χΛa .

Consider now the following representations of a Menger algebra (G, o) by
n-place functions:

P2 =
∑
a∈G

Λa , P 0
2 =

∑
a∈G\{0}

Λa , P3 =
∑
h∈H

P(ε0h,Wh)
,

where ε0h = ε(ρ0h, [h]
0
h), Wh = G \ [h]0h. Note that χ ⊂ χP3 , because the

subset [h]0h is χ-saturated. Now putting P = Λ + P2 + P3 when 0 ∈ H, and
P = Λ0 + P 0

2 + P3 when 0 �∈ H, we can see that P is a faithful representation
of (G, o). Furthermore, for 0 ∈ H we have

χP = χΛ ∩ χP2 ∩ χP3 = (G×G) ∩ χ ∩ χP3 = χ.

A similar equality holds for 0 �∈ H. So, P is an isomorphism of the system
(G, o, χ).
Finally, if g ∈ H, then, analogously as in the proof of the previous theorem,

we show that P (g) has a fixed point. Conversely, let P (g) have some fixed point.
If 0 ∈ H, then H = G, according to (4.3.18). Whence g ∈ H. In the case 0 �∈ H
we have three possibilities: (a) Λ0(g) ∈ St(Λ0(G)), (b) P 0

2 (g) ∈ St(P 0
2 (G)) and

(c) P3(g) ∈ St(P3(G)). In the cases (a) and (b), by (4.3.17), and in the case (c),
by (4.3.18), we get g ∈ H. So, g ∈ H if and only if P (g) has a fixed point,
which completes the proof.

Corollary 4.3.6. A nonempty subset H of a Menger algebra (G, o) of rank n
is stationary if and only if

m∧
i=0

(
xi = xi+1 ∨ {xi, xi+1} ⊂ {ti(h), ti(h[hn])}

)
,

{x0, . . . , xm+1} ⊂ [h] 0,δh ∧ g[x0 · · ·x0] = xm+1,

h ∈ H

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
−→ g ∈ H (4.3.19)
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for all m ∈ N, g, h, xi, xm+1 ∈ G, ti ∈ Tn(G), i = 0, 1, . . . ,m, where [h] 0,δh is
the (ρ0h, δ)-closure of the set {h, h[hn]}.

Proof. Indeed, according to Theorem 4.3.5, condition (4.3.19) means that H
is a stationary subset of a p.q-o. Menger algebra (G, o, δ), which implies our
corollary.

Let us come to the description of reversive stationary subsets. Let X be
a subset of a strong f.o.p. Menger algebra (G, o, ζ, χ) of rank n � 2. By 〈X〉h,
where h ∈ G, we will denote the 〈ζ−1 ◦ ζ ∪ θh, χ〉-closure of X. In the case
X = {g, g[gn]} we shall write 〈g〉h.

Theorem 4.3.7. A nonempty subset H of a strong f.o.p. Menger algebra
(G, o, ζ, χ) of rank n�2 is its stationary subset if and only if it satisfies (4.1.16)
and for any m ∈ N, g, h, x, y ∈ G the following two implications are true:

y �= 0 ∧ (g[xn], x) ∈ εm〈ζ−1 ◦ ζ, χ〈y〉〉 −→ g ∈ H, (4.3.20)

h ∈ H ∧ (g[xn], x) ∈ εm〈ζ−1 ◦ ζ ∪ θh, 〈h〉h〉 −→ g ∈ H, (4.3.21)

where 0 is the zero element of (G, o).

Proof. Let (Φ, O, ζΦ, χΦ) be a f.o.p. Menger algebra of reversive n-place func-
tions and ϕ be the zero of (Φ, O). If (α[βn], β) ∈ εm〈ζ−1Φ ◦ ζΦ, χΦ〈γ〉〉 and γ �= ϕ
and for some α, β, γ ∈ Φ, then α[βn] ◦ �pr1γ = β ◦ �pr1γ , according to (3.3.1).
From γ �= ϕ it follows that γ �= ∅. So, there exists ā ∈ pr1γ, which together
with pr1γ ⊂ pr1β ∩ pr1 α[βn], implies

β(ā) = α[βn](ā) = α(β(ā), . . . , β(ā)).

Consequently α ∈ St(Φ). This proves (4.3.20).
Now let γ ∈ St(Φ) and (α[βn], β) ∈ εm〈ζ−1Φ ◦ ζΦ, 〈γ〉γ〉, where α, β, γ ∈ Φ.

From this, by induction, we obtain α[βn]〈a, . . . , a〉 = β〈a, . . . , a〉 �= ∅, where
a = γ(a, . . . , a). Thus

β(a, . . . , a) = α[βn](a, . . . , a) = α(β(a, . . . , a), . . . , β(a, . . . , a)).

Hence α ∈ St(Φ), which proves (4.3.21). The necessity is proved.
We shall not give the proof of the sufficiency, because it is analogous to the

proof of the sufficiency of Theorem 4.3.3. Note only that in this case the repre-
sentations P1, P

0
1 and P2 of (G, o) by reversive n-place functions are determined

by the families of determining pairs
(
(ε∗g,Wg)

)
g∈G and ((π∗h, Vh))h∈H , where

ε∗g = ε〈ζ−1 ◦ ζ, χ〈g〉〉 ∪ {(e1, e1), . . . , (en, en)},
π∗h = ε〈ζ−1 ◦ ζ ∪ θh, 〈h〉h〉 ∪ {(e1, e1), . . . , (en, en)},

Wg = G \ χ〈g〉 , Vh = G \ 〈h〉h.
The theorem is proved.
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Theorem 4.3.8. A nonempty subset H of a strong f.o. Menger algebra (G, o, ζ)
of rank n � 2 is stationary if and only if (4.1.16) holds and for all m ∈ N,
t ∈ Tn(G), x, y, h, g ∈ G it satisfies the conditions

x �= 0 ∧ x � t(y) ∧ x � t(g[yn]) −→ g ∈ H, (4.3.22)

h ∈ H ∧ (g[xn], x) ∈ εm〈ζ−1 ◦ ζ ∪ θh, 〈h〉δh〉 −→ g ∈ H, (4.3.23)

where 〈h〉δh is the 〈ζ−1 ◦ ζ ∪ θh, δ ◦ ζ〉-closure of {h, h[hn]} .

Proof. The proof of the necessity is analogous to the corresponding parts of
the proofs of previous theorems. To prove the sufficiency consider the sum
P = P1 + P2 if 0 ∈ H, and P = P 0

1 + P2 if 0 �∈ H, of representations of (G, o)
by reversive n-place functions, where

P1 =
∑
g∈G

P(ε∗v(ζ〈g〉),Wv(ζ〈g〉)), P 0
1 =

∑
g∈G\{0}

P(ε∗v(ζ〈g〉),Wv(ζ〈g〉)),

P2 =
∑
h∈H

P(π∗h,Vh), π∗h = ε〈
−1
ζ ◦ ζ ∪ θh, 〈h〉δh〉, Vh = G \ 〈h〉δh.

It is not difficult to see that the representation P1 is faithful and ζ = ζP1 .
Similarly, using (4.1.16), we show that the representation P 0

1 is faithful and
ζ = ζP 0

1
. Moreover ζ ⊂ ζP2 . Thus ζP = ζ ∩ ζP2 = ζ. So, P is an isomorphism

of a strong f.o. Menger algebra (G, o, ζ).
Further, using the above, we prove that g ∈ H implies P (g) ∈ St(P (G)).

Let P (g), where g ∈ G, has some fixed point. If 0 ∈ H, then, evidently,
H = G. Thus, in this case, g ∈ H. If 0 �∈ H and P2(g) has the fixed point, then
g ∈ H, by (4.3.23). So, in both cases g ∈ H. For P 0

1 (g) ∈ St(P 0
1 (G)) there are

g1 �= 0 and x �∈ Wv(ζ〈g1〉) such that g[xn] ≡ x(εv(ζ〈g1〉)). The last statement
is equivalent to the condition

(∀t ∈ Tn(G)) (g1 � t(g[xn])←→ g1 � t(x)) .

Since x �∈Wv(ζ〈g1〉), for some t1 ∈ Tn(G) must be g1 � t1(x), and consequently
g1 � t1(g[x

n]). Thus g1 �= 0, g1 � t1(x) and g1 � t1(g[x
n]). Hence, according

to (4.3.22), we get g ∈ H. In this way we showed that H = P−1(St(P (G))).

Theorem 4.3.7 for ζ = �G gives rise to the following Corollary.

Corollary 4.3.9. A nonempty subset H of a strong p.q-o. Menger algebra
(G, o, χ) of rank n � 2 is its reversive stationary subset if and only if it satisfies
(4.3.16) and for all g, x, y, h ∈ G, m ∈ N and the implications

y �= 0 ∧ (g[xn], x) ∈ εm〈�G, χ〈y〉〉 −→ g ∈ H, (4.3.24)

h ∈ H ∧ (g[xn], x) ∈ εm〈�G ∪ θh, 〈h〉0h〉 −→ g ∈ H, (4.3.25)

where 〈h〉0h is the 〈�G ∪ θh, χ〉-closure of {h, h[hn]}, are valid.
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For a strong Menger algebra of rank n � 2 with the strong order
∧
ζ defined

by (3.3.6), Theorem 4.1.10 implies:

Corollary 4.3.10. A nonempty subset H of a strong Menger algebra (G, o)
of rank n � 2 is its reversive stationary subset if and only if it satisfies the
conditions

x �= 0 ∧ t(y) ∈ ∧
x ∧ t(g[yn]) ∈ ∧

x −→ g ∈ H, (4.3.26)

h ∈ H ∧ (g[xn], x) ∈ εm〈
∧
ζ
−1
◦
∧
ζ ∪ θh, 〈h〉∧h 〉 −→ g ∈ H (4.3.27)

for all m ∈ N, x, y, g, h ∈ G, t ∈ Tn(G), where
∧
x is the strong closure of {x},

and 〈h〉∧h is the 〈
∧
ζ
−1
◦
∧
ζ ∪ θh, δ ◦ ζ〉-closure of {h, h[hn]}.

Let (G, o,�,�) be a restrictive �-Menger algebra of rank n. Consider the
family of pairs {(εg,Wg)}g∈G, where εg and Wg are defined in the following
way:

Wg = {x ∈ G |x � g �= g},

εg = {(x, y) ∈ G×G |x� y �∈Wg ∨ x, y ∈Wg}.

Proposition 4.3.11. For every element g ∈ G of a restrictive �-Menger alge-
bra (G, o,�,�) of rank n the ordered pair (εg,Wg) has the following properties:
(i) any nonempty Wg is an l-ideal of (G, o,�,�),
(ii) εg is a v-regular equivalence,
(iii) any nonempty Wg is an εg-class,
(iv) a mapping P(εg,Wg) : g �→ P(εg,Wg)(g) is a representation of this restrictive

�-Menger algebra by n-place functions.

Proof. (i) Let Wg �= ∅. If x ∈ Wg, then x � g �= g. Suppose that for
some u ∈ G, w̄ ∈ Gn and i ∈ {1, . . . , n} the equality u[w̄|ix] � g = g is
true. Applying to this equality (3.6.1), (3.6.3) and the idempotency of the
operation �, we obtain x � u[w̄|ix] � g = g, which gives x � g = g. Thus,
u[w̄|ix] � g �= g, hence u[w̄|ix] ∈Wg. So, Wg is an l-ideal of (G, o,�,�).

(ii) The reflexivity and symmetry of εg are obvious. To prove the transitivity
let (x, y) ∈ εg and (y, z) ∈ εg. If x, y, z ∈ Wg, then, obviously, (x, z) ∈ εg,
therefore suppose that x� y �∈Wg and y� z �∈Wg. These last conditions mean
that (x� y) � g = g and (y � z) � g = g, whence (x� y) � g � (y � z) � g =
g � g = g, hence, (x � y) � (y � z) � g = g. Now, using (3.6.14), we obtain
y � (x� y � z) � g = g, whence, by (3.6.3), we have (x� y � z) � y � g = g.
The last equality, by means of (3.6.15), is equivalent to (x � y � z) � g = g.
Since x � y � z � x � z, then, evidently, x � y � z = (x � y � z) � (x � z).
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Thus (x � y � z) � (x � z) � g = g, whence, by (3.6.3), it follows (x � z) �
(x � y � z) � g = g, i.e., (x � z) � g = g. So, x � z �∈ Wg, i.e., (x, y) ∈ εg,
which proves the transitivity of εg. Thus εg is an equivalence relation.
Let x ≡ y(εg). If x, y ∈ Wg, then u[w̄|ix] and u[w̄|iy], where u ∈ G, w̄ ∈

Gn, i ∈ {1, . . . , n}, are in Wg, because Wg is an l-ideal. Whence u[w̄|ix] ≡
u[w̄|iy](εg). If x �∈Wg and y �∈Wg, then, obviously, x� y �∈Wg, i.e., (x� y) �
g = g. Suppose that u[w̄|ix] �∈ Wg, i.e., u[w̄|ix] � g = g. Then (x � y) �
u[w̄|ix] � g = (x � y) � g = g, whence, by (3.6.1) and (3.6.15), we obtain
u[w̄|i(x � y)] � g = g. But x � y � y gives (x � y) � y = x � y, so,
u[w̄|i((x � y) � y)] � g = g. Whence (x � y) � u[w̄|iy] � g = g, which,
by (3.6.3), implies u[w̄|iy] � (x � y) � g = g. Hence u[w̄|iy] � g = g. So,
u[w̄|iy] �∈ Wg. Similarly we can show that u[w̄|iy] �∈ Wg implies u[w̄|ix] �∈Wg.
In this way we have shown that u[w̄|ix], u[w̄|iy] simultaneously belong or not
belong toWg. In the case when these elements belong toWg, we have u[w̄|ix] ≡
u[w̄|iy](εg). In the case when these elements do not belong to Wg it is not
difficult to see that x � y implies u[w̄|ix] � u[w̄|iy]. Therefore, x � y � x and
x � y � y imply u[w̄|i(x � y)] � u[w̄|ix] and u[w̄|i(x � y)] � u[w̄|iy], whence
u[w̄|i(x�y)] � u[w̄|ix]�u[w̄|iy]. The last inequality means that u[w̄|i(x�y)] �
(u[w̄|ix]�u[w̄|iy]) = u[w̄|i(x�y)]. Further we obtain u[w̄|i(x�y)] � (u[w̄|ix]�
u[w̄|iy]) � g = u[w̄|i(x� y)] � g. Hence, by (3.6.3), we have

(u[w̄|ix]� u[w̄|iy]) � u[w̄|i(x� y)] � g = u[w̄|i(x� y)] � g. (4.3.28)

It has been shown above that if u[w̄|ix] �∈ Wg, then u[w̄|i(x � y)] � g = g,
therefore equality (4.3.28) is equivalent to (u[w̄|ix] � u[w̄|iy]) � g = g. Thus,
u[w̄|ix]�u[w̄|iy] �∈Wg, hence u[w̄|ix] ≡ u[w̄|iy](εg). So, εg is i-regular for every
i = 1, . . . , n, whence it is v-regular.

(iii) Let Wg �= ∅. If x, y ∈ Wg, then, obviously, x ≡ y(εg). This means that
Wg is contained in some εg-class. In order to show that Wg coincides with an
εg-class, it is necessary to verify that the condition

x ∈Wg ∧ x ≡ y(εg) −→ y ∈Wg (4.3.29)

holds. Indeed, let the premise of (4.3.29) be valid. Since x ≡ y(εg), we have
two possibilities: (a) x, y ∈ Wg and (b) x� y �∈ Wg. In the first case condition
(4.3.29) is evident. In the second case we have (x�y) � g = g, i.e., (g, x�y) ∈
αs. But (x� y, x) ∈ αd and αd ⊂ αs imply (x� y, x) ∈ αs. Hence, (g, x) ∈ αs,
i.e., x � g = g. So, x �∈ Wg. We have obtained a contradiction by assuming
(4.3.29). Thus, the case (b) is impossible.

(iv) To prove this fact it is sufficient to verify that for each g ∈ G the pair
(εg,Wg) satisfies the conditions (3.4.8), (3.4.9), (3.4.10) of Proposition 3.4.2
and the conditions (3.6.7), (3.6.8) of Proposition 3.6.4. The first condition
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means that x �∈ Wg follows from x � y �∈ Wg. This fact have been proved
above. So, (3.4.8) is true. The condition (3.4.9) is fulfilled by the definition
of εg. Let x �∈ Wg and x ≡ y(εg), then x � y �∈ Wg, whence x � (x � y) �∈ Wg.
Hence, x � y ≡ x(εg). The condition (3.4.10) is also true. Suppose that
x � y �∈ Wg, i.e., (x � y) � g = g. The last equality means (g, x � y) ∈ αs.
Since (x � y, x) ∈ αs, then, evidently, (g, x) ∈ αs. Therefore x � g = g, i.e.,
x �∈ Wg. Next, by (3.6.14), we have y � (x � y) = x � (y � y) = x � y.
Hence y � (x � y) �∈ Wg, whence x � y ≡ y(εg). This proves (3.6.7). Now let
x �∈ Wg and y �∈ Wg. In this case x � g = g, y � g = g and g = (x � g)�
(y � g) = y � ((x � g)� g) = y � (x � g) = (x � y) � g, whence x � y �∈Wg.
But x � y = y � (x � y), so y � (x � y) �∈ Wg, i.e., x � y ≡ y(εg). This
proves (3.6.8). So, P(εg,Wg) induced by the pair (εg,Wg) is a representation of
a restrictive �-Menger algebra (G, o,�,�) by n-place functions.

Let (Φ, O,∩,�) be a restrictive ∩-Menger algebra of n-place functions on
a set A, which does not have a zero. Therefore ϕ �= ∅ for each ϕ ∈ Φ, hence
for all ϕ, ψ ∈ Φ the condition ϕ ∩ ψ[ϕn] �= ∅ is true. Thus, there exists
a vector (a1, . . . , an) ∈ An such that ϕ(a1, . . . , an) = ψ[ϕn](a1, . . . , an), i.e.,
ψ(ϕ(a1, . . . , an), . . . , ϕ(a1, . . . , an)) = ϕ(a1, . . . , an). So, ψ(b, . . . , b) = b, where
b = ϕ(a1, . . . , an), hence ψ ∈ St(Φ). We have proved that if a restrictive
∩-Menger algebra (Φ, O,∩,�) of n-place functions does not have a zero, then
it coincides with the stationary subset St(Φ). For this reason in the future we
will consider only algebras of type (Φ, O,∩,�) for which the operation O has
a zero.
Let (G, o,�,�) be a restrictive �-Menger algebra of rank n. A subset H of

G is called �-quasi-stable if the implication

x ∈ H −→ x[x · · ·x]� x ∈ H

is true for all x ∈ G.

Theorem 4.3.12. For a nonempty subset H of a restrictive �-Menger algebra
(G, o,�,�) of rank n to be a stationary subset it is necessary and sufficient that
it is an αd-saturated, �-quasi-stable and satisfies the conditions

0 �∈ H −→ 0� x = 0, (4.3.30)

x[yn] = y ∈ H −→ x ∈ H, (4.3.31)

x[yn]� y �= 0 −→ x ∈ H (4.3.32)

for all x, y ∈ G, where 0 is a zero of the algebra (G, o).

Proof. Necessity. Let (Φ, O,∩,�) be some restrictive ∩-Menger algebra of
n-place functions defined on A, St(Φ) be its stationary subset. In this alge-
bra, the order αd coincides with the set-theoretic inclusion, hence St(Φ) is an
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αd-saturated subset. Now let ϕ ∈ St(Φ), then ϕ(a, . . . , a) = a for some a ∈ A,
whence ϕ[ϕn](a, . . . , a) = ϕ(ϕ(a, . . . , a), . . . , ϕ(a, . . . , a)) = ϕ(a, . . . , a) = a,
hence (an, a) ∈ ϕ[ϕn]∩ϕ. Thus ϕ[ϕn]∩ϕ ∈ St(Φ). So, St(Φ) is ∩-quasi-stable.
Let ϕ be a zero of (Φ, O). If ϕ �∈ St(Φ), then St(Φ) �= Φ. Thus ϕ = ∅,

by (4.3.14). Therefore ϕ ⊂ ψ for every ψ ∈ Φ, i.e., ϕ ∩ ψ = ϕ. This proves
(4.3.30). The rest is a consequence of our Proposition 4.3.1.

Sufficiency. Let a nonempty subset H of a restrictive �-Menger algebra
(G, o,�,�) of rank n satisfy all the conditions of the theorem. For every
element g ∈ G, consider the mapping P(εg,Wg), which is a representation of our
restrictive �-Menger algebra by n-place functions. Next, let P denotes the sum
of the family of representations {P(εg ,Wg)}g∈G0 , where G0 = G \ {0} for 0 �∈ H
and G0 = G for 0 ∈ H, where 0 is a zero of (G, o). Obviously, P is a represen-
tation of this algebra by n-place functions, therefore we must show only that P
is a faithful representation such that H = P−1(St(Φ)), where Φ = P (G). So,
let g1 ∈ H. Suppose that 0 ∈ H, then G0 = G, hence 0 ∈ G0. Consider the
representation P(ε0,W0). It is easy to see that g �∈Wg for every g ∈ G, therefore
0 �∈W0. Let X denote the ε0-class containing 0. It is clear that X �= W0. Since
g1[0

n] = 0, the v-regularity of εg implies g1[Xn] ⊂ X. The last condition means
that P(ε0,W0)(g1)(X, . . . ,X) = X. Hence P (g1)(X, . . . ,X) = X. If 0 �∈ H, then
G0 = G \ {0}. For h = g1 � g1[g1 · · · g1] from g1 ∈ H, by the �-quasi-stability
of H, we deduce h ∈ H, i.e., h �= 0. Therefore h ∈ G0. Consider now the
representation P(εh,Wh). Since h �∈ Wh, so g1 � g1[g1 · · · g1] �∈ Wh. Whence
g1 ≡ g1[g1 · · · g1](εh). Next, by (3.6.14) and (3.6.1), we obtain

g1 � h = g1 � (g1 � g1[g1 · · · g1]) = g1 � (g1 � g1[g1 · · · g1])
= g1 � g1[g1 � g1 · · · g1 � g1] = g1 � g1[g1 · · · g1] = h.

Therefore, g1 � h = h and hence g1 �∈Wh. Let Y be the εh-class containing g1.
It is clear that Y �= Wh and g1[Y

n] ⊂ Y . Hence P(εh,Wh)(g1)(Y, . . . , Y ) = Y,
whence we have P (g1)(Y, . . . , Y ) = Y . So, P (g1) has a fixed point, i.e., P (g1) ∈
St(Φ). Thus, we have proved that the implication

g1 ∈ H −→ P (g1) ∈ St(Φ)

is satisfied. Conversely, let P (g1) ∈ St(Φ) for some g1 ∈ G. Since P =∑
g∈G0

P(εg,Wg), then there exists g ∈ G such that P(εg ,Wg)(g1) has a fixed
point. Let 0 �∈ H. Then, obviously, G0 = G \ {0}, whence g �= 0. Suppose that
X is an εg-class such that P(εg ,Wg)(g1)(X, . . . ,X) = X, i.e., g1[Xn] ⊂ X, where
X �= Wg. Let x be some element of X, then g1[x

n] ≡ x(εg). Since x �∈ Wg,
then, evidently, x � g1[x

n] �∈ Wg, i.e., (x � g1[x
n]) � g = g �= 0. Therefore

(x � g1[x
n]) � g �= 0 is true. From (4.3.30) it follows that 0 � g for all g ∈ G,

where 0 �∈ H. Hence (x � g1[x
n]) � g �= 0 implies x � g1[x

n] �= 0, whence, by
(4.3.32), we have g1 ∈ H. If 0 ∈ H, then for each x ∈ G we have x[0n] = 0 ∈ H,
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whence, by (4.3.31), it follows x ∈ H. So, H = G, hence g1 ∈ H. Thus we
have shown that

P (g1) ∈ St(Φ) −→ g1 ∈ H.

We have proved that H = P−1(St(Φ)).
Finally we show that the representation P is faithful. For this, let the equality

P (g1) = P (g2) be true for some g1, g2 ∈ G. Then P(εg ,Wg)(g1) = P(εg,Wg)(g2)
holds for every g ∈ G0. Thus

g1[X1 · · ·Xn] ⊂ X ←→ g2[X1 · · ·Xn] ⊂ X

for all g ∈ G0, X ∈ A0
εg , (X1, . . . , Xn) ∈ Aεg , where A0

εg denotes the set of
all εg-classes different from Wg and Aεg = A0

εg ∪{{e1}, . . . , {en}}, e1, . . . , en —
selectors in (G∗; o∗). Setting Xi = {ei} for all i = 1, . . . , n, we obtain

g1 ∈ X ←→ g2 ∈ X (4.3.33)

for all g ∈ G0, X ∈ A0
εg . Let 0 ∈ H, then G0 = G, hence g1, g2 ∈ G0. Since

g1 �∈ Wg1 , from the above, taking g = g1, X = 〈g1〉, where 〈g1〉 is the εg1-class
of g1, we conclude that g1, g2 simultaneously belong or not belong to 〈g1〉.
Therefore g1 ≡ g2(εg1). Thus g1 � g2 �∈ Wg1 , i.e., (g1 � g2) � g1 = g1. But
(g1 � g2) � g1 = g1 � g2, so, g1 � g2 = g1. Hence g1 � g2. Similarly we show
that g2 � g1 and therefore g1 = g2. In the second case, when 0 �∈ H, we have
G0 = G\{0} and, by (4.3.28), g2 �= 0 for every g ∈ G. Suppose that g1 = 0 and
g2 �= 0, then g2 ∈ G0. But g2 �∈ Wg2 , so, by (4.3.33), we obtain g1 ≡ g2(εg2),
i.e., (g1 � g2) � g2 = g2. Therefore g1 � g2 = g2, whence g2 � g1 = 0. Thus
g2 = 0 and so, g1, g2 are simultaneously equal or not equal to 0. In the first
case g1 = g2. In the second case g1, g2 ∈ G0 and, consequently (as it was just
proved) also g1 = g2. This means that P is one-to-one. So, P is a faithful
representation.

Theorem 4.3.13. For a nonempty subset H of G to be a stationary subset of
a functional Menger �-algebra G� = (G, o,�, R1, . . . , Rn) with a zero 0, it is
necessary and sufficient to be a �-quasi-stable subset satisfying for all x, y ∈ G
the conditions (4.3.31), (4.3.32) and

0 �∈ H −→ Ri0 = 0, (4.3.34)

where i = 1, . . . , n.

Proof. The necessity of these conditions is a consequence of Proposition 4.3.1,
we shall therefore only prove their sufficiency. For this assume that a nonempty
subset H of G satisfies all the conditions of the theorem and consider on G
a binary relation Eg and a subset Wg defined in the following way:

Eg = {(x, y) ∈ G×G | g � x� y ∨ x, y �∈ χ〈g〉},
Wg = {x ∈ G |x �∈ χ〈g〉},
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where g ∈ G is fixed. From the proof of Theorem 3.4.5, it follows that the
relation Eg is a v-regular equivalence for which each nonempty subset Wg is an
Eg-class and an l-ideal simultaneously. Thus the pair (Eg,Wg) determines the
simplest representation Pg = P(Eg ,Wg) of (G, o) by n-place functions. From the
proofs of Theorems 3.6.6 and 3.7.7 it follows that Pg is also a representation
of G�. Hence P =

∑
h∈G0

Ph, where G0 = G \ {0} if 0 �∈ H, and G0 = G, if
0 ∈ H, is also a representation of G�. We must only prove that P is a faithful
representation satisfying condition (4.3.10).
First we shall show that H satisfies the condition

0 ∈ H −→ H = G. (4.3.35)

Indeed, let g ∈ G be any element of the algebra G�, then g[0 · · · 0] = 0 ∈ H,
whence by axiom (4.3.31) we obtain g ∈ H. So, G ⊆ H ⊆ G, hence, H = G.
Now we shall prove that H is a stationary subset of G�. Let g ∈ H and

P0 = P(E0,W0). If 0 ∈ H, then G0 = G = H, whence 0 ∈ G0. Since g �∈ Wg

for every g ∈ G, we have 0 �∈ W0. Let X be the E0-class, indexed by a, which
contains 0. Clearly X �= W0. From g[0 · · · 0] = 0, applying the v-regularity
of E0, we obtain g[X · · ·X] ⊆ X. Consequently, P0(g)(a, . . . , a) = a. Hence,
P (g)(a, . . . , a) = a, which proves P (g) ∈ St(P (G)).
Now let 0 �∈ H. Then G0 = G \ {0} and h = g � g[g · · · g] ∈ H for every

g ∈ H, because H is �-quasi-stable. Thus h �= 0, whence h ∈ G0. We shall
consider the representation Ph. Since h �∈ Wh, we have g � g[g · · · g] �∈ Wh.
Consequently, g ≡ g[g · · · g](Eh). Further, using (3.7.12), (3.7.4), and (3.7.5) we
obtain

h[R1g · · ·Rng] = (g � g[g · · · g])[R1g · · ·Rng] = g � g[g · · · g][R1g · · ·Rng]

= g � g[g[R1g · · ·Rng] · · · g[R1g · · ·Rng]] = g � g[g · · · g] = h,

i.e., h[R1g · · ·Rng] = h. Therefore h � g, which means that g �∈ Wh. Let Y
denote the Eh-class containing g. Clearly, Y �= Wh and g[Y · · ·Y ] ⊆ Y . Hence
Ph(g)(b, . . . , b) = b, where b is an element used for the indexation of Y . Thus
P (g)(b, . . . , b) = b. This means that also in this case g ∈ H implies P (g) ∈
St(P (G)).
To prove the converse implication let P (g) ∈ St(P (G)) for some g ∈ G.

Since P =
∑

h∈G0
Ph, there exists h ∈ G such that Ph(g) has a fixed point. If

0 �∈ H, then G0 = G \ {0} and h �= 0. Let X = Ha be the Eh-class for which
Ph(g)(a, . . . , a) = a, i.e., g[X · · ·X] ⊆ X, where X �= Wh. Obviously, for any
x ∈ X we have g[x · · ·x] ≡ x(Eh). This means that x� g[x · · ·x] �∈ Wh for any
x ∈ X and therefore

h[R1(x� g[x · · ·x]) · · ·Rn(x� g[x · · ·x])] = h �= 0,

whence Ri(x � g[x · · ·x]) �= 0 for every i = 1, . . . , n. This, in view of (4.3.34),
gives x� g[x · · ·x] �= 0 because in the opposite case 0 ∈ H, which is impossible.
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Applying (4.3.32) to x� g[x · · ·x] �= 0 we obtain g ∈ H. If 0 ∈ H, then H = G,
by (4.3.35). Therefore g ∈ H in any case.
We have thus proved that g satisfies (4.3.10). So, H is a stationary subset

of G�.
To complete the proof we must show that the representation P is faithful.

If P (g1) = P (g2), then P (g1) ⊆ P (g2) and P (g2) ⊆ P (g1), whence g1 � g2 and
g2 � g1. This implies g1 = g2.

Note that the conditions used for the characterization of stationary subsets
of functional Menger �-algebras and the conditions used for the characteriza-
tion of stationary subsets of restrictive �-Menger algebras are not identical.
Nevertheless, as it is proved below, stationary subsets of functional Menger
�-algebras with a zero have the same properties as stationary subsets of re-
strictive �-Menger algebras.

Theorem 4.3.14. For a stationary subset H of a functional Menger �-algebra
G� with a zero 0 the following implications:

0 �∈ H −→ 0 � x, (4.3.36)

x � y ∧ x ∈ H −→ y ∈ H, (4.3.37)

x ∈ H −→ x[x · · ·x] ∈ H, (4.3.38)

x ∈ H −→ Rix ∈ H, (4.3.39)

x[y · · · y] �= 0 −→ Rix ∈ H, (4.3.40)

x[y · · · y] = y �= 0 −→ x ∈ H, (4.3.41)

x ∈ H ∧ x � y −→ Riy ∈ H, (4.3.42)

0 �∈ H ∧ x � 0 −→ x = 0 (4.3.43)

are true for all x, y ∈ G and i = 1, . . . , n.

Proof. If 0 �∈ H, then, by (4.3.34), we obtain Ri0 = 0 for all i = 1, . . . , n.
Hence, 0 = x[0 · · · 0] = x[R10 · · ·Rn0], i.e., 0 = x[R10 · · ·Rn0] for any x ∈ G.
So, 0 � x. This proves (4.3.36).
Now, let the premise of (4.3.37) be satisfied, i.e., x � y and x ∈ H for some

x, y ∈ G. If 0 ∈ H, then H = G by (4.3.35) and therefore y ∈ H. If 0 �∈ H,
then, according to (4.3.36), for every x ∈ G we have 0 � x. Since x ∈ H, the
�-quasi-stability of H implies x[x · · ·x] � x ∈ H. Hence x[x · · ·x] � x �= 0,
because 0 �∈ H. From x � y, by the stability of �, we conclude x[x · · ·x] �
y[x · · ·x]. Consequently, x[x · · ·x]�x � y[x · · ·x]�x. However 0 � x[x · · ·x]�x,
therefore

0 � x[x · · ·x]� x � y[x · · ·x]� x.
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Since x[x · · ·x] � x �= 0, the above gives us y[x · · ·x] � x �= 0, because in the
opposite case, by antisymmetry of �, we obtain x[x · · ·x] � x = 0, which is
impossible. So, y[x · · ·x] � x �= 0, whence, according to (4.3.32), we conclude
y ∈ H. This completes the proof of (4.3.37).
To prove (4.3.38) observe that for x ∈ H, by the �-quasi-stability, we also

have x[x · · ·x]� x ∈ H, which in view of x[x · · ·x]� x � x[x · · ·x] and (4.3.37)
implies x[x · · ·x] ∈ H. So, (4.3.38) is valid too.
Now, we shall verify (4.3.39). Let x ∈ H. If 0 ∈ H then, as it has been

shown in the proof of Theorem 4.3.13, H = G. Thus, in this case, Rix ∈ H for
every i = 1, . . . , n. If 0 �∈ H, then, evidently, x �= 0. Consequently, Rix �= 0
for every i = 1, . . . , n, because in the opposite case from (3.7.5), it follows that
x = 0. This, together with (4.3.38), gives us x[x · · ·x] �= 0 and Rix[x · · ·x] �= 0.
Now, applying (3.7.9), we obtain 0 �= Ri((Rkx)[x · · ·x]), whence, by (4.3.34),
we deduce (Rkx)[x · · ·x] �= 0 for every k = 1, . . . , n. Since (Rkx)[x · · ·x] � x,
we have

(Rkx)[x · · ·x]� x = (Rkx)[x · · ·x] �= 0,

which, by (4.3.32), implies Rkx ∈ H for all k = 1, . . . , n. The condition (4.3.39)
is proved.
The proof of (4.3.40) is similar to the proof of (4.3.39). Namely, let x[y · · · y] �=

0 for some x, y ∈ G. If 0 ∈ H, then, as in the previous case, H = G.
Hence Rix ∈ H for every i = 1, . . . , n. If 0 �∈ H, then Rix[y · · · y] �= 0 for
all i = 1, . . . , n, because in the case Rix[y · · · y] = 0, by (3.7.5), we obtain
x[y · · · y] = x[y · · · y][R1x[y · · · y] · · ·Rnx[y · · · y]] = 0 which contradicts our as-
sumption. Next, applying (3.7.9), we get 0 �= Rix[y · · · y] = Ri((Rkx)[y · · · y]),
whence we deduce (Rkx)[y · · · y] �= 0 for each k = 1, . . . , n. In fact, from the
above, for (Rkx)[y · · · y] = 0, it follows that Ri0 �= 0. This contradicts (4.3.34).
Furthermore, (Rkx)[y · · · y] � y gives

(Rkx)[y · · · y]� y = (Rkx)[y · · · y] �= 0,

whence, by (4.3.32), we obtain Rkx ∈ H. This completes the proof of (4.3.40).
If x[y · · · y] = y �= 0 for some x, y ∈ G, then x[y · · · y] � y = x[y · · · y] �= 0,

whence, according to (4.3.32), we have x ∈ H. This proves (4.3.41).
Now let x � y for some x ∈ H and y ∈ G. Then, obviously, Rix � Riy

for each i = 1, . . . , n. From this, applying (4.3.39) and (4.3.37), we obtain
Riy ∈ H. So, (4.3.42) is also true.
At last, let 0 �∈ H and x � 0. Then 0 � x, by (4.3.36), and 0 = Ri0, by

(4.3.34). Thus 0 = Ri0 � Rix for each i = 1, . . . , n. But from x � 0 we have
also Rix � Ri0 = 0. Therefore Rix = 0 for every i = 1, . . . , n. Consequently,
x = x[R1x · · ·Rnx] = x[0 · · · 0] = 0. This completes the proof of (4.3.43) and
the proof of Theorem 4.3.14.
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4.4 Semi-compatibility relation

Let (Φ, O) be a Menger algebra of n-place functions, ξΦ – the semi-compatibility
relation on it. The system (Φ, O, ξΦ) will be called the transformative Menger
algebra of n-place functions . Transformative f.o.p., f.o., p.q-o. Menger algebras
and (p.q-o.) ∩-Menger algebras of n-place functions are defined analogously.
We start with the following characterization of transformative f.o.p. Menger

algebras.

Theorem 4.4.1. An algebraic system (G, o, ξ, ζ, χ), where (G, o) is a Men-
ger algebra of rank n and ξ, ζ, χ are binary relations on G, is isomorphic to
a transformative f.o.p. Menger algebra of n-place functions if and only if
(a) ξ is an l-regular and i-regular quasi-equivalence for every i = 1, . . . , n,
(b) ζ is an l-regular order,
(c) χ is an l-regular and v-negative quasi-order,
(d) the following conditions are satisfied:

ξ ∩ χ = ζ, (4.4.1)

g1 ↓ g2 ∧ g � g1 ∧ g � u[w̄|ig2] −→ g � u[w̄|ig1], (4.4.2)

g0 ↓ · · · ↓ gm ∧ g1, . . . , gm−1 ∈ {g0, gm}(ξ,χ) −→ g0 ↓ gm (4.4.3)

for all m ∈ N, i = 1, . . . , n, g, g0, . . . , gm ∈ G, u ∈ G∪{ei}, w̄ ∈ Gn, where
g1 ↓ g2, g1 � g2 and g0 ↓ g1 ↓ . . . ↓ gm means respectively (g1, g2) ∈ ξ,
(g1, g2) ∈ χ, (g0, g1) ∈ ξ ∧ · · · ∧ (gm−1, gm) ∈ ξ, {g0, gm}(ξ,χ) is the (ξ, χ)-
closure of the subset {g0, gm} and e1, . . . , en are the selectors of (G∗, o∗).

Proof. Necessity. Let (Φ, O, ξΦ, ζΦ, χΦ) be a transformative f.o.p. Menger
algebra of n-place functions. It is clear that in this algebra the conditions
(4.4.1) and (4.4.2) are satisfied. To prove condition (4.4.3), let (ϕ0, ϕ1) ∈
ξΦ,. . . , (ϕm−1, ϕm) ∈ ξΦ and ϕ1, . . . , ϕm−1 ∈ {ϕ0, ϕm}(ξΦ,χΦ). We can prove
by induction that for every i = 1, . . . ,m − 1, from ϕi ∈ {ϕ0, ϕm}(ξΦ,χΦ) fol-
lows pr1 ϕ0 ∩ pr1 ϕm ⊂ pr1 ϕi. Similarly, for every i = 0, 1, . . . ,m − 1, from
(ϕi, ϕi+1) ∈ ξΦ we conclude ϕi ◦ �pr1 ϕi+1 = ϕi+1 ◦ �pr1 ϕi . So,

ϕi ◦ �pr1 ϕ0∩pr1 ϕm = ϕi+1 ◦ �pr1 ϕ0∩pr1 ϕm

for all i = 0, 1, . . . ,m−1, whence ϕ0 ◦�pr1 ϕm = ϕm ◦�pr1 ϕ0 . Thus (ϕ0, ϕm) ∈
ξΦ, which was to be proved.

Sufficiency. Let (G, o, ξ, ζ, χ) satisfy all the demands of the theorem. Obviously,
the relation ε(ξ, {h1, h2}(ξ,χ)) and the subset {h1, h2}(ξ,χ), where h1, h2 ∈ G,
satisfy (a) of Proposition 2.1.14. Thus, the pairs (ε∗(h1, h2)

,W(h1, h2)), where
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ε∗(h1, h2)
= ε(ξ, {h1, h2}(ξ, χ)) ∪ {(e1, e1), . . . , (en, en)} ,

W(h1, h2) = G \ {h1, h2}(ξ, χ) ,

e1, . . . , en – the selectors in (G∗, o∗), are the determining pairs. Let P be the
sum of the family of the simplest representations, which correspond to the
determining pairs defined by h1, h2 ∈ G.
Let us show that ζ = ζP . Let g1 � g2, i.e., (g1, g2) ∈ ζ. In this case also,

g1[x̄] � g2[x̄] for every x̄ ∈ B = Gn ∪ {(e1, . . . , en)}. If g1[x̄] ∈ {h1, h2}(ξ,χ) for
h1, h2 ∈ G, then, from ζ ⊂ ξ and the ζ-saturability of {h1, h2}(ξ,χ) we conclude

(g1[x̄], g2[x̄]) ∈ ξ ∩ {h1, h2}(ξ, χ) × {h1, h2}(ξ, χ) ⊂ ε∗(h1, h2)
.

Thus, (g1, g2) ∈ ζP . So, ζ ⊂ ζP . Conversely, let (g1, g2) ∈ ζP . Then for
any h1, h2 ∈ G, x̄ ∈ B from g1[x̄] ∈ {h1, h2}(ξ,χ) it follows that g1[x̄] ≡
g2[x̄](ε

∗
(h1, h2)

). This, in particular, for x̄ = (e1, . . . , en) and h1 = h2 = g1
shows that (g1, g2) ∈ ε∗(g1, g1). Since {g1}(ξ,χ) = χ〈g1〉, by (4.4.2), we have also
(g1, g2) ∈ ε(ξ, χ〈g1〉). Moreover, in this case

x � y ∧ y ↓ z −→ x ↓ z (4.4.4)

for all x, y, z ∈ G. Indeed, x � y implies x ↓ y and similarly, x � y and
x ∈ {x, z}(ξ,χ) imply y ∈ {x, z}(ξ,χ). Consequently, according to (4.4.3), from
x ↓ y ↓ z and y ∈ {x, z}(ξ,χ) it follows x ↓ z. The condition (g1, g2) ∈ ε(ξ, χ〈g1〉)
means that there are x0, x1, . . . , xm ∈ G such that x0 = g1, xm = g2 and
(xi, xi+1) ∈ ξ ∩ χ〈g1〉 × χ〈g1〉 for all i = 0, 1, . . . ,m − 1. As g1 ↓ x1 and
g1 � x1, then, according to (4.4.1), is g1 � x1. But x1 ↓ x2, so g1 ↓ x2, by
(4.4.4). Continuing a similar argumentation, after finite number of steps, we
obtain g1 ↓ g2. So, g1 ↓ g2 and g1 � g2 and consequently g1 � g2. This proves
the inclusion ζP ⊂ ζ. Thus ζ = ζP . This means that the representation P is
faithful.
The proofs of χ = χP and ξ = ξP are analogous.

From Theorem 4.4.1, it follows that the relations ξ and ζ are stable. Indeed,
let x ↓ y and xi ↓ yi for all i = 1, . . . , n. Then

x[x1 · · ·xn] ↓ y[x1 · · ·xn],

because the relation ξ is l-regular. Similarly, the i-regularity of χ and xi ↓ yi,
imply

y[y1 · · · yi−1xi · · ·xn] ↓ y[y1 · · · yixi+1 · · ·xn]

for i = 1, . . . , n. Therefore

x[x1 · · ·xn] ↓ y[x1 · · ·xn] ↓ y[y1x2 · · ·xn] ↓ · · · ↓ y[y1 · · · yn]. (4.4.5)
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Let H denote the (ξ, χ)-closure of the set {x[x1 · · ·xn], y[y1 · · · yn]}. Since H
is χ-saturated and x[x1 · · ·xn] � xi for i = 1, . . . , n, all x1, . . . , xn must be
in H. Furthermore we have xn ↓ yn, y[y1 · · · yn−1xn] � y[y1 · · · yn−1xn] and
xn, y[y1 · · · yn] ∈ H, which together with the fact that H is (ξ, χ)-closed gives
us y[y1 · · · yn−1xn] ∈ H. In a similar way, we obtain y[y1 · · · yn−2xn−1xn] ∈ H
and so on. Finally, y[x1 · · ·xn] ∈ H. Therefore

y[x1 · · ·xn] , y[y1x2 · · ·xn] , . . . , y[y1 · · · yn] ∈ H.

This together with (4.4.3) and (4.4.5) gives x[x1 · · ·xn] ↓ y[y1 · · · yn], which
proves the stability of ξ.
The stability of ζ can be proved analogously.

Theorem 4.4.2. An algebraic system (G, o, ξ, ζ), where (G, o) is a Menger
algebra of rank n, ξ and ζ are binary relations on (G, o), is isomorphic to
some transformative f.o. Menger algebra of n-place functions if and only if ξ
is an l-regular and i-regular (for every 1 � i � n) quasi-equivalence, ζ is an
l-regular order contained in ξ and the conditions

g1 ↓ g2 ∧ g � t1(g1) ∧ g � t2(g2) −→ g � t2(g1), (4.4.6)

g0 ↓ · · · ↓ gm ∧ g1, . . . , gm−1 ∈ {g0, gm}(ξ, δ◦ζ) −→ g0 ↓ gm (4.4.7)

are satisfied for all g, g0, g1, . . . , gm ∈ G, t1, t2 ∈ Tn(G).

Proof. We prove only the sufficiency. The necessity can be proved in the
same way as in the previous theorem. Assume that a given algebraic system
(G, o, ξ, ζ) satisfies all the conditions required by the theorem and consider an
l-regular and v-negative quasi-order δ ◦ ζ. Let (g1, g2) ∈ ξ ∩ δ ◦ ζ, i.e., g1 ↓ g2,
g1 � t(g2) and g1 � g1. Then, according to (4.4.6), we have g1 � g2. Thus,
ξ ∩ δ ◦ ζ ⊂ ζ. But ζ ⊂ ξ and ζ ⊂ δ ◦ ζ, hence ξ ∩ δ ◦ ζ = ζ. Further, putting
in (4.4.6) t2(g2) = t(u[w̄|ig2]) for some u ∈ G ∪ {ei}, w̄ ∈ Gn, i = 1, . . . , n,
t ∈ Tn(G), we obtain the condition which is analogous to condition (4.4.2) of
Theorem 4.4.1. This means that (G, o, ξ, ζ, δ ◦ ζ) satisfies all the conditions of
our previous theorem, so there exists a faithful representation P of (G, o) by
n-place functions, such that ξ = ξP and ζ = ζP .

Theorem 4.4.3. An algebraic system (G, o, ξ, χ), where (G, o) is a Menger
algebra of rank n, ξ and χ are binary relations on (G, o), is isomorphic to
some transformative p.q-o. Menger algebra of n-place functions if and only if
ξ is an l-regular and i-regular (for every 1 � i � n) quasi-equivalence, χ is
an l-regular and v-negative quasi-order, the conditions (4.4.2) and (4.4.3) are
satisfied, and

g1 ↓ g2 ∧ g1 � g2 ∧ g2 � g1 −→ g1 = g2 (4.4.8)

for all g1, g2 ∈ G.
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Proof. Indeed, for ζ0 = ξ∩χ condition (4.4.8) is equivalent to the antisymmetry
of ζ0. Thus (G, o, ξ, ζ0, χ) satisfies all the conditions of Theorem 4.4.1, which
means that the above theorem is true.

Corollary 4.4.4. An algebraic system (G, o, ξ), where (G, o) is a Menger al-
gebra of rank n, ξ ⊂ G × G, is isomorphic to some transformative Menger
algebra of n-place functions if and only if ξ is an l-regular and i-regular (for
every 1 � i � n) quasi-equivalence and the following two implications

g1 ↓ g2 ∧ t1(g1) = t2(g2) −→ t1(g1) = t2(g1), (4.4.9)

g0 ↓ · · · ↓ gm ∧ g1, . . . , gm−1 ∈ {g0, gm}(ξ, δ) −→ g0 ↓ gm (4.4.10)

are satisfied for all m ∈ N, g0, g1, . . . , gm ∈ G, t1, t2 ∈ Tn(G).

Proof. Indeed, (G, o, ξ, δ) satisfies all the conditions of Theorem 4.4.3.

The semi-compatibility relation on Menger algebras of reversive n-place func-
tions is characterized in the following theorem.

Theorem 4.4.5. An algebraic system (G, o, ξ, ζ, χ), where (G, o) is a Menger
algebra of rank n � 2, and ξ, ζ, χ are binary relations on G, is isomorphic to
some transformative f.o.p. Menger algebra of reversive n-place functions if and
only if
(a) ξ is an l-regular and i-regular (for every 1� i �n) quasi-equivalence,
(b) χ is an l-regular and v-negative quasi-order,
(c) ζ is an l-regular order contained in ξ ∩ χ,
(d) the following conditions

(g1, g2) ∈ εm〈ξ, χ〈g1〉〉 −→ g1 � g2, (4.4.11)

(g1, g2) ∈ εm〈ξ, χ〈g〉〉 ∧ g � x[ȳ|ig2] −→ g � x[ȳ|ig1], (4.4.12)

(g1, g2) ∈ εm〈ξ, {g1, g2}〈ξ, χ〉〉 −→ g1 ↓ g2 (4.4.13)

are satisfied for all m ∈ N, g, g1, g2 ∈ G, x ∈ G∪{ei}, ȳ ∈ Gn, i = 1, . . . , n,
where {g1, g2}〈ξ, χ〉 is the 〈ξ, χ〉-closure of {g1, g2}, e1, . . . , en – the selectors
in (G∗, o∗).

Proof. Necessity. Let (Φ, O, ξΦ, ζΦ, χΦ) be a transformative f.o.p. Menger
algebra of reversive n-place functions. First of all, observe that it is not difficult
to prove by induction the following two implications

(ψ1, ψ2) ∈ εm〈ξΦ, H〉 −→ ψ1 ◦ �pr1 H = ψ2 ◦ �pr1 H , (4.4.14)

ψ ∈ Fm(H) −→ pr1 H ⊂ pr1 ψ, (4.4.15)
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where H ⊂ Φ, m ∈ N, ψ, ψ1, ψ2 ∈ Φ are arbitrary, pr1H designates the set⋂
{pr1 ϕ |ϕ ∈ H}, and Fm(H) ⊂ Φ is defined as in Section 2.1 (p. 35) for ρ = ξΦ
and σ = χΦ. The proofs of (4.4.11) and (4.4.12) are similar to the proof of the
analogous conditions of Theorem 3.3.1. To prove (4.4.13), let

(ψ1, ψ2) ∈ εm〈ξΦ, {ψ1, ψ2}〈ξΦ, χΦ〉〉,

where H = {ψ1, ψ2}〈ξΦ, χΦ〉. Since H is the union of all Fm({ψ1, ψ2}),
m = 0, 1, . . ., then, according to (4.4.15), we have pr1 ψ1 ∩ pr1 ψ2 ⊂ pr1 H.
So,

ψ1 ◦ �pr1 ψ1∩pr1 ψ2 = ψ2 ◦ �pr1 ψ1∩pr1 ψ2 ,

whence ψ1 ◦�pr1 ψ2 = ψ2 ◦�pr1 ψ1 , i.e., (ψ1, ψ2) ∈ ξΦ, which was to be proved.

Sufficiency. Let (G, o, ξ, ζ, χ) satisfy all the conditions of the theorem and let P
be the sum of the family of simplest representations of (G, o), which correspond
to the determining pairs (ε∗〈h1, h2〉,W〈h1, h2〉), where h1, h2 ∈ G,

ε∗〈h1, h2〉 = ε〈ξ, {h1, h2}〈ξ, χ〉〉 ∪ {(e1, e1), . . . , (en, en)},

W〈h1, h2〉 = G \ {h1, h2}〈 ξ, χ〉,

e1, . . . , en are selectors in (G∗, o∗). Since these determining pairs satisfy condi-
tion (2.7.1), P is a representation of (G, o) by reversive n-place functions.
Let g1 ↓ g2, x̄ ∈ B = Gn ∪ {(e1, . . . , en)} and g1[x̄], g2[x̄] ∈ {h1, h2}〈ξ, χ〉

for some h1, h2 ∈ G. Since the relation ξ is l-regular, g1 ↓ g2 implies g1[x̄] ↓
g2[x̄]. Therefore (g1[x̄], g2[x̄]) ∈ ε0〈ξ, {h1, h2}〈 ξ, χ〉〉 ⊂ ε∗〈h1, h2〉. Thus, (g1, g2) ∈
ξ(ε∗〈h1, h2〉,W〈h1, h2〉)

for all h1, h2 ∈ G. Hence (g1, g2) ∈ ξP . Conversely, if
(g1, g2)∈ξP , then, according to Section 2.7 (pp. 79, 80), we see that {g1[x̄], g2[x̄]}
⊂ {h1, h2}〈ξ, χ〉 implies (g1[x̄], g2[x̄]) ∈ ε〈ξ, {h1, h2}〈ξ, χ〉〉 for all h1, h2 ∈ G,
x̄ ∈ B. This applied to x̄ = (e1, . . . , en), h1 = g1, h2 = g2 gives (g1, g2) ∈
ε〈ξ, {g1, g2}〈ξ, χ〉〉. Hence, by (4.4.13), we obtain g1 ↓ g2. So, ξP ⊂ ξ, and
consequently ξ = ξP . The proofs of ζ = ζP and χ = χP are similar.
Now, in view of the assumption that ζ is an order, we conclude that P is

one-to-one.

Starting from the formulas given in Section 2.1, each of the conditions (4.4.11),
(4.4.12), and (4.4.13) can be written as a system of elementary conditions.
Moreover, the conditions of Theorem 4.4.1 can be deduced from the conditions
of the above theorem. So, the relations ξ and ζ are stable.

Theorem 4.4.6. Let (G, o) be a Menger algebra of rank n � 2 and ξ, ζ be
binary relations on it. An algebraic system (G, o, ξ, ζ) is isomorphic to some
transformative f.o. Menger algebra of reversive n-place functions if and only if



Section 4.4 Semi-compatibility relation 201

ξ is an l-regular and i-regular (for all 1 � i � n) quasi-equivalence, ζ is a stable
l-regular order contained in ξ, the conditions (4.4.6) and

(g1, g2) ∈ εm〈ξ, {g1, g2}〈ξ, δ◦ζ〉〉 −→ g1 ↓ g2 (4.4.16)

are satisfied for all m ∈ N, g, g1, g2 ∈ G.

Proof. The necessity of the above conditions is obvious. To prove their suf-
ficiency assume that (G, o, ξ, ζ) satisfies all these conditions and consider the
relation χ0 = δ ◦ ζ, which, as it is known, is an l-regular and v-negative quasi-
order containing ζ. By induction, it is not difficult to see that

εm〈ξ, χ0〈g〉〉 ⊂ εv(ζ〈g〉)

for all m ∈ N and g ∈ G. Thus, from (g1, g2) ∈ εm〈ξ, χ0〈g1〉〉 it follows
(g1, g2) ∈ εv(ζ〈g1〉). Hence

(∀t ∈ Tn(G)) (g1 � t(g1)←→ g1 � t(g2)) ,

whence for t = �G we conclude g1 � g2. This proves (4.4.11). Now let
(g1, g2) ∈ εm〈ξ, χ0〈g〉〉 and g � t1(x[ȳ|ig2]). Then (g1, g2) ∈ εv(ζ〈g〉), which
implies g � t1(x[ȳ|ig1]). So condition (4.4.12) is fulfilled. This, together with
(4.4.16), means that (G, o, ξ, ζ, χ0) satisfies all the conditions of Theorem 4.4.5.
Therefore it is isomorphic to some transformative f.o. Menger algebra of rever-
sive n-place functions.

It is not difficult to see that an algebraic system (G, o, ξ, ζ0, χ), where
ζ0 = ξ ∩ χ, satisfies all the conditions of Theorem 4.4.5. So, as a simple
consequence of this theorem, we obtain

Corollary 4.4.7. An algebraic system (G, o, ξ, χ), where (G, o) is a Menger
algebra of rank n � 2 and ξ, χ are binary relations on G, is isomorphic to
some transformative p.q-o. Menger algebra of reversive n-place functions if
and only if ξ is an l-regular and i-regular (for all 1 � i � n) quasi-equivalence,
χ is an l-regular and v-negative quasi-order, and the conditions (4.4.8), (4.4.12),
(4.4.13) are satisfied.

Similarly, an algebraic system (G, o, ξ, δ) satisfies all the conditions of Theo-
rem 4.4.7. Thus, as a consequence of the theorem, we have

Corollary 4.4.8. An algebraic system (G, o, ξ), where (G, o) is a Menger al-
gebra of rank n � 2, ξ ⊂ G×G, is isomorphic to some transformative Menger
algebra of reversive n-place functions if and only if ξ is an l-regular and i-regular
(for every 1 � i � n) quasi-equivalence, and for all m ∈ N, t1, t2, t ∈ Tn(G),
g, g1, g2 ∈ G the conditions (4.4.9) and

(g1, g2) ∈ εm〈ξ, δ〈g〉〉 ∧ g = t(g2) −→ g = t(g1), (4.4.17)
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(g1, g2) ∈ εm〈ξ, {g1, g2}〈ξ,δ〉〉 −→ g1 ↓ g2 (4.4.18)

are satisfied.

Now we will consider transformative ∩-Menger algebras of n-place functions.

Proposition 4.4.9. In a transformative ∩-Menger algebra (Φ, O,∩, ξΦ) of
n-place functions for all ϕ, ψ, ϕi, ψi, γ, α, β ∈ Φ, χ̄ ∈ Φn, i = 1, . . . , n,
t1, t2 ∈ Tn(Φ) the following implications:

ϕ ⊂ ψ −→ (ϕ, ψ) ∈ ξΦ, (4.4.19)

ϕ ⊂ ψ ∧ α ⊂ β ∧ (ψ, β) ∈ ξΦ −→ (α,ϕ) ∈ ξΦ, (4.4.20)

n∧
i=1

(ϕi, ψi) ∈ ξΦ −→
{
α[(ϕ1 ∩ ψ1) · · · (ϕn ∩ ψn)]

= α[ϕ1 · · ·ϕn] ∩ α[ψ1 · · ·ψn],
(4.4.21)

(ϕ, ψ) ∈ ξΦ,

pr1 γ ⊂ pr1 ϕ,

pr1 γ ⊂ pr1 α[χ̄ |i ψ],

⎫⎪⎬⎪⎭ −→ pr1 γ ⊂ pr1 α[χ̄ |i(ϕ ∩ ψ)], (4.4.22)

(ϕ, ψ) ∈ ξΦ −→ t1(ϕ) ∩ t2(ψ) = t1(ϕ ∩ ψ) ∩ t2(ψ) (4.4.23)

are satisfied.

Proof. The conditions (4.4.19) and (4.4.20) are obvious. To prove (4.4.21),
assume (ϕi, ψi) ∈ ξΦ for every i = 1, . . . , n. Then ϕi ◦ �pr1 ψi = ψi ◦ �pr1 ϕi ,
and, consequently,

ϕi ∩ ψi = (ϕi ∩ ψi) ◦ �pr1 ψi
= ϕi ◦ �pr1 ψi

∩ ψi

= ψi ◦ �pr1 ϕi ∩ ψi = ψi ◦ �pr1 ϕi (= ϕi ◦ �pr1 ψi),

for all i = 1, . . . , n. Therefore

α[(ϕ1 ∩ ψ1) · · · (ϕn ∩ ψn)]

= α[(ϕ1 ◦ �pr1 ψ1) · · · (ϕn ◦ �pr1 ψn)] ∩ α[(ψ1 ◦ �pr1 ϕ1) · · · (ψn ◦ �pr1 ϕn)]

= α[ϕ1 · · ·ϕn] ◦ �pr1 ψ1 ◦ · · · ◦ �pr1 ψn ∩ α[ψ1 · · ·ψn] ◦ �pr1 ϕ1 ◦ · · · ◦ �pr1 ϕn

= α[ϕ1 · · ·ϕn] ◦ �pr1 ϕ1 ◦ · · · ◦ �pr1 ϕn ∩ α[ψ1 · · ·ψn] ◦ �pr1 ψ1 ◦ · · · ◦ �pr1 ψn

= α[ϕ1 · · ·ϕn] ∩ α[ψ1 · · ·ψn],

i.e., α[(ϕ1∩ψ1) · · · (ϕn∩ψn)] = α[ϕ1 · · ·ϕn]∩α[ψ1 · · ·ψn], which proves (4.4.21).
Assume now that all the conditions of the premise of (4.4.22) are satisfied.

From (ϕ, ψ) ∈ ξΦ we deduce ϕ ∩ ψ = ϕ ◦ �pr1 ψ = ψ ◦ �pr1 ϕ, whence

pr1 (ϕ ∩ ψ) = pr1 (ϕ ◦ �pr1 ψ) = pr1 ϕ ∩ pr1 ψ.
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But, by assumption, pr1 γ ⊂ pr1 ϕ and pr1 γ ⊂ pr1 α[χ̄ |i ψ]. Thus

pr1 γ ⊂ pr1 ϕ ∩ pr1 ψ = pr1 (ϕ ∩ ψ).

Hence
pr1 γ = �pr1 (ϕ∩ψ)(pr1 γ) ⊂ �pr1 (ϕ∩ψ)(pr1 α[χ̄ |i ψ])

= pr1 α[χ̄ |i (ψ ◦ �pr1 (ϕ∩ψ))] = pr1 α[χ̄ |i(ϕ ∩ ψ)].

This proves (4.4.22).
If (ϕ, ψ) ∈ ξΦ, then, evidently, ϕ ◦ �pr1 ψ = ϕ ∩ ψ. Therefore

t1(ϕ) ∩ t2(ψ) = t1(ϕ) ∩ t2(ψ ◦ �pr1 ψ) = t1(ϕ) ∩ t2(ψ) ◦ �pr1 ψ

= t1(ϕ) ◦ �pr1 ψ ∩ t2(ψ) = t1(ϕ ◦ �pr1 ψ) ∩ t2(ψ)

= t1(ϕ ∩ ψ) ∩ t2(ψ),

which proves (4.4.23) and completes the proof.

Let (G, o,�) be an algebraic system such that (G, o) is a Menger algebra of
rank n, (G,�) – a semilattice, ρ – a quasi-equivalence on G, σ – a v-negative
quasi-order on (G, o), ζ ⊂ ρ ∩ σ – an order in a semilattice (G,�). It can be
shown that if ζ is stable on (G, o), then for any subset X ⊂ G the following
two conditions

(a, b) ∈ ρ ∧ (u[w̄|ia], c) ∈ σ ∧ a, u[w̄|ib] ∈ X −→ c ∈ X, (4.4.24)

(a, b) ∈ ρ ∧ {a, b} ⊂ X −→ a� b ∈ X (4.4.25)

are simultaneously satisfied if and only if X satisfies the condition

(a, b) ∈ ρ ∧ (u[w̄|i(a� b)], c) ∈ σ ∧ a, u[w̄ |i b] ∈ X −→ c ∈ X, (4.4.26)

for all a, b, c ∈ G, u ∈ G ∪ {ei}, w̄ ∈ Gn, i = 1, . . . , n.
Let X�

(ρ,σ) be the least (ρ, σ)-closure of X ⊂ G satisfying condition (4.4.25).
Clearly,

X�
(ρ,σ) =

∞⋃
n=0

n
E� (X),

where g ∈ E�(X) if and only if the premise of (4.4.26) is valid for some
a, b, u, w̄, i. One can show by induction that g ∈

m
E� (X) if and only if the first

formula of Proposition 2.1.15, in which the expression of the form (u[w̄ |k a], g) ∈
σ is replaced by the expression (u[w̄ |k a� b], g) ∈ σ, is true in (G, o,�).
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Proposition 4.4.10. In a ∩-Menger algebra (Φ, O,∩) of n-place functions for
any ϕ, ψ ∈ Φ the following implications

ϕ ∩ ψ ∈ {ϕ, ψ}�(ξΦ, χΦ)
−→ (ϕ, ψ) ∈ ξΦ, (4.4.27)

ϕ ∩ ψ ∈ {ϕ, ψ}�(ξΦ, δΦ◦ζΦ)
−→ (ϕ, ψ) ∈ ξΦ, (4.4.28)

where δΦ = {(ϕ, ψ) | (∃t ∈ Tn(Φ)) ϕ = t(ψ)}, are true.

Proof. Let X ⊂ Φ. For any ϕ ∈ E�(X) there are χ, ψ1, ψ2 ∈ Φ, ω̄ ∈ Φn,
i ∈ {1, . . . , n} such that (ψ1, ψ2) ∈ ξΦ, pr1 χ[ω̄ |i(ψ1 ∩ ψ2)] ⊂ pr1 ϕ and
ψ1, χ[ω̄ |i ψ2] ∈ X. Then

A =
⋂
{pr1 ψ |ψ ∈ X} ⊂ pr1 ψ1 ∩ pr1 χ[ω̄ |i ψ2] ⊂ pr1 ψ1 ∩ pr1 ψ2.

Since (ψ1, ψ2) ∈ ξΦ, we have ψ1 ◦ �pr1 ψ2 = ψ2 ◦ �pr1 ψ1 = ψ1 ∩ ψ2, whence
ψ ◦ �A = ψ2 ◦ �A = (ψ1 ∩ ψ2) ◦ �A. Thus

A ⊂ �A(pr1 χ[ω̄ |i ψ2]) = pr1 χ[ω̄ |i(ψ2 ◦ �A)]

= pr1 χ[ω̄ |i((ψ1 ∩ ψ2) ◦ �A)] ⊂ pr1 χ[ω̄ |i(ψ1 ∩ ψ2)] ⊂ pr1 ϕ.

If ϕ ∈ {ψ1, ψ2}�(ξΦ, χΦ)
, then ϕ ∈

m
E� ({ψ1, ψ2}) for some m ∈ N. Therefore

pr1 ϕ ⊃
⋂
{pr1 ψ |ψ ∈

m−1
E� ({ψ1, ψ2})} ⊃ · · ·

⊃
⋂
{pr1 ψ |ψ ∈ E�({ψ1, ψ2})} ⊃ pr1 (ψ1 ∩ ψ2).

Now let ϕ∩ψ ∈ {ϕ, ψ}�(ξΦ,χΦ)
, then pr1 ϕ∩pr1 ψ ⊂ pr1 (ϕ∩ψ), and consequently

pr1 (ϕ ∩ ψ) = pr1 ϕ ∩ pr1 ψ. So,

ϕ ◦ �pr1 ψ = ϕ ◦ �pr1 ϕ∩pr1 ψ = ϕ ◦ �pr1 (ϕ∩ψ) = ϕ ∩ ψ.

In the same way, we obtain ψ ◦ �pr1 ϕ = ϕ ∩ ψ, ϕ ◦ �pr1 ψ = ψ ◦ �pr1 ϕ and
(ϕ, ψ) ∈ ξΦ. This proves (4.4.27).
The proof of (4.4.28) is similar.

Theorem 4.4.11. An algebraic system (G, o,�, ξ, χ), where (G, o,�) is an
algebra of type (n+1, 2), ξ, χ are binary relations on G, is isomorphic to some
transformative p.q-o. ∩-Menger algebra of n-place functions if and only if (G, o)
is a Menger algebra of rank n, (G,�) is a semilattice, ξ is an l-regular relation,
χ is an l-regular and v-negative quasi-order, and the conditions

(x� y)[z1 · · · zn] = x[z1 · · · zn]� y[z1 · · · zn], (4.4.29)

x� y = x −→ x ↓ y, (4.4.30)
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x� y = x ∧ u� v = u ∧ y ↓ v −→ u ↓ x, (4.4.31)
n∧

i=1

xi ↓ yi −→
{
u[(x1 � y1) · · · (xn � yn)]

= u[x1 · · ·xn]� u[y1 · · · yn],
(4.4.32)

x ↓ y ∧ z � x ∧ z � u[w̄ |i y] −→ z � u[w̄|i(x� y)], (4.4.33)

x� y = x −→ x � y, (4.4.34)

x � x� y −→ x = x� y, (4.4.35)

x� y ∈ {x, y}�(ξ,χ) −→ x ↓ y (4.4.36)

hold for all x, y, z, u, v, xi, yi, zi ∈ G, i = 1, . . . , n, and w̄ ∈ Gn, where u[w̄ |i ]
may be the empty symbol.8

Proof. The necessity of these conditions follows from the two propositions
above. To prove their sufficiency consider an arbitrary algebraic system
(G, o,�, ξ, χ) in which all these conditions are valid. Then from (4.4.30) and
(4.4.34), it follows that an order ζ of a semilattice (G,�) is contained in ξ and
χ. From (4.4.29) and (4.4.21), we obtain the stability of ζ in (G, o). By (4.4.31)
ξ is symmetric.
Let X be a subset of (G, o,�) for which condition (4.4.26) is satisfied for

ρ = ξ and σ = χ. Since X is χ-saturated, X ′ = G \X is an l-ideal of (G, o). It
is not difficult to see that the relation

ε(X) = {(g1, g2) | g1 � g2 ∈ X ∨ g1, g2 ∈ X ′} ⊂ G×G

is a v-congruence on (G, o). Moreover, ε(X) and X ′ satisfy the conditions
(3.4.8)–(3.4.10). Thus, (ε∗(X), X ′) is the determining pair satisfying condition
(3.4.7).
Consider the representation P of (G, o) such that

P =
∑

(h1,h2)∈G×G
P(ε∗

(h1,h2)
,W(h1,h2)

), (4.4.37)

where ε(h1,h2) = ε({h1, h2}�(ξ,χ)), W(h1,h2) = G \ {h1, h2}�(ξ,χ). According to
(3.4.7), for any g1, g2 ∈ G we have P (g1�g2) = P (g1)∩P (g2). Let (g1, g2) ∈ ξP .
Then for any h1, h2 ∈ G, x̄ ∈ B = Gn ∪ {(e1, . . . , en)} from g1[x̄], g2[x̄] ∈
{h1, h2}�(ξ,χ), it follows that g1[x̄]� g2[x̄] ∈ {h1, h2}�(ξ,χ). This inclusion applied
to x̄ = (e1, . . . , en), h1 = g1, h2 = g2 implies g1 � g2 ∈ {g1, g2}�(ξ,χ), which, by
(4.4.36), gives us g1 ↓ g2. Conversely, if g1 ↓ g2 and g1[x̄], g2[x̄] ∈ {h1, h2}�(ξ,χ),
then g1[x̄] ↓ g2[x̄], whence g1[x̄] � g2[x̄] ∈ {h1, h2}�(ξ,χ), according to (4.4.25).
Thus (g1, g2) ∈ ξP , and consequently ξ = ξP .
Similarly we can prove that ζ = ζP and χ = χP . Since ζ is an order, the

above inclusion means that the representation P is faithful.

8 Recall that if u[w̄ |i ] is the empty symbol then u[w̄ |ix] is equal to x.



206 Chapter 4 Relations between functions

Corollary 4.4.12. An algebraic system (G, o,�, ξ), where (G, o,�) is an al-
gebra of type (n + 1, 2), ξ ⊂ G × G, is isomorphic to some transformative
∩-Menger algebra of n-place functions if and only if (G, o) is a Menger alge-
bra of rank n, (G,�) is a semilattice, ξ – an l-regular relation satisfying the
conditions (4.4.29)–(4.4.31) and

x ↓ y −→ t1(x)� t2(y) = t1(x� y)� t2(y), (4.4.38)

x� y ∈ {x, y}�(ξ, δ◦ζ) −→ x ↓ y (4.4.39)

where ζ is a semilattice order and x, y ∈ G, t1, t2 ∈ Tn(G) are arbitrary.

Proof. Indeed, the necessity of (4.4.39) follows from Proposition 4.4.10. The
condition (4.4.38) can be proved directly by checking. To prove the sufficiency,
it is enough to show that the system (G, o,�, ξ, χ(ζ)), where χ(ζ) = δ ◦ ζ,
satisfies all the conditions of Theorem 4.4.11.

Substituting condition (4.4.32) in Theorem 4.4.11 by (3.4.3), we obtain a sys-
tem of conditions that is an abstract characterization of the class of all transfor-
mative p.q-o. ∩-Menger algebras of reversive n-place functions. Adding (3.4.3)
to the conditions of Corollary 4.4.12, we obtain a system of conditions charac-
terizing the class of all transformative ∩-Menger algebras of reversive n-place
functions. Starting from the first condition of Proposition 2.1.15 and condition
(4.4.26) it is not difficult to write (4.4.36) and (4.4.39) as a system of elementary
formulas.

4.5 Co-definability relation

Let ρ be a binary relation on a (f.o.p., f.o., p.q-o.) Menger algebra (G, o) of
rank n. If there exists an isomorphism P of (G, o) onto some (respectively:
f.o.p., f.o., p.q-o.) Menger algebra of (reversive) n-place functions such that
ρ = γP , then ρ is called a (reversive) co-definability relation on a (respectively:
f.o.p., f.o., p.q-o.) Menger algebra (G, o). If (G, o) has a zero 0 and (g, g) ∈ ρ
for any non-zero element g ∈ G, then we say that ρ is 0-reflexive. A symmetric
relation ρ which is reflexive when 0 ∈ pr1 ρ, and 0-reflexive when 0 �∈ pr1 ρ,
is called a 0-quasi-equivalence.

Theorem 4.5.1. For a binary relation γ of a f.o.p. Menger algebra (G, o, ζ, χ)
of rank n to be its co-definability relation it is necessary and sufficient that γ
is an l-cancellative 0-quasi-equivalence, and the following two conditions

(0, 0) �∈ γ −→ 0 � g, (4.5.1)

h1�h2 ∧ g1, g2 ∈ {h1, h2}(ζ, χ) −→ g1� g2 (4.5.2)
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are satisfied for all g, g1, g2, h1, h2 ∈ G, where h1�h2 means (h1, h2) ∈ γ, 0 is
a zero of (G, o) and {h1, h2}(ζ, χ) is the (ζ, χ)-closure of {h1, h2}.

Proof. Necessity. Let (Φ, O, ζΦ, χΦ) be a f.o.p. Menger algebra of n-place
functions with the co-definability relation γΦ defined as in Section 1.2. Assume
that ϕ is a zero of (Φ, O). If ϕ �= ∅, then pr1 ϕ �= ∅. Thus (ϕ, ϕ) ∈ γΦ. If
ϕ = ∅, then pr1 ϕ = ∅. Therefore (ϕ, ϕ) �∈ γΦ and ϕ ⊂ ψ for any ψ ∈ Φ. Thus
γΦ is ϕ-reflexive and satisfies condition (4.5.1). Since it is also symmetric, it is
a ϕ-quasi-equivalence.
Now let (α[ψ̄], β[ψ̄]) ∈ γΦ for some α, β ∈ Φ and ψ̄ ∈ Φn. Then pr1 α[ψ̄] ∩

pr1 β[ψ̄] �= ∅. Thus there exists ā such that α[ψ̄]〈ā〉 �=∅ and β[ψ̄]〈ā〉 �= ∅.
So, {α(ψ1(ā), . . . , ψn(ā))} �= ∅ and {β(ψ1(ā), . . . , ψn(ā))} �= ∅, whence
(ψ1(ā), . . . , ψn(ā)) ∈ pr1 α ∩ pr1 β, i.e., pr1 α ∩ pr1 β �= ∅. This implies
(α, β) ∈ γΦ. So, the relation γΦ is l-cancellative.
Similarly (α, β) ∈ γΦ and ϕ, ψ ∈ {α, β}(ζΦ, χΦ) imply pr1 α ∩ pr1 β �= ∅.

Moreover, in this case pr1 α∩pr1 β ⊂ pr1 ϕ∩pr1 ψ, which can be simply proved
by induction starting from Proposition 2.1.15. So, pr1 ϕ ∩ pr1 ψ �= ∅, i.e.,
(ϕ, ψ) ∈ γΦ. This proves (4.5.2 ) and completes the proof of the necessity.

Sufficiency. Assume that the relation γ ⊂ G×G satisfies all the conditions of
the theorem. Let

(
(ε∗(h1, h2)

,W(h1, h2))
)
(h1, h2)∈γ be the family of the determining

pairs such that

ε∗(h1, h2)
= ε(ζ−1 ◦ ζ, {h1, h2}(ζ, χ)) ∪ {(e1, e1), . . . , (en, en)},

W(h1, h2) = G \ {h1, h2}(ζ, χ),

e1, . . . , en – selectors in (G∗, o∗). Consider the sum P of the family of the
simplest representations determined by these pairs. If g1 � g2, h1�h2, x̄ ∈
B = Gn∪{(e1, . . . , en)} and g1[x̄] ∈ {h1, h2}(ζ, χ), then the stability of ζ implies
g1[x̄] � g2[x̄]. Whence g2[x̄] ∈ {h1, h2}(ζ,χ), and consequently, (g1[x̄], g2[x̄]) ∈
ζ−1 ◦ ζ ∩ ({h1, h2}(ζ,χ))2 ⊂ ε∗(h1,h2)

. So, ζ ⊂ ζ(ε∗
(h1,h2)

,W(h1,h2)
) for all (h1, h2) ∈ γ,

i.e., ζ ⊂ ζP . Conversely, if (g1, g2) ∈ ζP , then for all (h1, h2) ∈ γ and x̄ ∈ B from
g1[x̄] ∈ {h1, h2}(ζ, χ) it follows (g1[x̄], g2[x̄]) ∈ ζ−1 ◦ ζ ∩ ({h1, h2}(ζ, χ))2, where
ρ denotes a transitive closure of a binary relation ρ. This for x̄ = (e1, . . . , en)
means that the implication

g1 ∈ {h1, h2}(ζ, χ) −→ (g1, g2) ∈ ζ−1 ◦ ζ ∩ ({h1, h2}(ζ, χ))2

is true for all (h1, h2) ∈ γ. Since {g1}(ζ,χ) = χ〈g1〉, the above gives (g1, g2) ∈
ζ−1 ◦ ζ ∩ χ〈g1〉 × χ〈g1〉 for all (g1, g1) ∈ γ. Thus g1 � g2. If (g1, g1) �∈ γ, then
g1 = 0, whence g1 � g2, according to (4.5.1). Therefore ζP ⊂ ζ. So, ζ = ζP .
The proof of χ = χP is analogous.
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Now let g1�g2. Then, obviously, {g1[e1 · · · en], g2[e1 · · · en]} ∩W(g1,g2) = ∅,
because g1, g2 ∈ {g1, g2}(ζ,χ). Thus (g1, g2) ∈ γ(ε∗

(g1,g2)
,W(g1, g2)

) ⊂ γP , by re-
sults obtained in Section 2.7. So, γ ⊂ γP . Conversely, if (g1, g2) ∈ γP , then
g1[x̄], g2[x̄] ∈ {h1, h2}(ζ,χ) for some (h1, h2) ∈ γ, x̄ ∈ B. From this, by (4.5.2),
we obtain g1[x̄]�g2[x̄], whence, by the l-cancellativity of γ, we get g1�g2. Thus,
γP ⊂ γ, i.e., γ = γP . Using the antisymmetry of ζ it is not difficult to see that
the representation P is faithful.

Putting ρ = ζ and σ = χ in the formula (2.1.12), one can prove that condition
(4.5.2) is equivalent to the system of implications (A′m)m∈N, where

A′m : h1�h2 ∧ g1, g2 ∈
m
E ({h1, h2}) −→ g1� g2.

Furthermore, from Proposition 2.1.15, it follows that each implication A′m is
equivalent to the formula

Am : h1�h2 ∧ A1m ∧ A2m −→ g1� g2 ,

where

Asm :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

as1 � bs1 ∧ us1[w̄s1 |ks1as1] � gs ,

2m−1−1∧
i=1

⎛⎜⎝as,2i � bs,2i ∧ us,2i[w̄s,2i |ks,2ias,2i] � as,i ,

as,2i+1 � bs,2i+1 ,

us,2i+1[w̄s,2i+1 |ks,2i+1as,2i+1] � us,i[w̄s,i |ks,ibs,i]

⎞⎟⎠ ,

2m−1∧
i=2m−1

(
as,i, us,i[w̄s,i |ks,ibs,i] ∈ {h1, h2}

)
for s = 1, 2.
In this way, we have showed that condition (4.5.2) is equivalent to the system

of elementary formulas (Am)m∈N. Thus, the following theorem has been proved.

Theorem 4.5.2. A binary relation γ of a f.o.p. Menger algebra (G, o, ζ, χ)
of rank n is its co-definability relation if and only if γ is an l-cancellative
0-quasi-equivalence and condition (4.5.1) together with the system of elementary
formulas (Am)m∈N are satisfied.

Replacing in each Am the conditions of the form αs,j � βs, where αs,j =
us,j [w̄s,j |ks,jas,j ] and βs is one of the expressions gs, as,i, us,i[w̄s,i |ks,ibs,i], by
the conditions αs,j � ts,j(βs), where j ∈ {1, 2i, 2i + 1}, we obtain a system of
formulas that will be denoted by (Cm)m∈N.
Using these formulas, we can give the following characterization of the co-

definability relations in f.o. Menger algebras.
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Corollary 4.5.3. A binary relation γ of a f.o. Menger algebra (G, o, ζ) of
rank n is its co-definability relation if and only if γ is an l-cancellative
0-quasi-equivalence and the condition (4.5.1) together with the system of for-
mulas (Cm)m∈N are satisfied.

Indeed, it is easy to see that on a f.o.p. Menger algebra (G, o, ζ, χ(ζ)), where
χ(ζ) = δ ◦ ζ, such γ satisfies all the conditions of Theorem 4.5.2.

Theorem 4.5.4. A binary relation γ on a p.q-o. Menger algebra (G, o, χ) of
rank n is its co-definability relation if and only if it is an l-cancellative 0-quasi-
equivalence such that

(0, 0) �∈ γ ∧ g � 0 −→ g = 0, (4.5.3)

h1�h2 ∧ h1 � g1 ∧ h2 � g2 −→ g1� g2 (4.5.4)

hold for all h1, h2, g1, g2, g ∈ G.

Proof. Since the necessity of these conditions is obvious, we only prove their suf-
ficiency. For this consider on a p.q-o. Menger algebra (G, o, χ) an l-cancellative
0-quasi-equivalence γ satisfying the conditions (4.5.3) and (4.5.4). It is easy to
check that the relation

ζ0 =

{
�G if (0, 0) ∈ γ,

�∪ {(0, g) | g ∈ G} if (0, 0) �∈ γ,

is the stable order on (G, o). Since χ is v-negative, then for all g ∈ G we have
0 � g. Thus ζ0 ⊂ χ. Also it is not difficult to see that a subset H of (G, o)
is (ζ0, χ)-closed if and only if it is χ-saturated. So, (G,O, ζ0, χ, γ) satisfies all
the conditions of Theorem 4.5.1. Therefore, γ is the co-definability relation on
(G, o, χ).

Corollary 4.5.5. A binary relation γ on a Menger algebra (G, o) of rank n
is its co-definability relation if and only if it is an l-cancellative and v-negative
0-quasi-equivalence.

Indeed, on a p.q-o. Menger algebra (G, o, δ) γ satisfies all the conditions of
Theorem 4.5.4. We will now characterize the reversive co-definability relation
on a strong Menger algebra.

Theorem 4.5.6. For a binary relation γ on a strong f.o.p. Menger algebra
(G, o, ζ, χ) of rank n � 2 to be its reversive co-definability relation, it is neces-
sary and sufficient that γ is an l-cancellative 0-quasi-equivalence satisfying for
all h1, h2, g1, g2 ∈ G the condition

h1�h2 ∧ g1, g2 ∈ {h1, h2}〈ζ−1◦ ζ, χ〉 −→ g1� g2 , (4.5.5)

where {h1, h2}〈ζ−1◦ ζ,χ〉 denotes the 〈ζ−1 ◦ ζ, χ〉-closure of {h1, h2}.
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Proof. Necessity. Let (Φ, O, ζΦ, χΦ) be some f.o.p. Menger algebra of reversive
n-place functions. Let us show that γΦ satisfies condition (4.5.5). Indeed, it is
not difficult to see that for all m ∈ N, ψ ∈ Φ, H ⊂ Φ the following implication
is true

ψ ∈ Fm(H) −→ pr1H ⊂ pr1 ψ, (4.5.6)

where pr1 H =
⋂
{pr1 ϕ |ϕ ∈ H} and Fm(H) ⊂ Φ is defined as in Section 2.1

on p. 35 for ρ = ζ−1Φ ◦ ζΦ, σ = χΦ. Thus, according to (4.5.6), for (ψ1, ψ2) ∈ γΦ
and ϕ1, ϕ2 ∈ {ψ1, ψ2}〈ζ−1

Φ ◦ ζΦ,χΦ〉, we have ∅ �= pr1 ψ1 ∩ pr1 ψ2 ⊂ pr1 ϕ∩ pr1 ϕ2,
whence (ϕ1, ϕ2) ∈ γΦ, which was to be proved.

Sufficiency. Let γ satisfy the conditions of the theorem. First observe that
0 � g for any g ∈ G, where 0 is a zero of (G, o). Indeed, χ is v-negative, so
0[gn] � g. But, 0[gn] � 0, 0 � 0 and 0[0g · · · g] � 0. Thus

(0[gn], 0) ∈ ε0〈ζ−1 ◦ ζ, χ〈0〉〉 and (0, 0[0g · · · g]) ∈ ε0〈ζ−1 ◦ ζ, χ〈0〉〉,

whence (0, g) ∈ ε1〈ζ−1 ◦ ζ, χ〈0〉〉, which, by (3.3.2), proves 0 � g.
Let P be the sum of these simplest representations of a Menger algebra (G, o),

which correspond to the family of the determining pairs

(ε∗(h1,h2)
,W(h1,h2))(h1,h2)∈γ ,

where

ε∗(h1,h2)
= ε〈ζ−1 ◦ ζ, {h1, h2}〈ζ−1◦ ζ, χ〉〉 ∪ {(e1, e1), . . . , (en, en)},

W(h1, h2) = G \ {h1, h2}〈ζ−1◦ ζ, χ〉 ,

e1, . . . , en – the selectors in (G∗, o∗). Since these determining pairs satisfy
(2.7.1), the sum P is a representation of (G, o) by reversive n-place functions.
Let g1 � g2, x̄ ∈ B = Gn∪{(e1, . . . , en)} and g1[x̄] ∈ {h1, h2}〈ζ−1◦ ζ,χ〉, where

h1�h2. Then g1[x̄] � g2[x̄], because ζ is l-regular. From this, we conclude
g2[x̄] ∈ {h1, h2}〈ζ−1◦ ζ,χ〉 and

(g1[x̄], g2[x̄]) ∈ ε0〈ζ−1 ◦ ζ, {h1, h2}〈ζ−1◦ ζ,χ〉〉 ⊂ ε∗(h1,h2)
.

So, ζ ⊂ ζP . Conversely, let (g1, g2) ∈ ζP . If g1 = 0, then g1 � g2. If g1 �= 0,
then g1� g1, and consequently (g1, g2) ∈ ζ(ε∗

(g1,g1)
,W(g1,g1)

). Whence (g1, g2) ∈
εm〈ζ−1 ◦ ζ, χ〈g1〉〉 for some m ∈ N. This, according to (3.3.2), implies g1 � g2.
So, ζP ⊂ ζ and therefore ζ = ζP . The equality obtained proves that the
representation P is faithful.
The proof of χ = χP is similar. The equality γ = γP can be proved in the

same way as in the proof of Theorem 4.5.1.
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Corollary 4.5.7. For a binary relation γ on a strong f.o. Menger algebra
(G, o, ζ) of rank n � 2 to be its reversive co-definability relation, it is neces-
sary and sufficient to be an l-cancellative 0-quasi-equivalence satisfying for all
h1, h2, g1, g2 ∈ G the condition

h1�h2 ∧ g1, g2 ∈ {h1, h2}〈ζ−1◦ ζ, δ◦ ζ〉 −→ g1� g2 . (4.5.7)

Indeed, such γ is a reversive co-definability relation on a strong f.o.p. Menger
algebra (G, o, ζ, χ(ζ)), where χ(ζ) = δ ◦ ζ.

Theorem 4.5.8. A binary relation γ on a strong f.o. Menger algebra (G, o, χ)
of rank n � 2 is its reversive co-definability relation if and only if it is an
l-cancellative 0-quasi-equivalence satisfying for all h1, h2, g1, g2 ∈ G the condi-
tion

h1�h2 ∧ g1, g2 ∈ {h1, h2}〈
G, χ〉 −→ g1� g2 . (4.5.8)

Proof. The necessity of these conditions can be checked in the same way as in
the previous theorem. To prove the sufficiency, we consider the representation

P =
∑

(h1,h2)∈γ
P(ε∗

(h1,h2)
,W(h1,h2)

),

of (G, o) by reversive n-place functions, where

ε∗(h1,h2)
= ε〈�G, {h1, h2}〈
G,χ〉〉 ∪ {(e1, e1), . . . , (en, en)},

W(h1,h2) = G \ {h1, h2}〈
G,χ〉,

e1, . . . , en – the selectors in (G∗, o∗), and prove that χ = χP and γ = γP .
Thus, from the proof of Theorem 3.3.3 we conclude that this representation is
faithful.

Theorem 4.5.9. A binary relation γ on a strong Menger algebra (G, o) of rank
n � 2 is its reversive co-definability relation if and only if it is an l-cancellative
0-quasi-equivalence satisfying for all h1, h2, g1, g2 ∈ G the condition

h1�h2 ∧ g1, g2 ∈ {h1, h2}〈 ∧
ζ
−1

◦
∧
ζ, δ◦

∧
ζ
〉 −→ g1� g2 , (4.5.9)

where
∧
ζ is a strong order on (G, o).

Proof. Let P be a faithful representation of (G, o) by reversive n-place functions

such that γ = γP . Since
∧
ζ ⊂ ζP and δ ◦

∧
ζ ⊂ δ ◦ ζP ⊂ χP , then

{h1, h2}〈 ∧
ζ
−1

◦
∧
ζ, δ ◦

∧
ζ
〉 ⊂ {h1, h2}〈 ζ−1

P ◦ ζP , χP

〉.
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Thus, from the premise of (4.5.9) we get (g1, g2) ∈ {h1, h2}〈 ζ−1
P ◦ ζP , χP

〉 and
h1�h2, which, according to (4.5.5), implies g1� g2. Conversely, if γ satisfies
the conditions of the theorem, then, evidently, it satisfies the conditions of

Corollary 4.5.7 for a strong f.o. Menger algebra (G, o,
∧
ζ). Whence γ is a rever-

sive co-definability relation on (G, o).

Using the same argumentation as in Section 2.1, one can see that condition
(4.5.9) is equivalent to a system of elementary formulas and each one of them
can be obtained by a finite number of steps.

4.6 Connectivity relation

A binary relation κ on a Menger algebra (G, o) of rank n is called a (reversive)
connectivity relation, if there exists an isomorphism P of (G, o) onto some
Menger algebra of (reversive) n-place functions such that κ = κP , where κP is
defined as in Section 2.7, p. 79.
For any h1, h2 ∈ G by θ(h1, h2) we shall denote the set of pairs (g1, g2) ∈ G×G

for which there exist x, y ∈ {h1, h2} and t ∈ Tn(G) such that g1 = t(x),
g2 = t(y). By [h1, h2](ζ,χ), where ρ(h1, h2) = ζ ∪ θ(h1, h2),
we shall denote the (ρ(h1, h2), χ)-closure of the set {h1, h2} in a f.o.p. Menger
algebra (G, o, ζ, χ).
The following theorem gives the characterization of the connectivity relation

in the class of all f.o.p. Menger algebras.

Theorem 4.6.1. For a relation κ ⊂ G × G to be a connectivity relation on a
f.o.p. Menger algebra (G, o, ζ, χ) of rank n it is necessary and sufficient that
it is 0-reflexive, l-cancellative and for all h1, h2, g1, g2, g ∈ G the following two
conditions hold:

(0, 0) �∈ κ −→ 0 � g, (4.6.1)

(h1, h2) ∈ κ

(g1, g2) ∈ ε(h1, h2)

g1 ∈ [h1, h2](ζ,χ)

⎫⎪⎬⎪⎭ −→ (g1, g2) ∈ κ , (4.6.2)

where 0 is a zero of (G, o), x � y ←→ (x, y) ∈ ζ and ε(h1, h2) denotes the
relation ε(ζ−1 ◦ ζ ∪ θ(h1, h2), [h1, h2](ζ,χ)) defined according to (2.1.8).

Proof. Necessity. We only verify condition (4.6.2), because the rest is obvious.
Let (Φ, O, ζΦ, χΦ) be a fixed f.o.p. Menger algebra of n-place functions. If
(f1, f2) ∈ κΦ, (ϕ1, ϕ2) ∈ ε(f1, f2) and ϕ1 ∈ [f1, f2](ζΦ,χΦ), then the last two
conditions give ϕ2 ∈ [f1, f2](ζΦ,χΦ). As f1 ∩ f2 �= ∅, there are ā, b such that
(ā, b) ∈ f1 ∩ f2, whence f1(ā) = f2(ā). Next, by induction we can show that



Section 4.6 Connectivity relation 213

ϕ1, ϕ2 ∈ [f1, f2](ζΦ,χΦ) implies ā ∈ pr1 ϕ1∩pr1 ϕ2. Furthermore, from (ϕ1, ϕ2) ∈
ε(f1, f2) we deduce

{(ϕ1, χ1), (χ1, χ2), . . . , (χm, ϕ2)} ⊂ ζ−1Φ ◦ ζΦ ∪ θ(f1, f2),

{χ1, χ2, . . . , χm} ⊂ [f1, f2](ζΦ,χΦ)

for some m ∈ N and χ1, . . . , χm ∈ Φ. The last inclusion gives us, of course,
ā ∈ pr1 χi for all i = 1, . . . ,m. Moreover, for the pair (ϕ1, χ1) we have

(ϕ1, χ1) ∈ ζ−1Φ ◦ ζΦ or (ϕ1, χ1) ∈ θ(f1, f2).

In the first case, ϕ1 ⊂ γ and χ1 ⊂ γ for some γ ∈ Φ. Thus ϕ1(ā) = γ(ā)
= χ1(ā). In the second case, {ϕ1, χ1} ⊂ {t(f1), t(f2)} for some t ∈ Tn(Φ).
Since from f1(ā) = f2(ā), it follows that t(f1)(ā) = t(f2)(ā), we have also
ϕ1(ā) = χ1(ā). Repeating this procedure we obtain χ1(ā) = χ2(ā) and so on.
Thus, ϕ1(ā) = χ1(ā) = χ2(ā) = · · · = χm(ā) = ϕ2(ā). So, ϕ1 ∩ ϕ2 �= ∅, i.e.,
(ϕ1, ϕ2) ∈ κΦ, which was to be proved.

Sufficiency. Assume that a binary relation κ on a f.o.p. Menger algebra
(G, o, ζ, χ) of rank n satisfies all the conditions of the theorem. Let P be
the sum of these simplest representations of a Menger algebra (G, o), which
correspond to the family of the determining pairs (ε∗(h1,h2)

,W(h1,h2)), where
(h1, h2) ∈ κ and

ε∗(h1,h2)
= ε(h1, h2) ∪ {(e1, e1), . . . , (en, en)},

W(h1,h2)) = G \ [h1, h2](ζ,χ),

e1, . . . , en – are the selectors in (G∗, o∗). Let us show that P is a faithful
representation such that ζ = ζP , χ = χP and κ = κP .
Let g1 � g2. Then, using the stability of ζ, we have g1[x̄] � g2[x̄] for all

x̄ ∈ B = Gn ∪ {(e1, . . . , en)}. Thus, for g1[x̄] ∈ [h1, h2](ζ,χ), where (h1, h2) ∈ κ,
we have g2[x̄] ∈ [h1, h2](ζ,χ). Hence,

(g1[x̄], g2[x̄]) ∈ ζ ∩
(
[h1, h2](ζ,χ)

)2 ⊂ ε(h1, h2).

So, ζ ⊂ ζP .
Conversely, if (g1, g2) ∈ ζP , then, evidently, for all (h1, h2) ∈ κ, x̄ ∈ B from

g1[x̄] ∈ [h1, h2](ζ,χ), it follows that (g1[x̄], g2[x̄]) ∈ ε(h1, h2). This, applied to
x̄ = (e1, . . . , en), means that for all (h1, h2) ∈ κ from g1 ∈ [h1, h2](ζ,χ) it follows
that (g1, g2) ∈ ε(h1, h2). If g1 �= 0, then according to the 0-reflexivity of κ, we
have (g1, g1) ∈ κ. Consequently, putting h1 = h2 = g1, we get

(g1, g2) ∈ ζ−1 ◦ ζ ∩ χ〈g1〉 × χ〈g1〉,
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whence, as it is known (see the proof of Theorem 4.3.3), we obtain g1 � g2.
The same argumentation take place when g1 = 0 and (0, 0) ∈ κ. If g1 = 0
and (0, 0) �∈ κ, then, according to (4.6.1), we have g1 = 0 � g2. This proves
the inclusion ζP ⊂ ζ, and consequently, the equality ζ = ζP . The proof of the
equality χ = χP is similar. Since ζ is an order, from the above, it follows that
the representation P is faithful.
Now let (g1, g2) ∈ κ. Since {g1, g2} ⊂ [g1, g2](ζ,χ) and (g1, g2) ∈ θ(g1, g2),

we have also (g1, g2) ∈ ε(g1, g2), i.e., (g1[e1, . . . , en], g2[e1, . . . , en]) ∈ ε(g1, g2).
So, there exist such (h1, h2) ∈ κ and x̄ ∈ B such that g1[x̄] ∈ [h1, h2](ζ,χ) and
(g1[x̄], g2[x̄]) ∈ ε(g1, g2). Thus (g1, g2) ∈ κP . Conversely, if (g1, g2) ∈ κP , then
g1[x̄] ∈ [h1, h2](ζ,χ) and g1[x̄] ≡ g2[x̄](ε(h1, h2)) for some x̄ ∈ B and (h1, h2) ∈ κ.
Whence, according to (4.6.2), we get (g1[x̄], g2[x̄]) ∈ κ. This, according to the
l-cancellativity of κ, implies (g1, g2) ∈ κ. Therefore κ = κP , which completes
the proof.

Based on the definition of the relation ε(h1, h2), it is not difficult to see that
condition (4.6.2) is equivalent to the system of implications (Am)m∈N, where

Am : (h1, h2) ∈ κ ∧ A′m −→ (x0, xm) ∈ κ ,

and

A′m :
m−1∧
i=0

(
(xi � zi ∧ xi+1 � zi ) ∨

(xi = ti(h1) ∧ xi+1 = ti(h2) )

)
∧ x0, . . . , xm ∈ [h1, h2](ζ,χ)

for all h1, h2, xi, zi ∈ G, ti ∈ Tn(G), i = 0, 1, . . . ,m.

Thus the following theorem is true.

Theorem 4.6.2. For a relation κ ⊂ G×G to be a connectivity relation on a
f.o.p. Menger algebra (G, o, ζ, χ) of rank n it is necessary and sufficient that
κ is 0-reflexive, l-cancellative and condition (4.6.1) together with the system of
elementary formulas (Am)m∈N are satisfied.

Now let (G, o, ζ) be a f.o. Menger algebra of rank n. As it is known,9 the
system (G, o, ζ, δ ◦ ζ) is a f.o.p. Menger algebra, so, as a simple consequence of
our Theorem 4.6.2, we obtain the following corollary.

Corollary 4.6.3. For a relation κ ⊂ G × G to be a connectivity relation on
a f.o. Menger algebra (G, o, ζ) it is necessary and sufficient to be 0-reflexive,
l-cancellative and to satisfy condition (4.6.1) together with the system of for-
mulas (Am)m∈N, in which χ is replaced by δ ◦ ζ.

9 See the proof of Theorem 3.2.3.
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Consider now a p.q-o. Menger algebra (G, o, χ) of rank n and a binary
relation κ ⊂ G×G. Let

ζ0 =

{
�G if (0, 0) ∈ κ,

�G ∪ {0} ×G if (0, 0) �∈ κ.

Then, as it is not difficult to see, ζ0 is a stable order on (G, o).

Theorem 4.6.4. For κ to be a connectivity relation on a p.q-o. Menger algebra
(G, o, χ) of rank n it is necessary and sufficient to be 0-reflexive, l-cancellative
and to satisfy for all h1, h2, g, g1, g2 ∈ G the following conditions:

(0, 0) �∈ κ ∧ g � 0 −→ g = 0, (4.6.3)

(h1, h2) ∈ κ

(g1, g2) ∈ ε0(h1, h2)

g1 ∈ [h1, h2](ζ0,χ)

⎫⎪⎬⎪⎭ −→ (g1, g2) ∈ κ, (4.6.4)

where
ε0(h1, h2) = ε(ζ−10 ◦ ζ0 ∪ θ(h1, h2), [h1, h2](ζ0,χ)).

Proof. Let P be a faithful representation of a p.q-o. Menger algebra (G, o, χ)
by n-place functions such that χ = χP , κ = κP . If (0, 0) �∈ κ and g � 0,
then, evidently, P (0) = ∅ and pr1 P (g) = ∅. So, P (g) = P (0), whence g = 0,
which proves (4.6.3). Furthermore, from ζ0 ⊂ ζP we obtain [h1, h2](ζ0,χ) ⊂
[h1, h2](ζP ,χP ), and consequently, ε0(h1, h2) ⊂ ε(h1, h2). Thus, if the premise
of (4.6.4) is satisfied, then the premise of (4.6.2) is also satisfied on a f.o.p.
Menger algebra (G, o, ζP , χP ), because κP is its connectivity relation. Hence
(g1, g2) ∈ κP , i.e., (g1, g2) ∈ κ. The necessity is proved.
In order to prove the sufficiency observe that any system (G, o, ζ0, χ) sa-

tisfying (4.6.3) is a f.o.p. Menger algebra of rank n, in which κ satisfies all
the conditions of Theorem 4.6.1. Therefore κ is a connectivity relation on
(G, o, ζ0, χ), and consequently, on (G, o, χ).

It is not difficult to see that if (G, o, χ) is a p.q-o. Menger algebra of rank
n, then for every h1, h2 ∈ G the subset X ⊂ G is (ρ0(h1, h2), χ)-closed, where
ρ0(h1, h2) = ζ0 ∪ θ(h1, h2), if and only if

t(a) � g ∧ t(b) ∈ X −→ g ∈ X

for all t ∈ Tn(G), a, b ∈ {h1, h2} if a �= b, or a ∈ G if a = b. For every X ⊂ G
we define the subset E0(X) of G containing all these g ∈ G for which t(a) � g
and t(b) ∈ X for some t ∈ Tn(G), a, b ∈ {h1, h2} if a �= b, or a ∈ G if a = b.
Of course,

[X] (ζ0,χ) =
∞⋃
n=0

n
E0 (X),
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where
n
E0 (X) = X for n = 0, and

n
E0 (X) = E0(

n−1
E 0 (X)) for n > 0. By

induction, one can prove that for every m ∈ N condition, g ∈
m
E0 (X) means

that there exist ti ∈ Tn(G), ai, bi ∈ {h1, h2} for ai �= bi or ai ∈ G for ai = bi,
i = 0, 1, . . . ,m, such that the following formula

t0(a0) � g ∧
m−1∧
i=0

(
ti+1(ai+1) � ti(bi)

)
∧ tm(bm) ∈ X (4.6.5)

is true.
Let (h1, h2) ∈ κ. If (0, 0) �∈ κ, then, as it is not difficult to see, by (4.6.4),

we get 0 �∈ [h1, h2](ζ0,χ). This means that for all (g1, g2) ∈ ε0(h1, h2), one can
find x0, x1, . . . , xm ∈ [h1, h2](ζ0,χ) such that g1 = x0, g2 = xm and (xi, xi+1) ∈
�G ∪ θ(h1, h2) for all i = 0, 1, . . . ,m− 1. Therefore for all i = 0, 1, . . . ,m− 1,
we have xi = ti(ai) ∈ [h1, h2](ζ0,χ) and xi+1 = ti(bi) ∈ [h1, h2](ζ0,χ), where
ti ∈ Tn(G), ai, bi ∈ {h1, h2} if ai �= bi, and ai ∈ G ∪ {0} if ai = bi. Thus,
condition (4.6.4) is equivalent to the system of formulas (Cm)m∈N, where

Cm : (h1, h2) ∈ κ ∧ C ′m −→ (t0(a0), tm(bm)) ∈ κ

and

C ′m :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
t0(a0) ∈ [h1, h2](ζ0,χ) ,

m−1∧
i=0

(
ti(bi) = ti+1(ai+1) ∈ [h1, h2](ζ0,χ)

)
,

tm(bm) ∈ [h1, h2](ζ0,χ)

for all ti ∈ Tn(G), ai, bi ∈ {h1, h2} when ai �= bi, and ai ∈ G\{0} when ai = bi,
i = 0, 1, . . . ,m.
The above considerations lead to the following theorem.

Theorem 4.6.5. For κ ⊂ G×G to be a connectivity relation on a p.q-o.
Menger algebra (G, o, χ) of rank n it is necessary and sufficient to be 0-reflexive,
l-cancellative and to satisfy condition (4.6.3) together with the system of for-
mulas (Cm)m∈N.

From the above theorem, it follows that κ is a connectivity relation on a p.q-o.
Menger algebra (G, o, δ), where

δ = {(g1, g2) | (∃t ∈ Tn(G)) g1 = t(g2)}.

We have therefore the following characterization connectivity relations in
Menger algebras.

Corollary 4.6.6. For κ ⊂ G×G to be a connectivity relation on a Menger alge-
bra (G, o) of rank n it is necessary and sufficient to be 0-reflexive, l-cancellative
and that condition (4.6.3) together with the system of formulas (Cm)m∈N, in
which χ is replaced by δ, is satisfied.
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Let (G, o) be a Menger algebra of rank n and ζ be its order. The subset
H ⊂ G is called ζ-strong , if for any g, g1, g2 ∈ G, t1, t2 ∈ Tn(G) the implication

t2(g1) � g ∧ t1(g1), t1(g2) ∈ H −→ g ∈ H

is valid. The least ζ-strong subset containing X ⊂ G will be denoted by
〈X〉. In the case when X = {g1, . . . , gn} instead of 〈{g1, . . . , gn}〉 we will write
〈g1, . . . , gn〉. One can prove that

〈X〉 =
∞⋃
n=0

Kn(X),

where K0(X) = X, Kn+1(X) = K(Kn(X)) and g ∈ K(X) if and only if
t2(g1) � g, {t1(g1), t1(g2), t2(g2)} ⊂ X for some g1, g2 ∈ G, t1, t2 ∈ Tn(G).

Theorem 4.6.7. For κ ⊂ G × G to be a reversive connectivity relation on a
strong f.o. Menger algebra (G, o, ζ) of rank n � 2 it is necessary and sufficient
to be 0-reflexive, l-cancellative and that for all g, g1, g2, h1, h2 ∈ G the following
two conditions:

g ∈ 〈g1〉 −→ g1 � g, (4.6.6)

(h1, h2) ∈ κ ∧ t(g1), t(g2) ∈ 〈h1, h2〉 −→ (g1, g2) ∈ κ (4.6.7)

are satisfied.

Proof. Necessity. Let (Φ, O, ζΦ) be a f.o. Menger algebra of reversive n-place
functions and κΦ be its connectivity relation. Then for any subset H ⊂ Φ the
following implication

ϕ ∈ 〈H〉 −→
⋂

H ⊂ ϕ, (4.6.8)

where
⋂
H is the intersection of all ψ ∈ H, is true. Indeed, if ϕ ∈ K(H),

then {t1(ψ1), t1(ψ2), t2(ψ2)} ⊂ H and t2(ψ1) ⊂ ϕ for some ψ1, ψ2 ∈ Φ, t1, t2 ∈
Tn(Φ). Thus

⋂
H ⊂ t1(ψ1) ∩ t1(ψ1) and

⋂
H ⊂ t2(ψ2), whence t1(ψ1) ◦

�pr1
⋂

H = t1(ψ2) ◦ �pr1
⋂

H . So, ψ1 ◦ �pr1
⋂

H = ψ2 ◦ �pr1
⋂

H , because our
functions are reversive. Hence

⋂
H ⊂ t2(ψ2) ◦ �pr1

⋂
H = t2(ψ2 ◦ �pr1

⋂
H) =

t2(ψ1 ◦�pr1
⋂

H) ⊂ t2(ψ1) ⊂ ϕ. This means that ϕ ∈ K(H) implies
⋂

H ⊂ ϕ.
Therefore ⋂

H ⊂
⋂

K(H) ⊂
⋂

K2(H) ⊂ · · · ⊂
⋂

Kn(H) ⊂ · · · .

So, from ϕ ∈ 〈H〉, i.e., from ϕ ∈ Km(H) for some m ∈ N, it follows that⋂
H ⊂

⋂
Km(H) ⊂ ϕ, which was to be proved.

If ψ ∈ 〈ϕ〉, then, according to (4.6.6), we have ϕ =
⋂
{ϕ} ⊂ ψ, which proves

(4.6.6). Furthermore, if ϕ1 ∩ ϕ2 �= ∅ and t(ψ1), t(ψ2) ∈ 〈ϕ1, ϕ2〉, then, by



218 Chapter 4 Relations between functions

(4.6.8), we get ∅ �= ϕ1 ∩ ϕ2 ⊂ t(ψ1) ∩ t(ψ2) = t(ψ1 ∩ ψ2), because all the
functions from Φ are reversive. So, t(ψ1 ∩ ψ2) �= ∅, whence ψ1 ∩ ψ2 �= ∅. This
proves (4.6.7).

Sufficiency. Let (G, o, ζ) be a strong f.o. Menger algebra of rank n and κ
a relation satisfying all the conditions of the theorem. Consider the sum P of the
family of these simplest representations, which correspond to the determining
pairs

(
(ε∗〈h1,h2〉,W〈h1,h2〉)

)
(h1,h2)∈κ, where

ε∗〈h1,h2〉 = ε〈h1,h2〉 ∪ {(e1, e1), . . . , (en, en)},
e1, . . . , en – the selectors in (G∗, o∗) and ε〈h1,h2〉 = εv(〈h1, h2〉), W〈h1,h2〉 =
Wv(〈h1, h2〉) (see p. 31). Because for any h1, h2∈G the subset 〈h1, h2〉 is strong,
then, evidently, P is the representation of (G, o) by reversive n-place functions.
Let us show that ζ = ζP and κ = κP . If g1 � g2 and g1[x̄] �∈ W〈h1,h2〉

for some x̄ ∈ B = Gn ∪ {(e1, . . . , en)}, (h1, h2) ∈ κ, then one can find a
t1 ∈ Tn(G) such that t1(g1[x̄]) ∈ 〈h1, h2〉. Let t(g1[x̄]) ∈ 〈h1, h2〉 for some
t ∈ Tn(G). From g1 � g2 and the stability of ζ, it follows that t(g1[x̄]) �
t(g2[x̄]), whence t(g2[x̄]) ∈ 〈h1, h2〉. Analogously t1(g2[x̄]) ∈ 〈h1, h2〉. This
means that {t1(g1[x̄]), t1(g2[x̄]), t(g2[x̄])} ⊂ 〈h1, h2〉 implies t(g1[x̄]) ∈ 〈h1, h2〉.
So, (g1, g2) ∈ ζ(ε∗〈h1,h2〉,W〈h1,h2〉)

, i.e., (g1, g2) ∈ ζP . Thus ζ ⊂ ζP . Conversely,
let (g1, g2) ∈ ζP . If g1 = 0, then g1 � g1[g2g1 · · · g1], g1 � g1[g1g1 · · · g1] and
g1 � g1, whence g1 � g2, because ζ is the steady relation. If g1 �= 0, then
(g1, g1) ∈ κ. So, for all x̄ ∈ B, from g1[x̄] �∈ W〈g1〉 we get g1[x̄] ≡ g2[x̄](ε〈g1〉),
which for x̄ = (e1, . . . , en) gives g1 ≡ g2(ε〈g1〉).

10 Therefore

(∀ t ∈ Tn(G)) ( t(g1) ∈ 〈g1〉 ←→ t(g2) ∈ 〈g1〉 ).
Putting t = �G in the last formula, we obtain g1 ∈ 〈g1〉, whence, according
to (4.6.6), we deduce g1 � g2. So, ζP ⊂ ζ. This completes the proof of the
equality ζ = ζP . The equality κ = κP can be proved in the same way as in the
previous theorems.
From the antisymmetry of ζ, it follows that P is one-to-one.

It can be showed also that each of the conditions (4.6.6) and (4.6.7) is equi-
valent to the system of elementary formulas (for details see [226]).

4.7 Projection equivalence relation

A binary relation π on a Menger algebra (G, o) of rank n is called a (reversive)
projection equivalence if there exists a faithful representation P of (G, o) by
(reversive) n-place functions such that π = πP , where

πP = {(g1, g2) | pr1P (g1) = pr1P (g2)}

10 Note that ε〈g1〉 = ε〈g1,g1〉 and W〈g1〉 = W〈g1,g1〉.
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(see Section 2.7). It is easy to see that a binary relation π ⊂ G × G is a
(reversive) projection equivalence on a (strong) f.o.p. Menger algebra (G, o, ζ, χ)
if and only if π = χ ∩χ−1. A similar result is true for a (strong) p.q-o. Menger
algebra (G, o, χ).
Now let ζ be a stable order on a Menger algebra (G, o) and π its l-regular

equivalence. Consider on (G, o) the binary relation

χ(ζ, π) = {(g1, g2) | g2 ⊂ g1},

where g means the (ζ, δ ◦ π ◦ ζ)-closure of the subset {g} ⊂ G and

δ = {(g1, g2) | (∃t ∈ Tn(G)) g1 = t(g2)}.

Lemma 4.7.1. The relation χ(ζ, π) is an l-regular v-negative quasi-order con-
taining ζ ∪ π and connected with ζ by condition (3.2.2).

Proof. Indeed, the fact that χ(ζ, π) is a quasi-order follows immediately from
the definition of this relation. Let g1 � g2, g � g1 and g � u[w̄|i g2], where
the symbol � denotes the relation χ(ζ, π). Directly from the definition we have
g1 � g2, g1 ∈ g and u[w̄|i g2] ∈ g. Since the relations ζ, π and δ are reflexive,
then

(u[w̄ |i g1], u[w̄ |i g1]) ∈ δ ◦ π ◦ ζ.

This, together with g1, u[w̄ |i g2] ∈ g and the fact that g is a (ζ, δ ◦π ◦ ζ)-closed
subset, implies u[w̄|i g1] ∈ g, i.e., g � u[w̄|i g1]. So, χ(ζ, π) and ζ are connected
by condition (3.2.2).
Let (a, g) ∈ δ. Then (a, g) ∈ δ ◦ π ◦ ζ, because δ ⊂ δ ◦ π ◦ ζ. But a ∈ a and

a is a (δ ◦ π ◦ ζ)–saturated subset, so, g ∈ a. Thus a � g, i.e., δ ⊂ χ(ζ, π).
Therefore χ(ζ, π) is v-negative.
In a similar way, we can verify that ζ ⊂ χ(ζ, π) and π ⊂ χ(ζ, π).
Now let (g1, g2) ∈ χ(ζ, π), i.e., g2 ⊂ g1. Since g2 ∈ g2 implies g2 ∈ g1, we have

also g2[x̄] ∈ g1[x̄] for all x̄ ∈ Gn. But, as it is not difficult to see, g1 [x̄] ⊂ g1[x̄],
so, g2[x̄] ∈ g1[x̄], whence g1[x̄] � g2[x̄], i.e., χ(ζ, π) is l-regular, which was to be
proved.

Theorem 4.7.2. For a binary relation π on a f.o. Menger algebra (G, o, ζ) of
rank n to be its projection equivalence it is necessary and sufficient to be an
l-regular equivalence satisfying the following two conditions:

ζ−1 ◦ ζ ∩ χ(ζ, π) ⊂ ζ, (4.7.1)

χ(ζ, π) ∩ χ(ζ, π)−1 ⊂ π. (4.7.2)

Proof. Let π be a projection equivalence on a f.o. Menger algebra (G, o, ζ)
of rank n. On this algebra, there is a faithful representation P of (G, o) by
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n-place functions such that ζ = ζP and π = πP . Consider a f.o.p. Menger
algebra (G, o, ζP , χP ), i.e., (G, o, ζ, χP ). If (g1, g2) ∈ χ(ζ, π), then g2 ∈ g1.
As ζ ⊂ χP and π = πP ⊂ χP , then, according to condition (3.2.2) of The-
orem 3.2.1, for any g ∈ G the subset χP 〈g〉 is (ζ, δ ◦ π ◦ ζ)-closed. Thus,
g1 ∈ χP 〈g1〉 implies g1 ⊂ χP 〈g1〉, whence g2 ∈ χP 〈g1〉, i.e., (g1, g2) ∈ χP . So,
χ(ζ, π) ⊂ χP . Since ζ−1 ◦ ζ ∩ χP ⊂ ζ, by Theorem 3.2.1, we have

ζ−1 ◦ ζ ∩ χ(ζ, π) ⊂ ζ−1 ◦ ζ ∩ χP ⊂ ζ,

which proves (4.7.1). As χP ∩ χ−1P = πP = π, then, clearly

χ(ζ, π) ∩ χ(ζ, π)−1 ⊂ χP ∩ χ−1P = π

proves (4.7.2). The l-regularity of π is a consequence of the l-regularity of χP .
Conversely, if π satisfies all the conditions of the theorem, the system

(G, o, ζ, χ(ζ, π)) is a f.o.p. Menger algebra. Since π ⊂ χ(ζ, π), from (4.7.2), we
obtain π = χ(ζ, π)∩χ(ζ, π)−1, which means that π is a projection equivalence
on (G, o, ζ, χ(ζ, π)).

It is not difficult to see that conditions (4.7.1) and (4.7.2) are equivalent to
a system of the two conditions:

g1 � g ∧ g2 � g ∧ g2 ∈ g1 −→ g1 � g2, (4.7.3)

g1 ∈ g2 ∧ g2 ∈ g1 −→ (g1, g2) ∈ π (4.7.4)

where g, g1, g2 ∈ G. Based on (2.1.12), we can show that (4.7.3) is equivalent
to the system (Am)m∈N, and (4.7.4 ) — to the system (Bm)m∈N, where

Am : g1 � g ∧ g2 � g ∧ g2 ∈
m
E ({g1}) −→ g1 � g2,

Bm : g1 ∈
m
E ({g2}) ∧ g2 ∈

m
E ({g1}) −→ (g1, g2) ∈ π

and ρ = ζ, σ = δ ◦ π ◦ ζ (see p. 34). Moreover, by Proposition 2.1.15, Am and
Bm can be written in an elementary form.

Theorem 4.7.3. For a binary relation π to be a projection equivalence on a
Menger algebra (G, o) of rank n it is necessary and sufficient to be an l-regular
equivalence satisfying for every m ∈ N and all x1, . . . , xm ∈ G, t1, . . . , tm ∈
Tn(G) the condition

Cm :
m∧
i=1

(xi, ti(xi+1)) ∈ π −→
m−1∧
i=1

(xi, xi+1) ∈ π ,

where xm+1 = x1.
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Proof. Let a Menger algebra (G, o) be isomorphic to a Menger algebra
(Φ, O) of n-place functions. If (ϕ1, t1(ϕ2)) ∈ πΦ, (ϕ2, t2(ϕ3)) ∈ πΦ, . . . ,
(ϕm−1, tm−1(ϕm)) ∈ πΦ, (ϕm, tm(ϕ1)) ∈ πΦ for some ϕ1, . . . , ϕm ∈ Φ
and t1, . . . , tm ∈ Tn(Φ), then pr1 ϕi ⊂ pr1 ϕi+1 for every i = 1, . . . ,m − 1
and pr1 ϕm ⊂ pr1 ϕ1. Thus pr1 ϕ1 ⊂ pr1 ϕ2 ⊂ · · · ⊂ pr1 ϕm ⊂ pr1 ϕ1,
whence pr1 ϕ1 = pr1 ϕ2 = · · · = pr1 ϕm, i.e., (ϕ1, ϕ2) ∈ πΦ, (ϕ2, ϕ3) ∈ πΦ, . . . ,
(ϕm−1, ϕm) ∈ πΦ. The necessity is proved.
To prove the sufficiency, consider a f.o.p. Menger algebra of the form

(G, o,�G, χ(�G, π)). From Theorem 4.7.2, it follows that π is a projection
equivalence on this algebra if and only if π is an l-regular equivalence such that

χ(�G, π) ∩ χ(�G, π)
−1 ⊂ π. (4.7.5)

The last condition is equivalent to condition Cm. Indeed, it is clear that a
subset of a Menger algebra (G, o) is (�G, δ ◦ π ◦ �G)-closed if and only if it is
(δ ◦ π)-saturated. Whence, the (�G, δ ◦ π ◦ �G)-closure of {g} coincides with

∞⋃
m=0

(δ ◦ π)m〈g〉.

Thus for (g1, g2) ∈ χ(�G, π) there exist m ∈ N, x2, . . . , xm ∈ G such that
(g1, x2), (x2, x3), . . . , (xm, g2) ∈ δ ◦ π. As (xi, xi+1) ∈ δ ◦ π is equivalent to
(xi, ti(xi+1)) ∈ π for some ti ∈ Tn(G), then (g1, g2) ∈ χ(�G, π) is equivalent to
the fact that

(g1, t1(x2)), (x2, t2(x3)), . . . , (xm−1, tm−1(xm)), (xm, tm(g2)) ∈ π

for somem ∈ N, x2, . . . , xm ∈ G, t1, . . . , tm ∈ Tn(G). Thus, (4.7.5) is equivalent
to the system of conditions (Cp,m)p,m∈N, where p � m,

Cp,m :
m∧
i=1

(xi, ti(xi+1)) ∈ π −→ (x1, xp+1) ∈ π

and xm+1 = x1. It is evident that the system of such conditions is equivalent
to condition Cm.

Corollary 4.7.4. For a binary relation π to be a projection equivalence on a
Menger algebra (G, o) of rank n it is necessary and sufficient to be an l-regular
equivalence satisfying for every m ∈ N and all x1, . . . , xm ∈ G, t1, . . . , tm ∈
Tn(G) the condition

C0
m :

m∧
i=1

(xi, ti(xi+1)) ∈ π −→ (x1, x 2) ∈ π,

where xm+1 = x1.
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Proof. Let us show that the system of conditions (Cm)m∈N of Theorem 4.7.3
is equivalent to the system (C0

m)m∈N. It is clear that for any m ∈ N condition
Cm implies C0

m. Thus (C0
m)m∈N is a consequence of (Cm)m∈N.

Assume now that the system (C0
m)m∈N is satisfied. If the premise of Cm

is satisfied, then (x1, x 2) ∈ π, by C0
m. But

m∧
i=2

(xi, ti(xi+1)) ∈ π, where

xm+1 = x1, and (x1, x 2) ∈ π imply (x1, t3(x 3)) ∈ π, . . . , (xm, tm(x1)) ∈ π.
Therefore, from the above, by C0

m−1, we conclude (x1, x 3) ∈ π. Repeating
this procedure, after a finite number of steps, from (x1, tm−1(xm)) ∈ π and
(xm, tm(x1)) ∈ π, by C0

2 , we obtain (x1, xm) ∈ π. So, (xi, xi+1) ∈ π for every
i = 1, . . . ,m − 1, which proves that condition Cm holds. Thus (Cm)m∈N is
a consequence of (C0

m)m∈N.

Now let ζ be an l-regular order on a Menger algebra (G, o) of rank n. For
an l-regular equivalence π on (G, o), we define a new binary relation χ̃〈ζ, π〉
putting

χ̃〈ζ, π〉 = {(g1, g2) | g̃2 ⊂ g̃1},

where g̃ is the 〈ζ−1◦ ζ, δ ◦π ◦ ζ〉-closure of {g}. In the same way as in the case
of the relation χ〈ζ, π〉, one can prove that χ̃〈ζ, π〉 is a v-negative quasi-order
containing ζ ∪ π and connected with ζ by condition (3.3.3). It is also l-regular.
Indeed, if (g1, g2) ∈ χ̃〈ζ, π〉, i.e., g2 ∈ g̃1, then g2[x̄] ∈ g̃1[x̄] for all x̄ ∈ Gn.
According to the formula (2.1.14), where ρ = ζ−1 ◦ ζ and σ = δ ◦ π ◦ ζ, the
following equality

g̃1 =
∞⋃

m=0

Fm({g1})

is valid.11 Therefore g̃1[x̄] =
∞⋃

m=0
Fm({g1})[x̄]. So, we must only prove that

Fm({g1})[x̄] ⊂ Fm({g1[x̄]}) (4.7.6)

for all m ∈ N. We prove it by induction. For m = 0, this inclusion is valid
because F0({g1}) = {g1}. Assume that it is valid for some m ∈ N. If g ∈
Fm+1({g1})[x̄], then g = z[x̄] for some z ∈ Fm+1({g1}). This means that

(a, b) ∈ εm〈ζ−1◦ ζ, Fm({g1})〉 , (u[ȳ|ia], z) ∈ δ ◦ π ◦ ζ

and u[ȳ|ib], z) ∈ Fm({g1}) for some a, b ∈ G, u ∈ G ∪ {e1, . . . , en}, ȳ ∈ Gn,
i = 1, . . . , n. Since relations δ, π and ζ are l-regular, (u[ȳ|ia], z) ∈ δ ◦ π ◦ ζ
implies

(u[ȳ∗x̄|i a[x̄] ], z[x̄]) ∈ δ ◦ π ◦ ζ,

11 For the definition of Fm({g1}) see p. 35.
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where ȳ ∗ x̄ = (y1[x̄], . . . , yn[x̄]). From u[ȳ|ib] ∈ Fm({g1}), according to our
hypothesis, follows

u[ȳ∗x̄|i b[x̄] ] ∈ Fm({g1})[x̄] ⊂ Fm({g1[x̄]}).

Further, using the l-regularity of δ ◦π ◦ ζ and ζ, the results of Section 2.1 and
our hypothesis, from (a, b) ∈ εm〈ζ−1◦ ζ, Fm({g1}〉) we conclude that

(a[x̄], b[x̄]) ∈ εm〈ζ−1◦ ζ, Fm({g1[x̄]})〉.

Hence g ∈ Fm+1({g1[x̄]}), i.e., Fm+1({g1})[x̄] ⊂ Fm+1({g1[x̄]}). So, (4.7.6) is
valid for every m ∈ N.

Theorem 4.7.5. For a binary relation π on a strong p.q-o. Menger algebra
(G, o, ζ) of rank n � 2 to be reversive projection equivalence it is necessary and
sufficient to be an l-regular equivalence satisfying for all m ∈ N, g1, g2 ∈ G the
following two conditions:

(g1, g2) ∈ εm〈ζ−1◦ ζ, χ̃〈ζ, π〉〈g1〉〉 −→ g1 � g2, (4.7.7)

χ̃〈ζ, π〉 ∩ χ̃〈ζ, π〉−1 ⊂ π. (4.7.8)

Proof. Let π be a reversive projection equivalence on a strong p.q-o. Menger
algebra (G, o, ζ) of rank n � 2. Then there exists a faithful representation
P of (G, o) by reverse n-place functions such that ζ = ζP and π = πP . Let
(G, o, ζ, χP ) be a strong f.o.p. Menger algebra. It is known that this algebra
satisfies (3.3.2) and (3.3.3). Moreover, for all m ∈ N, g ∈ G we have

εm〈ζ−1◦ ζ, χ〈ζ, π〉〈g〉〉 ⊂ εm〈ζ−1◦ ζ, χP 〈g〉〉,

because χ̃〈ζ, π〉 ⊂ χP . Thus, from the premise of (4.7.7), it follows that
(g1, g2) ∈ εm〈ζ−1 ◦ ζ, χP 〈g1〉〉, whence g1 � g2, by (3.3.2). So, the implica-
tion (4.7.7) is true. The condition (4.7.8) is a consequence of the inclusion
χ̃〈ζ, π〉 ⊂ χP and the equality χP ∩ χ−1P = πP .
Conversely, if π satisfies all the conditions of the theorem, then, obviously,

(G, o, ζ, χ̃〈ζ, π〉) is a strong f.o.p. Menger algebra of rank n � 2. Therefore,
π ⊂ χ̃〈ζ, π〉 and (4.7.8) imply π = χ̃〈ζ, π〉 ∩ χ̃〈ζ, π〉−1, which means that π is
a reversive projection equivalence.

Starting from (2.1.13) and (2.1.14), one can show that (4.7.7) is equivalent
to the system of conditions (Am)m∈N, where

Am : (g1, g2) ∈ εm〈ζ−1 ◦ ζ, Fm({g2})〉 −→ g1 � g2,

and (4.7.8) to the system (Bm)m∈N, where

Bm : g1 ∈ Fm({g2}) ∧ g2 ∈ Fm({g1}) −→ (g1, g2) ∈ π

and ρ = ζ−1 ◦ ζ, σ = δ ◦ π ◦ ζ. Each of these conditions, for every concrete
m ∈ N, can be written in an elementary form in a finite number of steps.
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Theorem 4.7.6. For a binary relation π on a strong Menger algebra (G, o)
of rank n � 2 to be its reversive projection equivalence it is necessary and
sufficient to be an l-regular equivalence such that

χ̃〈�G, π〉 ∩ χ̃〈�G, π〉−1 ⊂ π
and

(g1, g2) ∈ εm〈�G, χ̃〈�G, π〉〈g1〉〉 ∧ (g2, g1) ∈ χ̃〈�G, π〉 −→ g1 = g2

for all m ∈ N, g1, g2 ∈ G.

Proof. Indeed, if P is a faithful representation of a strong Menger algebra (G, o)
by reversive n-place functions such that π = πP , then π is a reversive projection
equivalence on a strong p.q-o. Menger algebra (G, o, χP ). But χ̃〈�G, π〉 ⊂ χP ,
so, (g1, g2) ∈ εm〈�G, χ̃〈�G, π〉〈g1〉〉 and (g2, g1) ∈ χ̃〈�G, π〉 imply (g1, g2) ∈
εm〈�G, χP 〈g1〉〉 and (g2, g1) ∈ χP , whence, according to (3.3.4), we get g1 = g2.
So, the necessity of the second condition is proved. The necessity of the first
condition can be proved similarly.
From the fact that (G, o, χ̃〈�G, π〉) is, by Theorem 3.3.3, a strong p.q-o.

Menger algebra, for which π = χ̃〈�G, π〉 ∩ χ̃〈�G, π〉−1 follows the sufficiency
of these conditions.

4.8 Semiadjacency relation

One of the important relations on the set of partial functions is a semiadjacency
relation

δΦ = {(f, g) | pr2 f ⊂ pr1 g},

i.e., the inclusion of the image of the first function in the domain of the second.
The investigation of such relation was initiated in [141] and [48]. V.V. Vagner
studied in [253] the semidirect product of the second type of the family binary
relations ρi ⊂ A × Bi, where i ∈ I, defined as a binary relation �

i
ρi ⊂ A ×( n

×
i=1

Bi

)
such that

�
i
ρi = {(a, (bi)i∈I) | (∀i)(a, bi) ∈ ρi}.

An analogous construction can be considered for (n+ 1)-ary relations.
As is well known the composition of (n+1)-ary relations ρ, ρ1, . . . , ρn on the

set A is defined as an (n+ 1)-ary relation ρ[ρ1 · · · ρn] such that

(ā, c) ∈ ρ[ρ1 · · · ρn]←→ (∃b̄)
(
(ā, b1) ∈ ρ1 ∧ · · · ∧ (ā, bn) ∈ ρn ∧ (b̄, c) ∈ ρ

)
,
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where ā, b̄ ∈ An, c ∈ A. It is easy to see that

ρ[ρ1 · · · ρn] = ρ ◦
n

�
i=1

ρi and pr1
n

�
i=1

ρi =
n⋂

i=1

pr1 ρi .

On a Menger algebra (Φ, O) of n-place functions, we can consider two
(n+ 1)-ary relations

n
χΦ=

{
((ϕ1, . . . , ϕn), ψ) | pr1

n

�
i=1

ϕi ⊂ pr1 ψ
}
,

n
δΦ=

{
((ϕ1, . . . , ϕn), ψ) | pr2

n

�
i=1

ϕi ⊂ pr1 ψ
}
.

The first relation is called the relation of inclusion of domains, the second —
the semiadjacency relation. (For n = 1, these two relations coincide with the
corresponding binary relations.) It is easily to show that

((ψ1, . . . , ψn), ϕ) ∈
n
δΦ ←→ ((ψ1, . . . , ψn), ϕ[ψ1 · · ·ψn]) ∈

n
χΦ, (4.8.1)

((ϕ1, . . . , ϕn), ψ) ∈
n
δΦ ←→ ((ϕ1[χ1 · · ·χn], . . . , ϕn[χ1 . . . χn]), ψ) ∈

n
δΦ (4.8.2)

for all χ1, . . . , χn ∈ Φ.
We say that an (n + 1)-ary relation ρ defined on the set A is projective if

(ā, ai) ∈ ρ for all ā = (a1, . . . , an) and i = 1, . . . , n. An (n + 1)-ary relation ρ
defined on A is transitive, if

(ā, b̄) ∈
n

�ρ ∧ (b̄, c) ∈ ρ −→ (ā, c) ∈ ρ,

for ā, b̄ ∈ An, c ∈ A. By ρ we denote the transitive closure of ρ, by F (ρ) the
relation:

F (ρ) = {(ā, c) | (∃b̄)(ā, b1), . . . , (ā, bn), (b̄, c) ∈ ρ ∨ (ā, c) ∈ ρ}, (4.8.3)

where ā, b̄ ∈ An, c ∈ A. It is clear that ρ ⊂ F (ρ). If ρ is transitive, then
F (ρ) = ρ.

Proposition 4.8.1. ρ =
∞⋃
n=1

n
F (ρ), where

n
F (ρ) = F (

n−1
F (ρ)) for n � 2.

Proof. For any ā, b̄ ∈ An, c ∈ A and (ā, b1), . . . , (ā, bn), (b̄, c) ∈
∞⋃
n=1

n
F (ρ)

one can find m0,m1, . . . ,mn such that (ā, bi) ∈
mi

F (ρ) and (b̄, c) ∈
m0

F (ρ). So,
(ā, b1), . . . , (ā, bn), (b̄, c) ∈

m
F (ρ) because for m = max{m0,m1, . . . ,mn} we have
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mi

F (ρ) ⊂
m
F (ρ). From this, according to (4.8.3), we get (ā, c) ∈

m+1
F (ρ), which

implies (ā, c) ∈
∞⋃
n=1

n
F (ρ). Thus the relation

∞⋃
n=1

n
F (ρ) is transitive. If ρ1 ⊂ ρ2,

where ρ1, ρ2 are (n + 1)-ary relations, then F (ρ1) ⊂ F (ρ2) by (4.8.3). Conse-
quently, ρ ⊂ ρ implies F (ρ) ⊂ F (ρ) = ρ. Analogously,

n
F (ρ) ⊂ ρ for every n.

Hence,
∞⋃
n=1

n
F (ρ) ⊂ ρ. But ρ is the smallest (n + 1)-ary relation containing ρ,

thus
∞⋃
n=1

n
F (ρ) = ρ.

Proposition 4.8.2. For projective (n+ 1)-ary relations ρ1, ρ2 we have:
(a) ρ1 ⊂ ρ2[ρ1 · · · ρ1],
(b) ρ2 ⊂ ρ2[ρ1 · · · ρ1],
(c) ρ1 ∪ ρ2 = ρ2[ρ1 · · · ρ1].

Proof. The first two inclusions are obvious. So, ρ1 ∪ ρ2 ⊂ ρ2[ρ1 · · · ρ1]. Thus
ρ1 ∪ ρ2 ⊂ ρ2[ρ1 · · · ρ1]. Since ρ[ρ · · · ρ] ⊂ ρ, we have ρ2[ρ1 · · · ρ1] ⊂ (ρ1∪ρ2)[ρ1∪
ρ2 · · · ρ1 ∪ ρ2] ⊂ ρ1 ∪ ρ2, which implies ρ2[ρ1 · · · ρ1] ⊂ ρ1 ∪ ρ2 = ρ1 ∪ ρ2. This
proves (c).

Let (Gn, ∗) be a binary comitant of a Menger algebra (G, o). We say that an
(n+1)-ary relation ρ defined on a Menger algebra (G, o) is l-regular, v-negative
and an l-ideal, if it satisfies following conditions:

(ȳ, z̄) ∈
n

�ρ −→ (ȳ ∗ x̄, z̄ ∗ x̄) ∈
n

�ρ,

(ȳ ∗ x̄, x̄) ∈
n

�ρ,

(ȳ, z̄) ∈
n

�ρ −→ (ȳ ∗ x̄, z̄) ∈
n

�ρ

for all x̄, ȳ, z̄ ∈ Gn.

The following proposition is obvious.

Proposition 4.8.3. A projective and transitive (n+ 1)-ary relation ρ defined
on a Menger algebra (G, o) is v-negative if and only if (x̄|i(xi[ȳ]), yj) ∈ ρ for
all i, j = 1, . . . , n and x̄, ȳ ∈ G n.

Let (G∗, o∗) be an unitary Menger algebra of rank n obtained from a Menger
algebra (G, o) by external adjoining the full set of selectors (see p. 31). On G
we define an (n+ 1)-ary relation σ by putting

(ḡ, g0) ∈ σ ←→
{
(∀i ∈ {1, . . . , n})(∃ui ∈ G∗)(w̄ ∈ Gn)(si ∈ {1, . . . , n})
g1 = ui[w̄|sig0].
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A relation σ defined in such way is projective, l-regular and v-negative.
Any (n + 1)-ary relation ρ defined on G induces on D = G ∪ {e1, . . . , en},

where e1, . . . , en are selectors in (G∗, o∗), the following three relations:
∗
ρ= ρ ∪Gn × {e1, . . . , en},

πρ =
{
(x̄, z) | (∃y ∈ G∗)(x̄, y) ∈

∗
ρ ∧ z = y[x̄]

}
,

n
χ(ρ) = πρ ∪ σ.

The relation πρ is projective. So, πρ is l-regular if ρ is an l-ideal. In this
case

n
χ (ρ) is projective, transitive, l-regular and v-negative. Thus,

n
χ (ρ) =

σ[πρ · · ·πρ] in view of Proposition 4.8.2.
Any representation P of (G, o) by n-place functions induces on G two

(n+ 1)-ary relations
n
χP and

n
δP defined by

((g1, . . . , gn), g0) ∈
n
χP ←→ ((P (g1), . . . , P (gn)), P (g0)) ∈

n
χ
P̆ (G),

((g1, . . . , gn), g0) ∈
n
δP ←→ ((P (g1), . . . , P (gn)), P (g0)) ∈

n
δP̆ (G) .

It is not difficult to see that
n
χP is a projective, transitive, l-regular, and

v-negative (n+ 1)-ary relation.

Theorem 4.8.4. A Menger algebra (G, o,
n
χ) is isomorphic to some Menger

algebra (Φ, O,
n
χΦ) of n-place functions if and only if

n
χ is a projective, transitive,

l-regular and v-negative (n+ 1)-ary relation.

Proof. The necessity of the above conditions is obvious. To prove their suffi-
ciency, consider the sum P of the family of representations

(
P(

εn
χ〈z̄〉

,Wn
χ〈z̄〉

))
z̄∈Gn

defined by the determining pairs
(
εn
χ〈z̄〉,Wn

χ〈z̄〉
)
z̄∈Gn . Then P is a homomor-

phism. It is not difficult to verify that for each determining pair (ε,W ) we
have

(ḡ, g0) ∈
n
χ(ε,W ) ←→ (∀x̄ ∈ B)

(
ḡ ∗ x̄ ∈ (W ′)n −→ g0[x̄] ∈W ′

)
,

where ḡ ∈ Gn, B = Gn ∪ {(e1, . . . , en)}, W ′ = G \W and
n
χ(ε,W )=

n
χP(ε,W )

.

Using this equivalence we obtain
n
χP⊂

n
χ. Indeed,

(ḡ, g0) ∈
n
χP ←→ (∀z̄ ∈ Gn)

(
(ḡ, g0) ∈

n
χ(

εn
χ〈z̄〉

,Wn
χ〈z̄〉

))
←→ (∀z̄ ∈ Gn)(∀x̄ ∈ B)

(
ḡ ∗ x̄ ∈

(
W ′

n
χ〈z̄〉

)n
−→ g0[x̄] ∈W ′

n
χ〈z̄〉

)
−→ (∀z̄ ∈ G n)

(
ḡ ∈
(
W ′

n
χ〈z̄〉

)n
−→ g0 ∈W ′

n
χ〈z̄〉

)
−→ (ḡ, g0) ∈

n
χ .
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Similarly we can prove the converse inclusion. Hence,
n
χ=

n
χP .

Now let Λ∗ be a representation of (G, o) transforming each element g of G
into a full n-place function Λ∗(g) defined on G∗ such that Λ∗(g)(x̄) = g[x̄]

for every x̄ ∈ (G∗)n. Then
n
χΛ∗= Gn × G. Moreover, as it is not difficult to

see, P0 = P + Λ∗ is an isomorphism. For this isomorphism, we have
n
χP0=

n
χP

∩
n
χΛ∗=

n
χP ∩Gn × G =

n
χP=

n
χ. Hence, P0 is an isomorphism of (G, o,

n
χ) onto

(P0(G), O,
n
χP0(G)). This completes the proof.

Corollary 4.8.5. A Menger algebra (G, o,
n
χ,

n
δ) is isomorphic to some Menger

algebra (Φ, O,
n
χΦ,

n
δΦ) of n-place functions if and only if the algebra (G, o,

n
χ)

satisfies the conditions of Theorem 4.8.4 and

(x̄, y) ∈
n
δ←→ (x̄, y[x̄]) ∈

n
χ .

Proof. The necessity follows from (4.8.1). To prove the sufficiency suppose that
(G, o,

n
χ,

n
δ) satisfies all the conditions of our corollary. Then, by Theorem 4.8.4,

(G, o,
n
χ) is isomorphic to (P0(G), O,

n
χP0(G)). Therefore

(x̄, y) ∈
n
δ ←→ (x̄, y[x̄]) ∈

n
χ←→ (x̄, y[x̄]) ∈

n
χP0←→ (x̄, y) ∈

n
δP0 .

This means that algebras (G, o,
n
χ,

n
δ) and (P0(G), O,

n
χP0(G),

n
δP0(G)) are isomor-

phic.

Theorem 4.8.6. A Menger algebra (G, o,
n
δ) is isomorphic to a Menger algebra

(Φ, O,
n
δΦ) of n-place functions if and only if the relation

n
δ is an l-ideal such

that
(x̄, y[x̄]) ∈

n
χ(

n
δ) −→ (x̄, y) ∈

n
δ . (4.8.4)

Proof. Necessity. Let P be the corresponding isomorphism. Then
n
δ=

n
δP . Thus,

according to (4.8.1), we have πn
δP
⊂

n
χP . Consequently, πn

δ
⊂

n
χP . Also πn

δ
∪

σ ⊂
n
χP because σ ⊂

n
χP . So,

n
χ(

n
δ) = πn

δ
∪ σ ⊂

n
χP =

n
χP . Hence (x̄, y[x̄]) ∈

n
χ(

n
δ)

implies (x̄, y[x̄]) ∈
n
χP , which, by (4.8.1), gives (x̄, y) ∈

n
δP=

n
δ.

Sufficiency. If an algebra (G, o,
n
χ(

n
δ),

n
δ) satisfies the above implication, then

by Theorem 4.8.4, it is isomorphic to some algebra (Φ, O,
n
χΦ,

n
δΦ) of n-place

functions. So, (G, o,
n
δ) and (Φ, O,

n
δΦ) are isomorphic.

The implication (4.8.4) is equivalent to an infinite system of elementary
axioms (for details see [221]).
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4.9 Notes on Chapter 4

The first abstract characterization of stabilizers of points and stationary subsets
of semigroups of partial functions was given by B. M. Schein [176].
The relation of semi-compatibility was introduced by V. V. Vagner [249] on

semigroups of partial transformations. He considered this relation together
with the relation of inclusion of domains. Semigroups of partial transforma-
tions ordered by these two relations are called transformative semigroups. The
first abstract characterization of transformative semigroups in the language
of second order predicates was given by V. V. Vagner [249]. Later on, an
elementary characterization was obtained independently by B. M. Schein and
V. N. Salii. Schein’s characterization is based on his method of the determining
pairs. In [171], he proved that transformative semigroups are characterized by
infinite system of axioms, which is not equivalent to any finite system. By using
other methods, V. N. Salii found the abstract characterization of transformative
semigroups [155] and transformative semigroups with a third relation added —
the relation of inclusion of images of functions [156]. The system of elementary
axioms for transformative semigroups of one-to-one partial functions was found
by V. S. Trokhimenko [235].
The relation of co-definability was introduced by B. M. Schein [178]. He

proved that on semigroups of partial mappings this relation can be characterized
by a finite system of elementary axioms. The relation of connectivity can be
characterized by an infinite system of axioms [47].
The investigation of the projection equivalence relation defined as a binary

relation which for two given relations (functions) identifies their domains and
their images was initiated by B. M. Schein, which described this relation on
a semigroup of binary relations [167] and on a semigroup of functions [185].
On a semigroup of one-to-one partial mappings this relation was characterized
by V. S. Garvackii [45]. A projection equivalence on these two semigroups is
characterized by an infinite system of axioms. This system is not equivalent to
any finite system of elementary axioms [45].
The first abstract characterization of stabilizers of points and stationary sub-

sets on Menger algebras was given in [228] and [232]. For restrictive Menger
P-algebras of multiplace functions, these sets are characterized in [239]. The
investigation on the co-definability relation on Menger algebras was initiated
in [223]; on Menger P-algebras – in [225]. The first results on the connec-
tivity relation for multiplace functions were obtained by V. S. Trokhimenko
in [226] and [229]. The investigation on a projection equivalence relation on
f.o.p. Menger algebras was initiated in [214]. The last relation together with
the relation of inclusions of domains was also studied in other types of Menger
algebras (cf. Section 5.3).



Chapter 5

(2,n)-semigroups of functions

In this chapter, we will consider other naturally defined binary operations on
the set F(An, A) of all partial n-place functions on A. Such compositions
(called now Mann superpositions) were studied for the first time by Mann in
his paper [109]. Afterwards they were studied by many authors, for example
in [5, 217,264].
In Section 5.1 we describe the representations of sets of n-place functions

closed with respect to all Mann superpositions, in Section 5.2, the sets of
n-place functions closed with respect to Mann and Menger superpositions,
in Section 5.3, the sets of n-place functions with some relations defined on
their domains.

5.1 (2, n)-semigroups and their representations

On the set F(An, A) of all n-place functions defined on the set A one consider
n binary operations ⊕

1
, . . . ,⊕

n
, called Mann superpositions , such that for all

f, g ∈ F(An, A) and a1, . . . , an ∈ A we have

(f ⊕
i
g)(a1, . . . , an) = f(a1, . . . , ai−1, g(a1, . . . , an), ai+1, . . . , an),

or, in an abbreviated notation, as

(f ⊕
i
g)(an1 ) = f(ai−11 , g(an1 ), a

n
i+1), (5.1.1)

where i = 1, . . . , n. Since all Menger superpositions are associative, the algebra
(Φ,⊕

1
, . . . ,⊕

n
), where Φ ⊂ F(An, A), is called a (2, n)-semigroup of n-place

functions. In the case when Φ ⊂ T (An, A), i.e., when Φ is the set of n-ary
operations, this algebra is called a (2, n)-semigroup of n-ary operations.
An abstract algebra (G,⊕

1
, . . . ,⊕

n
), where⊕

1
, . . . ,⊕

n
are associative binary ope-

rations defined on G, is called a (2, n)-semigroup.1 Each of its homomorphisms
into some (2, n)-semigroup of n-place functions (n-ary operations) is called
a representation by n-place functions (respectively, by n-ary operations). A re-
presentation, which is one-to-one, is called faithful. A (2, n)-semigroup for
which there exists a faithful representation is called representable.

1 For n = 1 it is an arbitrary semigroup.
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Definition 5.1.1. We say that a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) is unitary, if it

contains elements e1, . . . , en, called selectors, such that

g⊕
i
ei = ei⊕

i
g = g, (5.1.2)

ek⊕
i
g = ek (5.1.3)

for all g ∈ G, i, k = 1, . . . , n, where i �= k.

Further expressions of the form (· · · ((x⊕
i1
y1)⊕

i2
y2) · · · )⊕

ik
yk are denoted by

x⊕
i1
y1 ⊕

i2
· · · ⊕

ik
yk or, in abbreviated form, by x

ik⊕
i1
yk1 . The symbol μi(

is⊕
i1
xs1) will

be reserved for the expression xik

is⊕
ik+1

xsk+1, if i �= i1, . . ., i �= ik−1, i = ik for

some k ∈ {1, . . . , s}. In any other case, this symbol is empty. For example,
μ1(⊕

2
x⊕

1
y⊕

3
z) = y⊕

3
z, μ2(⊕

2
x⊕

1
y⊕

3
z) = x⊕

1
y⊕

3
z, μ3(⊕

2
x⊕

1
y⊕

3
z) = z. The

symbol μ4(⊕
2
x⊕

1
y⊕

3
z) is empty.

As it is known, a Menger superposition of n-place functions f, g1, . . . , gn
defined on A is denoted by f [g1 . . . gn] or shortly by f [gn1 ], i.e.,

f [g1 · · · gn](an1 ) = f (g1(a
n
1 ), . . . , gn(a

n
1 )) (5.1.4)

for any a1, . . . , an ∈ A, where the left and right hand side of (5.1.4) are si-
multaneously defined or not defined. As earlier, In1 , . . . , Inn denotes the n-place
projectors, i.e., full n-place functions such that

Ini (a1, . . . , an) = ai (5.1.5)

for all a1, . . . , an ∈ A and i = 1, . . . , n. It is not difficult to verify that for all
n-place functions defined on A we have

f [In1 · · · Inn ] = f, (5.1.6)

Ini [g1 · · · gn] = gi ◦ �pr1 g1∩···∩pr1 gn , (5.1.7)

f ⊕
i
g = f [In1 · · · Ini−1gIni+1 · · · Inn ], (5.1.8)

f [gn1 ][h
n
1 ] = f [g1[h

n
1 ] · · · gn[hn1 ]], (5.1.9)

(f ⊕
i
g)[hn1 ] = f [hi−11 g[hn1 ]h

n
i+1], (5.1.10)

f [gn1 ]⊕
i
h = f [(g1⊕

i
h) · · · (gn⊕

i
h)], (5.1.11)

g⊕
i
Ini = Ini ⊕

i
g = g, (5.1.12)

Ink ⊕
i
g = Ink ◦ �pr1 g (5.1.13)

for all i, k ∈ {1, . . . , n}, k �= i.
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Proposition 5.1.2. For all n-place functions f, g1, . . . , gn ∈ F(An, A) and
⊕
i1
, . . . ,⊕

is
we have

f
is⊕
i1
gs1 = f [ (In1

is⊕
i1
gs1) · · · (Inn

is⊕
i1
gs1) ]. (5.1.14)

Proof. We prove (5.1.14) by induction. For s = 1, by (5.1.8) and (5.1.13),
we have

f ⊕
i1
g1 = f [In1 · · · Ini1−1g1I

n
i1+1 · · · Inn ]

= f [(In1 ◦ �pr1 g1) · · · (Ini1−1 ◦ �pr1 g1) g1 (I
n
i1+1 ◦ �pr1 g1) · · · (Inn ◦ �pr1 g1)]

= f [(In1 ⊕
i1
g1) · · · (Ini1−1 ⊕i1

g1) (I
n
i1
⊕
i1
g1) (I

n
i1+1 ⊕

i1
g1) · · · (Inn ⊕

i1
g1)]

= f [(In1 ⊕
i1
g1) · · · (Inn ⊕

i1
g1)].

Thus, for s = 1, condition (5.1.14) is satisfied.
Assume that it is valid for s = k, i.e.,

f
ik⊕
i1
gk1 = f [(In1

ik⊕
i1
gk1) · · · (Inn

ik⊕
i1
gk1)].

Then, according to this assumption and (5.1.11), we obtain

f
ik+1

⊕
i1

gk+1
1 = (f

ik⊕
i1
gk1 ) ⊕

ik+1

gk+1 = f [(In1
ik⊕
i1
gk1 ) · · · (Inn

ik⊕
i1
gk1 )] ⊕

ik+1

gk+1

= f [ ((In1
ik⊕
i1
gk1 ) ⊕

ik+1

gk+1) · · · ((Inn
ik⊕
i1
gk1 ) ⊕

ik+1

gk+1) ]

= f [ (In1
ik+1

⊕
i1

gk+1
1 ) · · · (Inn

ik+1

⊕
i1

gk+1
1 ) ],

which proves (5.1.14) for s = k + 1. So, by induction, it is true for all natural
numbers.

Proposition 5.1.3. The implication
n∧

i=1

(
μi(

is⊕
i1
gs1) = μi(

jk⊕
j1
hk1)

)
−→ f

is⊕
i1
gs1 = f

jk⊕
j1
hk1 (5.1.15)

is valid for all n-place functions f, g1, . . . , gs, h1, . . . , hk ∈ F(An, A) and all
i1, . . . , is, j1, . . . , jk ∈ {1, . . . , n}.

Proof. Assume that the premise of (5.1.15) is satisfied. Then {i1, . . . , is} =

{j1, . . . , jk}. Indeed, for i �∈ {i1, . . . , is}, the symbol μi(
is⊕
i1
gs1) is empty. So,

μi(
jk
⊕
j1
hk1) also is empty. Thus i �∈ {j1, . . . , jk}.
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If (a1, . . . , an) ∈ pr1 (f
is⊕
i1
gs1), then, according to (5.1.14), we have

(f
is⊕
i1
gs1)(a

n
1 ) = f [(In1

is⊕
i1
gs1) · · · (Inn

is⊕
i1
gs1)](a

n
1 )

= f((In1
is⊕
i1
gs1)(a

n
1 ), . . . , (I

n
n

is⊕
i1
gs1)(a

n
1 ))

= f(μ′1(
is⊕
i1
gs1)(a

n
1 ), . . . , μ

′
n(

is⊕
i1
gs1)(a

n
1 )),

where μ′i(
is⊕
i1
gs1)(a

n
1 ) is equal to ai for i �∈ {i1, . . . , is}, and μi(

is⊕
i1
gs1)(a

n
1 ) for

i ∈ {i1, . . . , is}. As {i1, . . . , is} = {j1, . . . , jk} and the premise of (5.1.15) is
satisfied, then

μ′i(
is⊕
i1
gs1)(a

n
1 ) = μ′i(

jk
⊕
j1
hk1)(a

n
1 ),

for all i = 1, . . . , n. Hence

f
is⊕
i1
gs1(a

n
1 ) = f(μ′1(

is⊕
i1
gs1)(a

n
1 ), . . . , μ

′
n(

is⊕
i1
gs1)(a

n
1 ))

= f(μ′1(
jk⊕
j1
hk1)(a

n
1 ), . . . , μ

′
n(

jk⊕
j1
hk1)(a

n
1 )) = (f

jk⊕
j1
hk1)(a

n
1 ),

which proves the inclusion f
is⊕
i1
gs1 ⊂ f

jk
⊕
j1
hk1 . The converse inclusion can be

proved similarly. So, implication (5.1.15) is valid.

Theorem 5.1.4. A unitary (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) with selectors

e1, . . . , en can be isomorphically represented by n-place functions if and only if
n∧

i=1

(
ei

is⊕
i1
xs1 = ei

jk
⊕
j1
yk1

)
−→ g

is⊕
i1
xs1 = g

jk
⊕
j1
yk1 (5.1.16)

for all g, x1, . . . , xs, y1, . . . , yk ∈ G and i1, . . . , is, j1, . . . , jk ∈ {1, . . . , n}.

Proof. It is clear that {i1, . . . , is} = {j1, . . . , jk}. Let

{r1, . . . , rp} = {1, . . . , n} \ {i1, . . . , is}.

Then, according to (5.1.2), we have

ei
is⊕
i1
xs1 = ei

is⊕
i1
xs1 ⊕

r1
er1 ⊕

r2
· · · ⊕

rp
erp = ei

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1 ,

g
is⊕
i1
xs1 = g

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1 , g

jk
⊕
j1
yk1 = g

jk
⊕
j1
yk1

rp
⊕
r1
e
rp
r1 ,

ei
ik⊕
j1
yk1 = ei

jk
⊕
j1
yk1

rp
⊕
r1
e
rp
r1 .
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So, (5.1.16) can be rewritten in the form

n∧
i=1

(
ei

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1 = ei

jk
⊕
j1
yk1

rp
⊕
r1
e
rp
r1

)
−→ g

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1 = g

jk
⊕
j1
yk1

rp
⊕
r1
e
rp
r1 ,

i.e., in the form

n∧
i=1

(
μi(

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1) = μi(

jk⊕
j1
yk1

rp
⊕
r1
e
rp
r1 )

)
−→ g

is⊕
i1
xs1

rp
⊕
r1
e
rp
r1 = g

jk⊕
j1
yk1

rp
⊕
r1
e
rp
r1 ,

and the necessity of the condition follows from Proposition 5.1.3.
To prove the sufficiency of condition (5.1.16), consider the set A of all those

elements (x1, . . . , xn) ∈ Gn for which there are y1, . . . , ys ∈ G and i1, . . . , is ∈
{1, . . . , n} such that xi = ei

is⊕
i1
ys1, i = 1, . . . , n. Next, for every g ∈ G, consider

the n-place function λg : A→ G defined by the equality

λg(x
n
1 ) = g

is⊕
i1
ys1 . (5.1.17)

Note that the value of λg(xn1 ) does not depends on the choice of y1, . . . , ys.
Indeed, if for some z1, . . . , zk ∈ G and j1, . . . , jk ∈ {1, . . . , n} we have also
xi = ei

jk
⊕
j1
zk1 , then ei

is⊕
i1
ys1 = ei

jk
⊕
j1
zk1 for every i = 1, . . . , n, whence, according

to (5.1.16), we conclude g
is⊕
i1
ys1 = g

jk⊕
j1
zk1 .

Let g1, g2 ∈ G and (x1, . . . , xn) ∈ A. Then

λg1⊕
i
g2(x

n
1 ) = (g1⊕

i
g2)

is⊕
i1
ys1, (5.1.18)

where 1 � i � n, xk = ek
is⊕
i1
ys1, k = 1, . . . , n. Further we have

ei⊕
i
g2

is⊕
i1
ys1 = g2

is⊕
i1
ys1 = λg2(x

n
1 )

and
ek⊕

i
g2

is⊕
i1
ys1 = ek

is⊕
i1
ys1 = xk

for k �= i, k = 1, . . . , n.
Thus, (xi−11 , λg2(x

n
1 ), x

n
i+1) ∈ A and

λg1(x
i−1
1 , λg2(x

n
1 ), x

n
i+1) = g1⊕

i
g2

is⊕
i1
ys1,



Section 5.1 (2, n)-semigroups and their representations 235

which together with (5.1.18) gives

λg1⊕
i
g2(x

n
1 ) = λg1(x

i−1
1 , λg2(x

n
1 ), x

n
i+1),

i.e., λg1⊕
i
g2(x

n
1 ) = λg1 ⊕

i
λg2(x

n
1 ). So, λg1⊕

i
g2 = λg1 ⊕

i
λg2 .

As ei
n
⊕
1
en1 = ei for every i = 1, . . . , n, then en1 = (e1, . . . , en) ∈ A. Conse-

quently
λg(e

n
1 ) = g

n
⊕
1
en1 = g

n
⊕
2
en2 = · · · = g⊕

n
en = g

for every g ∈ G.
Now let λg1 = λg2 . Then λg1(e

n
1 ) = λg2(e

n
1 ), whence g1 = g2.

So, we have proved that the mapping g �→ λg is a faithful representation of
a unitary (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
) by n-place functions.

Theorem 5.1.5. A (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) has a faithful representa-

tion by n-place functions if and only if for all g, x1, . . . , xs, y1, . . . , yk ∈ G and
i1, . . . , is, j1, . . . , jk ∈ {1, . . . , n} the implication

n∧
i=1

(
μi(

is⊕
i1
xs1) = μi(

jk
⊕
j1
yk1 )
)
−→ g

is⊕
i1
xs1 = g

jk
⊕
j1
yk1 (5.1.19)

is satisfied.

Proof. The necessity of condition (5.1.19) follows from Proposition 5.1.3. To
prove the sufficiency, consider a (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
) and the set

G ∗ = G ∪ {e1, . . . , en}, where the elements e1, . . . , en �∈ G are fixed. For

x1, . . . , xs ∈ G, i1, . . . , is ∈ {1, . . . , n} and i = 1, . . . , n, by μ∗i (
is⊕
i1
xs1), we

denote the element of G ∗ such that

μ∗i (
is⊕
i1
xs1) =

⎧⎨⎩μi(
is⊕
i1
xs1) if i ∈ {i1, . . . , is},

ei if i �∈ {i1, . . . , is}.

Let A0 be the collection of all n-tuples (x1, . . . , xn) ∈ (G ∗)n for which there

exist y1, . . . , ys ∈ G and i1, . . . , is ∈ {1, . . . , n} such that xi = μ∗i (
is⊕
i1
ys1). Denote

by A∗ the set A0 ∪ {(e1, . . . , en)}.
Next, for every g ∈ G we define the n-place function λ∗g : (G ∗)n → G ∗

putting

λ∗g(x
n
1 ) =

⎧⎨⎩g
is⊕
i1
ys1 if (x1, . . . , xn) ∈ A0,

g if (x1, . . . , xn) = (e1, . . . , en).
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In the other cases this function is not defined.
The mapping P : g �→ λ∗g is a faithful representation of (G,⊕

1
, . . . ,⊕

n
) by the

so defined n-place functions. Indeed, if (x1, . . . , xn) ∈ A0, then

λ∗g1 ⊕
i
g2(x

n
1 ) = (g1⊕

i
g2)

is⊕
i1
ys1.

But for i ∈ {i, i1, . . . , is}, we have

μ∗i (⊕
i
g2

is⊕
i1
ys1) = μi(⊕

i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1 = λ∗g2(x

n
1 )

and μ∗k(⊕
i
g2

is⊕
i1
ys1) = μk(

is⊕
i1
ys1) = xk for all k �= i. This means that

(xi−11 , λ∗g2(x
n
1 ), x

n
i+1) ∈ A0

and as a consequence

g1⊕
i
g2

is⊕
i1
ys1 = λ∗g1(x

i−1
1 , λ∗g2(x

n
1 ), x

n
i+1) = λ∗g1 ⊕

i
λ∗g2(x

n
1 ).

Thus
λ∗g1 ⊕

i
g2(x

n
1 ) = λ∗g1 ⊕

i
λ∗g2(x

n
1 )

for all (x1, . . . , xn) ∈ A0.
In the case (x1, . . . , xn) = (e1, . . . , en) we have λ∗g1 ⊕

i
g2(e

n
1 ) = g1⊕

i
g2 and

λ∗g2(e
n
1 ) = g2 = μi(⊕

i
g2) = μ∗i (⊕

i
g2).

Since μ∗k(⊕
i
g2) = ek for k �= i, the element (ei−11 , λ∗g2(e

n
1 ), e

n
i+1) lies in A0 and

λ∗g1(e
i−1
1 , λ∗g2(e

n
1 ), e

n
i+1) = g1⊕

i
g2.

So, λ∗g1 ⊕
i
g2(e

n
1 ) = λ∗g1 ⊕

i
λ∗g2(e

n
1 ).

Thus, we have
P (g1⊕

i
g2) = P (g1)⊕

i
P (g2),

which completes the proof that P is a homomorphism. Hence P is a represen-
tation of (G,⊕

1
, . . . ,⊕

n
) by partial n-place functions.

This representation is faithful because P (g1) = P (g2), i.e., λ∗g1 = λ∗g2 , implies
λ∗g1(e

n
1 ) = λ∗g2(e

n
1 ), whence g1 = g2.



Section 5.1 (2, n)-semigroups and their representations 237

Corollary 5.1.6. Every (2, n)-semigroup satisfying condition (5.1.19) has a
faithful representation by full n-place functions, i.e., by n-ary operations.

Proof. Let (G,⊕
1
, . . . ,⊕

n
) be some (2, n)-semigroup. By Theorem 5.1.5 it is iso-

morphic to some (2, n)-semigroup (Φ,⊕
1
, . . . ,⊕

n
) of (partial) n-place functions,

where Φ ⊂ F(An, A). Consider now the set A0 = A ∪ {c}, where c �∈ A, and
the extension f 0 of f ∈ Φ defined in the following way:

f0(xn1 ) =

{
f(xn1 ) if (x1, . . . , xn) ∈ pr1 f,

c if (x1, . . . , xn) �∈ pr1 f

for all x1, . . . , xn ∈ A0. It is clear that f0 is a full n-place function on A0.
Let us show that the mapping f �→ f0 is an isomorphism of (Φ,⊕

1
, . . . ,⊕

n
)

onto (Φ0,⊕
1
, . . . ,⊕

n
), where Φ0 = {f0 | f ∈ Φ}. Indeed, if f, g ∈ Φ, then in

the case when (x1, . . . , xn) ∈ pr1 (f ⊕
i
g) we have (f ⊕

i
g)0(xn1 ) = f ⊕

i
g(xn1 ) and

(x1, . . . , xn) ∈ pr1 g, (xi−11 , g(xn1 ), x
n
i+1) ∈ pr1 f. Hence g0(xn1 ) = g(xn1 ), and

consequently

f0⊕
i
g0(xn1 ) = f0(xi−11 , g0(xn1 ), x

n
i+1) = f0(xi−11 , g(xn1 ), x

n
i+1)

= f(xi−11 , g(xn1 ), x
n
i+1) = f ⊕

i
g(xn1 ).

Thus (f ⊕
i
g)0(xn1 ) = f0⊕

i
g0(xn1 ).

In the case when (x1, . . . , xn) �∈ pr1 (f ⊕
i
g) we have (f ⊕

i
g)0(xn1 ) = c and

(x1, . . . , xn) �∈ pr1 g, or (x1, . . . , xn) ∈ pr1 g and (xi−11 , g(xn1 ), x
n
i+1) �∈ pr1 f . If

(x1, . . . , xn) �∈ pr1 g, then g0(xn1 ) = c and

f0⊕
i
g0(xn1 ) = f0(xi−11 , g0(xn1 ), x

n
i+1) = f0(xi−11 , c, xni+1) = c.

If (x1, . . . , xn) ∈ pr1 g and (xi−11 , g(xn1 ), x
n
i+1) �∈ pr1 f , then g0(xn1 ) = g(xn0 ) and

f0⊕
i
g0(xn1 ) = f0(xi−11 , g0(xn1 ), x

n
i+1) = f0(xi−11 , g(xn1 ), x

n
i+1) = c.

So, in all cases (f ⊕
i
g)0(xn1 ) = f0⊕

i
g0(xn1 ) for all (x1, . . . , xn) ∈ (A0)

n. Thus,

the mapping f �→ f0 is a homomorphism.
If f0 = g0 for some f, g ∈ Φ, then pr1 f = pr1 g and f(xn1 ) = g(xn1 ) for all

xn
1 ∈ pr1 f, i.e., f = g. So, f �→ f0 is an isomorphism.

Let (G,⊕
1
, . . . ,⊕

n
) be a (2, n)-semigroup. We say that a unitary (2, n)-se-

migroup (G ∗,⊕
1
, . . . ,⊕

n
) with selectors e1, . . . , en is a unitary extension of the

(2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
), if



238 Chapter 5 (2, n)-semigroups of functions

(a) G ⊂ G ∗,

(b) G ∩ {e1, . . . , en} = ∅,

(c) G∪ {e1, . . . , en} is a generating set of the (2, n)-semigroup (G ∗,⊕
1
, . . . ,⊕

n
).

Theorem 5.1.7. Every representable (2, n)-semigroup can be isomorphically
embedded into a unitary extension of some (2, n)-semigroup.

Proof. In view of our Theorem 5.1.5 every representable (2, n)-semigroup
(G,⊕

1
, . . . ,⊕

n
) satisfies condition (5.1.19). By Corollary 5.1.6, it is isomorphic to

some (2, n)-semigroup (Φ0,⊕
1
, . . . ,⊕

n
) of full n-place functions on some set A0.

Consider now the set {In1 , . . . , Inn} of n-place projectors on A0 and the family
of subsets (Fk(Φ0))k∈N satisfying the following two conditions:

(1) F0(Φ0) = Φ0 ∪ {In1 , . . . , Inn},
(2) f, g ∈ Fk(Φ0) −→ f ⊕

i
g ∈ Fk+1(Φ0).

Obviously {In1 , . . . , Inn} ∩ Φ0 = ∅ and {In1 , . . . , Inn} ⊂ Fk(Φ0) for every k ∈ N.
Moreover, if f ∈ Fk(Φ0), then f = f ⊕

i
Ini ∈ Fk+1(Φ0). So, Φ0 ⊂ Fk(Φ0) ⊂

Fk+1(Φ0) for every k ∈ N.

Now let Φ∗ =
∞⋃
k=0

Fk(Φ0). Then Φ0 ∪ {In1 , . . . , Inn} = F0(Φ0) ⊂ Φ∗ and

{In1 , . . . , Inn} ∩ Φ0 = ∅. If f ∈ Fn(Φ0), g ∈ Fm(Φ0) for some n,m ∈ N, then
f, g ∈ Fk(Φ0), where k = max{n,m}. Therefore f ⊕

i
g ∈ Fk+1(Φ0) ⊂ Φ∗. This

means that the set Φ∗ is closed with respect to the operations ⊕
1
, . . . ,⊕

n
and

contains the projectors In1 , . . . , I
n
n . Hence (Φ∗,⊕

1
, . . . ,⊕

n
) is a unitary extension

of a (2, n)-semigroup (Φ0,⊕
1
, . . . ,⊕

n
).

Let (Pi)i∈I be the family of representations of a given (2, n)-semigroup
(G,⊕

1
, . . . ,⊕

n
) by n-place functions defined on sets (Ai)i∈I , respectively. By

the union of this family we mean the mapping P : g �→ P (g), where g ∈ G, and
P (g) is an n-place function on A =

⋃
i∈I

Ai defined by

P (g) =
⋃
i∈I

Pi(g) .

If Ai ∩ Aj = ∅ for all i, j ∈ I, i �= j, then P is called the sum of (Pi)i∈I
and is denoted by P =

∑
i∈I Pi. It is not difficult to see that the sum of

representations is a representation, but the union of representations need not
necessarily be a representation.
Let (G,⊕

1
, . . . ,⊕

n
) be a (2, n)-semigroup. A binary relation ρ ⊂ G × G is

called
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• v-regular , if
n∧

i=1

(xi, yi) ∈ ρ −→ (g
is⊕
i1
us1 , g

jk
⊕
j1
vk1 ) ∈ ρ

for all g ∈ G and xi = μi(
is⊕
i1
us1), yi = μi(

jk
⊕
j1
vk1 ), i = 1, . . . , n, where

u1, . . . , us ∈ G, v1, . . . , vk ∈ G,

• l-regular , if
(x, y) ∈ ρ −→ (x⊕

i
z , y⊕

i
z) ∈ ρ

for all x, y, z ∈ G, i = 1, . . . , n,

• v-negative, if (
x

is⊕
i1
yn1 , μi(

is⊕
i1
ys1)
)
∈ ρ

for all i ∈ {i1, . . . , is} and x, y1, . . . , ys ∈ G.

A nonempty subset W of G is called an l-ideal, if the implication

g
is⊕
i1
xs1 �∈W −→ μi(

is⊕
i1
xs1) �∈W

is true for all g, x1, . . . , xs ∈ G and i ∈ {i1, . . . , is} ⊂ {1, . . . , n}.

By determining pair of a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) we mean an ordered

pair (E ,W ), where E is a symmetric and transitive binary relation defined on
the unitary extension (G ∗,⊕

1
, . . . ,⊕

n
) of the (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
) and

W is the subset of G ∗ such that

(1) G ∪ {e1, . . . , en} ⊂ pr1 E ,
(2) {e1, . . . , en} ∩W = ∅,

(3)
n∧

i=1
ei ≡ xi(E) −→ g ≡ g

is⊕
i1
ys1(E), where xi = μi(

is⊕
i1
ys1), i = 1, . . . , n,

y1, . . . , ys ∈ G ∗,

(4)
n∧

i=1
xi ≡ yi(E) −→ g

is⊕
i1
us1 ≡ g

jk⊕
j1
vk1 (E) for all g ∈ G, xi = μi(

is⊕
i1
us1), yi =

μi(
jk⊕
j1
vk1 ) ∈ G, i = 1, . . . , n, where u1, . . . , us, v1, . . . , vk ∈ G∗,

(5) if W �= ∅, then W is an E-class and W ∩G is an l-ideal of G.

Let (Ha)a∈A be a collection of E-classes (uniquely indexed by elements of A)
such that Ha �= W and Ha∩ (G∪{e1, . . . , en}) �= ∅ for all a ∈ A. Consider the
set A of elements (a1, . . . , an) ∈ An satisfying one of the conditions:



240 Chapter 5 (2, n)-semigroups of functions

(a) Hai = E〈μ∗(
is⊕
i1
ys1)〉 for all i = 1, . . . , n and some y1, . . . , ys ∈ G,

(b) Hai = E〈ei〉 for all i = 1, . . . , n,

where E〈x〉 denotes the E-class of x.
Next, for each g ∈ G, we define an n-place function P(E,W )(g) on A putting

(an1 , b) ∈ P(E,W )(g)←→ (a1, . . . , an) ∈ A ∧

⎧⎨⎩g
is⊕
i2
ys1 ∈ Hb if holds (a),

g ∈ Hb if holds (b).

Proposition 5.1.8. If a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) is representable, then a

mapping g �→ P(E,W )(g), where (E ,W ) is a determining pair, is a representation
of the (2, n)-semigroup by n-place functions.

Proof. We must show that

P(E,W )(g1⊕
i
g2) = P(E,W )(g1)⊕

i
P(E,W )(g2) (5.1.20)

for all g1, g2 ∈ G and i = 1, . . . , n.
Let (an1 , b) ∈ P(E,W )(g1⊕

i
g2) for some i = 1, . . . , n. Then, according to the

definition of P(E,W ), we have (a1, . . . , an) ∈ A. In the case (a), we have also

(g1⊕
i
g2)

is⊕
i1
ys1 ∈ Hb. But Hb ∩ W = ∅, so, (g1⊕

i
g2)

is⊕
i1
ys1 �∈ W. Therefore

μ∗i (⊕
i
g2

is⊕
i1
ys1) �∈ W , i.e., g2

is⊕
i1
ys1 �∈ W , because W is an l-ideal. Assume that

g2
is⊕
i1
ys1 ∈ Hc. Since

μ∗k(⊕
i
g2

is⊕
i1
ys1) = μ∗k(

is⊕
i1
ys1) �∈W for k �= i,

we have (ai−11 , c, ani+1) ∈ A, which, together with (an1 , c) ∈ P(E,W )(g2), implies
(an1 , b) ∈ P(E,W )(g1)⊕

i
P(E,W )(g2).

In the case (b) we obtain g1⊕
i
g2 ∈ Hb. Thus g2 �∈ W, and consequently,

g2 ∈ Hc for some c ∈ A. Therefore (ai−11 , c, ani+1) ∈ A, whence

(ai−11 c ani+1, b) ∈ P(E,W )(g1) and (an1 , c) ∈ P(E,W )(g2).

Consequently (an1 , b) ∈ P(E,W )(g1)⊕
i
P(E,W )(g2), which shows that the inclusion

P(E,W )(g1⊕
i
g2) ⊂ P(E,W )(g1)⊕

i
P(E,W )(g2)

is valid in any case.



Section 5.1 (2, n)-semigroups and their representations 241

Now let (an1 , b) ∈ P(E,W )(g1)⊕
i
P(E,W )(g2). Then there exists c ∈ A such that

(an1 , c) ∈ P(E,W )(g2) and (ai−11 c ani+1, b) ∈ P(E,W )(g1).
If Hai = E〈ei〉 for all i = 1, . . . , n, then g2 ∈ Hc. Thus (ai−11 , c, ani+1) ∈ A and

g1⊕
i
g2 ∈ Hb, whence (an1 , b) ∈ P(E,W )(g1⊕

i
g2).

If Hai = E〈μ∗(
is⊕
i1
ys1)〉 for all i = 1, . . . , n and some y1, . . . , ys ∈ G, then

Hb = E〈g1⊕
i
g2

is⊕
i1
ys1〉, because Hc = E〈g2

i2⊕
i1
ys1〉 = E〈μ∗i (⊕

i
g2

is⊕
i1
ys1)〉 and

Hk = E〈μ∗i (
is⊕
i1
ys1)〉 = E〈μ∗i (⊕

i
g2

is⊕
i1
ys1)〉, k �= i.

Therefore (an1 , b) ∈ P(E,W )(g1⊕
i
g2). So,

P(E,W )(g1)⊕
i
P(E,W )(g2) ⊂ P(E,W )(g1⊕

i
g2),

which, together with the previous inclusion, proves (5.1.20).

The representation P(E,W ), uniquely determined by the pair (E ,W ), will be
called simplest .

Theorem 5.1.9. Any representation of a (2, n)-semigroup by n-place functions
is a union of some family of its simplest representations.

Proof. Let P be a representation of the (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) by

n-place functions defined on A, and let c �∈ A be some fixed element. For every
g ∈ G we define on A0 = A ∪ {c} an n-ary operation P ∗(g) putting

P ∗(g) =

{
P (g)(an1 ) if (a1, . . . , an) ∈ pr1 P (g),

c if (a1, . . . , an) �∈ pr1 P (g).

It is not difficult to see that P ∗ is a representation of (G,⊕
1
, . . . ,⊕

n
) by n-ary

operations defined on A0, and P (g) �→ P ∗(g), where g ∈ G, is an isomorphism
of (P (G),⊕

1
, . . . ,⊕

n
) onto (P ∗(G),⊕

1
, . . . ,⊕

n
). Because G ∪ {e1, . . . , en} is a ge-

nerating set of the unitary extension (G∗,⊕
1
, . . . ,⊕

n
) with selectors e1, . . . , en,

so putting P ∗(ei) = Ini , i = 1, . . . , n, where Ini is the ith n-place projector of
A0, we obtain a unique extension of P ∗ from G to G∗.
For any (a1, . . . , an) ∈ An we define on G∗ an equivalence Θan1

such that

x ≡ y(θan1 )←→ P ∗(x)(an1 ) = P ∗(y)(an1 ).
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This equivalence is v-regular. Indeed, if xi ≡ yi(θan1 ), i.e., P ∗(xi)(an1 ) =

P ∗(yi)(an1 ) for i = 1, . . . , n, then for g ∈ G and xi = μi(
is⊕
i1
us1), yi = μi(

jk⊕
j1
vk1 ),

i = 1, . . . , n, by Proposition 5.1.2, we have

P ∗(g
is⊕
v1
us1)(a

n
1 ) = P ∗(g)⊕

i1
P ∗(u1)⊕

i2
· · · ⊕

is
P ∗(us)(an1 )

= P ∗(g)
[(

In1 ⊕
i1
P ∗(u1)⊕

i2
· · · ⊕

is
P ∗(us)

)
· · ·

· · ·
(
Inn ⊕

i1
P ∗(u1)⊕

i2
· · · ⊕

is
P ∗(us)

)]
(an1 )

= P ∗(g)
(
P ∗(μ1(

is⊕
i1
us1))(a

n
1 ), . . . , P

∗(μn(
is⊕
i1
us1))(a

n
1 )
)

= P ∗(g)
(
P ∗(x1)(an1 ), . . . , P ∗(xn)(an1 )

)
= P ∗(g)

(
P ∗(y1)(an1 ), . . . , P ∗(yn)(an1 )

)
= · · · = P ∗(g

jk
⊕
j1
vk1 )(a

n
1 ).

So, g
is⊕
i1
us1 ≡ g

jk
⊕
j1
vk1 (θan1 ). This proves the v-regularity of the equivalence θan1 .

All subsets of the form

H
an1
b = {x ∈ G∗ | (an1 , b) ∈ P ∗(x)}

are, of course, equivalence classes of this relation. Moreover, the pair (Ean1 ,Wan1
),

where

Ean1 = θan1 ∩ θan1

(
G ∪ {e1, . . . , en}

)
× θan1

(
G ∪ {e1, . . . , en}

)
,

Wan1
= {x ∈ G∗ |P ∗(x)(an1 ) = c},

is a determining pair of a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
).

We prove that a representation P is the union of a family of the simplest
representations Pan1

of (G,⊕
1
, . . . ,⊕

n
) induced by a determining pair (Ean1 ,Wan1

),

i.e., that
P (g) =

⋃
an1∈An

Pan1
(g) (5.1.21)

for every g ∈ G. Indeed, if (bn1 , d) ∈ P (g), then g ∈ H
bn1
d , where bn1 ∈ An,

d ∈ A. But ei ∈ H
bn1
bi
, i = 1, . . . , n, and g ∈ H

bn1
d , imply, according to the

definition, (bn1 , d) ∈ Pbn1
(g). Therefore (bn1 , d) ∈

⋃
an1∈An

Pan1
(g). So,

P (g) ⊂
⋃

an1∈An

Pan1
(g).
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Conversely, if (bn1 , d) ∈ Pan1
(g) for some an1 ∈ An, then g

is⊕
i1
ys1 ∈ H

an1
d

(for H
an1
bi

= Ean1 〈μ
∗
i (

is⊕
i1
ys1)〉, i = 1, . . . , n), or g ∈ H

an1
d (for H

an1
bi

= Ean1 〈ei〉,

i = 1, . . . , n, where bn1 ∈ An).

For μ∗i (
is⊕
i1
ys1) ∈ H

an1
bi
we have bi = P

(
μ∗i (

is⊕
i1
ys1)
)
(an1 ), i = 1, . . . , n. From

g
is⊕
i1
ys1 ∈ H

an1
d we obtain d = P

(
g

is⊕
i1
ys1

)
(an1 ). But P is a homomorphism, so,

d = P (g)

(
P
(
μ∗1(

is⊕
i1
ys1)
)
(an1 ), . . . , P

(
μ∗n(

is⊕
i1
ys1)
)
(an1 )

)
= P (g)(bn1 ).

Hence (bn1 , c) ∈ P (g).
For ei ∈ H

an1
bi
, i = 1, . . . , n, we get (an1 , bi) ∈ P ∗(ei) = Ini , i = 1, . . . , n,

whence ai = bi for all i = 1, . . . , n. So, g ∈ H
bn1
d , i.e., (bn1 , d) ∈ P (g).

Thus, in both these cases we have⋃
an1∈An

Pan1
(g) ⊂ P (g)

which, together with the previous inclusion, proves (5.1.21).

Let P be a representation of a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) by n-place

functions. Define on G two binary relations χP and εP putting

(g1, g2) ∈ χP ←→ pr1 P (g1) ⊂ pr1 P (g2),

(g1, g2) ∈ ε
P
←→ P (g1) = P (g2).

It is not difficult to see that the relation χ
P is reflexive and transitive, i.e., it is

a quasi-order. The relation εP is an equivalence on G. If a representation P is
faithful, then εP = �G = {(g, g) | g ∈ G}. In the case when P is a representa-
tion by full n-place functions, we have χ

P
= G×G. Moreover, if P is the sum

of a family (Pi)i∈I of representations Pi, then

χ
P
=
⋂
i∈I

χ
Pi

and ε
P
=
⋂
i∈I

ε
Pi
. (5.1.22)

An algebraic system (Φ,⊕
1
, . . . ,⊕

n
, χΦ) is called a projection quasi-ordered

(2, n)-semigroup of n-place functions if (Φ,⊕
1
, . . . ,⊕

n
) is a (2, n)-semigroup of

n-place functions on a set A and

χΦ = {(f, g) ∈ Φ×Φ | pr1 f ⊂ pr1 g}.

It is characterized by the following theorem.
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Theorem 5.1.10. An algebraic system (G,⊕
1
, . . . ,⊕

n
, χ), where (G,⊕

1
, . . . ,⊕

n
) is

a (2, n)-semigroup and χ is a binary relation on G, is isomorphic to a projection
quasi-ordered (2, n)-semigroup of n-place functions if an only if it satisfies the
condition (5.1.19) and χ is an l-regular, v-negative quasi-order.

Proof. Necessity. Let (Φ,⊕
1
, . . . ,⊕

n
, χΦ) be a projection quasi-ordered (2, n)-

semigroup of n-place functions. It is clear that the relation χΦ is reflexive
and transitive, i.e., it is a quasi-order. By Theorem 5.1.5 condition (5.1.19) is
satisfied.
Assume that for some f, g ∈ Φ we have (f, g) ∈ χΦ , i.e., pr1 f ⊂ pr1 g. If

(a1, . . . , an) ∈ pr1 (f ⊕
i
h), where h ∈ Φ, then there exists c ∈ A such that

(an1 , c) ∈ f ⊕
i
h, whence (an1 , b) ∈ h and (ai−11 b ani+1, c) ∈ f for some b ∈ A. So,

(ai−11 b ani+1) ∈ pr1 f. Therefore (ai−11 b ani+1) ∈ pr1 g, whence (ai−11 b ani+1, d) ∈ g

for some d ∈ A. Thus, (an1 , b) ∈ h and (ai−11 b ani+1, d) ∈ g. Hence (an1 , d) ∈
g⊕

i
h, i.e., (a1, . . . , an) ∈ pr1 (g⊕

i
h), which proves the inclusion pr1 (f ⊕

i
h) ⊂

pr1 (g⊕
i
h). So, the relation χΦ is l-regular.

Now let (a1, . . . , an) ∈ pr1 (f
is⊕
i1
gs1) for some f, g1, . . . , gs ∈ Φ. This means

that f
is⊕
i1
gs1〈an1 〉 �= ∅, where the expression f〈an1 〉 denotes the set {f(an1 )}, if

(a1, . . . , an) ∈ pr1f , and the empty set if (a1, . . . , an) �∈ pr1f . Thus, according
to (5.1.14), we obtain

∅ �= f
is⊕
i1
gs1〈an1 〉 = f [(In1

is⊕
i1
gs1) · · · (Inn

is⊕
i1
gs1)]〈an1 〉

= f
(
In1

is⊕
i1
gs1〈an1 〉 , . . . , Inn

is⊕
i1
gs1〈an1 〉

)
,

where In1 , . . . , Inn are the n-place projectors on A. Hence Ini
is⊕
i1
gs1〈an1 〉 �= ∅ for

i ∈ {i1, . . . , is}. Thus μi(
is⊕
i1
gs1)〈an1 〉 �= ∅, i.e., (a1, . . . , an) ∈ pr1 μi(

is⊕
i1
gs1). This

shows that the relation χΦ is v-negative.
Sufficiency. Let all the conditions of the theorem be satisfied by an algebraic

system (G,⊕
1
, . . . ,⊕

n
, χ) and let G∗ = G ∪ {e1, . . . , en}, where e1, . . . , en �∈ G.

Consider the set A0 defined in the following way:

(x1, . . . , xn) ∈ A0 ←→ (∀i = 1, . . . , n) xi = μ∗i (
is⊕
i1
ys1)

for some y1, . . . , ys ∈ G, i1, . . . , is ∈ {1, . . . , n}, where μ∗i (
is⊕
i1
ys1) denotes an

element from G∗ defined in the proof of Theorem 5.1.4.
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Let a ∈ G be fixed. For every g ∈ G we define an n-place function Pa(g)
from A∗ = A0 ∪ {(e1, . . . , en)} to G by putting

Pa(g)(x
n
1 ) =

⎧⎪⎪⎨⎪⎪⎩
g

is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n, and

(
a, g

is⊕
i1
ys1
)
∈ χ

for some y1, . . . , ys ∈ G,

g if (x1, . . . , xn) = (e1, . . . , en) and (a, g) ∈ χ,

where (x1, . . . , xn) ∈ A∗. It is clear that Pa(g) is a partial n-place function
on G∗.
Let us show that Pa : g �→ Pa(g) is a homomorphism, i.e., we verify the

identity
Pa(g1⊕

i
g2) = Pa(g1)⊕

i
Pa(g2). (5.1.23)

For this, consider arbitrary g1, g2 ∈ G, (x1, . . . , xn) ∈ A∗ and (xn1 , y) ∈
Pa(g1⊕

i
g2), where y ∈ G.

(1) If (x1, . . . , xn) ∈ A0, i.e., xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some

y1, . . . , ys ∈ G and i1, . . . , is ∈ {1, . . . , n}, then obviously (a, y) ∈ χ for

y = (g1⊕
i
g2)

is⊕
i1
ys1. But i ∈ {i, i1, . . . , is}, so

μ∗i (⊕
i
g2

is⊕
i1
ys1) = μi(⊕

i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1 . (5.1.24)

Therefore, by the v-negativity of χ, from (a, y) ∈ χ we deduce(
a, (g1⊕

i
g2)

is⊕
i1
ys1) ∈ χ and

(
g1⊕

i
g2)

is⊕
i1
ys1), μi(⊕

i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1
)
∈ χ.

Hence
(
a, g2

is⊕
i1
ys1
)
∈ χ, i.e., Pa(g2)(x

n
1 ) = g2

is⊕
i1
ys1. For k �= i we have obviously

μ∗k(⊕
i
g2

is⊕
i1
ys1) = μ∗k(

is⊕
i1
ys1) = xk, k = 1, . . . , n,

which together with (5.1.24) implies (xi−11 , g2
is⊕
i1
ys1, x

n
i+1) ∈ A0. Thus, from

(a, y) ∈ χ, we obtain

Pa(g1)(x
i−1
1 , g2

is⊕
i1
ys1, x

n
i+1) = g1⊕

i
g2

is⊕
i1
ys1 = y,

i.e., Pa(g1)
(
xi−11 , Pa(g2)(x

n
1 ), x

n
i+1

)
= y. So, Pa(g1)⊕

i
Pa(g2)(x

n
1 ) = y, and

consequently, (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2).
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(2) If (x1, . . . , xn) = (e1, . . . , en), then (a, y) ∈ χ for y = g1⊕
i
g2. We have also

(g1⊕
i
g2, g2) ∈ χ, μ∗i (⊕

i
g2) = g2 and μ∗k(⊕

i
g2) = ek for k �= i, k = 1, . . . , n.

From the above we obtain Pa(g2)(e1, . . . , en) = g2, (ei−11 , g2, e
n
i+1) ∈ A0 and

Pa(g1)(e
i−1
1 , g2, e

n
i+1) = g1⊕

i
g2. Thus

Pa(g1)
(
ei−11 , Pa(g2)(e

n
1 ), e

n
i+1

)
= y,

whence (en1 , y) ∈ Pa(g1)⊕
i
Pa(g2).

We have shown in this way that in both cases (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2). This

proves the inclusion

Pa(g1⊕
i
g2) ⊂ Pa(g1)⊕

i
Pa(g2).

To prove the converse inclusion, let (xn1 , y) ∈ Pa(g1)⊕
i
Pa(g2). Then there

exists z ∈ G such that

(xn1 , z) ∈ Pa(g2), (5.1.25)

(xi−11 z xni+1, y) ∈ Pa(g1). (5.1.26)

(1) If (x1, . . . , xn) ∈ A0, then xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some y1, . . . ,

ys ∈ G, i1, . . . , is ∈ {1, . . . , n}. So, from (5.1.25) we get (a, z) ∈ χ for

z = g2
is⊕
i1
ys1. Since

μ∗i (⊕
i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1 = z

and
μ∗k(⊕

i
g2

is⊕
i1
ys1) = μ∗k(

is⊕
i1
ys1) = xk

for k �= i, k = 1, . . . , n, condition (5.1.26) can be written as (a, y) ∈ χ, where

y = g1⊕
i
g2

is⊕
i1
ys1, which is equivalent to (x

n
1 , y) ∈ Pa(g1⊕

i
g2).

(2) If (x1, . . . , xn) = (e1, . . . , en), then (5.1.25) gives (a, z) ∈ χ and z = g2.
Similarly, (5.1.26) implies (ei−11 , g2, e

n
i+1) ∈ Pa(g1). But (ei−11 , g2, e

n
i+1) ∈ A0,

therefore Pa(g1)(e
i−1
1 , g2, e

n
i+1) = g1⊕

i
g2 = y, i.e., (a, y) ∈ χ for y = g1⊕

i
g2,

which means that (en1 , y) ∈ Pa(g1⊕
i
g2).

So, in both cases we have Pa(g1)⊕
i
Pa(g2) ⊂ Pa(g1⊕

i
g2), which together

with the previous inclusion proves (5.1.23). Thus, Pa is a representation of the
(2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
) by n-place functions.
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Let P0 be the sum of a family of representations (Pa)a∈G, i.e.,

P0 =
∑
a∈G

Pa . (5.1.27)

Then, of course, P0 also is a representation of this (2, n)-semigroup by n-place
functions.
Now we show that χ = χ

P0
. Indeed, if (g1, g2) ∈ χ

P0
, then, by (5.1.22), we

have (g1, g2) ∈
⋂
a∈G

χPa
, i.e., pr1 Pa(g1) ⊂ pr1 Pa(g2) for every a ∈ G, which

means that

(∀a ∈ G)(∀xn1 ∈ A∗)
(
(x1, . . . , xn)∈ pr1Pa(g1) −→ (x1, . . . , xn)∈ pr1Pa(g2)

)
.

This, applied to (x1, . . . , xn) = (e1, . . . , en), gives

(∀a ∈ G)
(
(∃y ∈ G)(en1 , y) ∈ Pa(g1) −→ (∃z ∈ G)(en1 , z) ∈ Pa(g2)

)
,

which, in particular, implies

(∀a ∈ G)(∀g1 ∈ G)
(
(a, g1) ∈ χ −→ (a, g2) ∈ χ

)
.

So, (g1, g2) ∈ χ by the reflexivity of χ, whence χP0
⊂ χ.

Conversely, let (g1, g2) ∈ χ, a ∈ G and (x1, . . . , xn) ∈ pr1 Pa(g1). If

(x1, . . . , xn) ∈ A0, then we have (a, g1
is⊕
i1
ys1) ∈ χ, where xi = μ∗i (

is⊕
i1
ys1), i =

1, . . . , n. Since χ is l-regular, (g1, g2) ∈ χ implies (g1
is⊕
i1
ys1, g2

is⊕
i1
ys1) ∈ χ. Thus

(a, g2
is⊕
i1
ys1) ∈ χ, i.e., (x1, . . . , xn) ∈ pr1 Pa(g2). If (x1, . . . , xn) = (e1, . . . , en),

then (a, g1) ∈ χ. Therefore (a, g2) ∈ χ, which means that (e1, . . . , en) ∈
pr1 Pa(g2). Thus, for any (x1, . . . , xn) ∈ A∗ from (x1, . . . , xn) ∈ pr1 Pa(g1),
it follows that (x1, . . . , xn) ∈ pr1 Pa(g2). From this, according to (5.1.22) and
(5.1.27), we conclude pr1 P0(g1) ⊂ pr1 P0(g2), i.e., (g1, g2) ∈ χP0

. So, χ ⊂ χP0
.

Hence χ = χP0
.

Since the (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) satisfies condition (5.1.19), by Corol-

lary 5.1.6, there exists an isomorphic representation Λ of this (2, n)-semigroup
by n-ary operations. Hence χΛ = G × G and εΛ = �G. Consider now
the representation P of the given (2, n)-semigroup, which is defined by the
equality P = Λ + P0. We have χ

P
= χΛ ∩ χ

P0
= G × G ∩ χ = χ and

εP = εΛ ∩ εP0
= �G ∩ εP0

= �G. This means that P is a faithful repre-
sentation. So, (G,⊕

1
, . . . ,⊕

n
, χ) is isomorphic to some projection quasi-ordered

(2, n)-semigroup of n-place functions.
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5.2 Menger (2, n)-semigroups

On the set F(An, A) of all n-place functions on A, in addition to the binary
compositions ⊕

1
, . . . ,⊕

n
defined according to the formula (5.1.1) we can consider

the (n+ 1)-ary Menger composition of n-place functions, which, as previously,
will be denoted by O. The algebra (Φ, O,⊕

1
, . . . ,⊕

n
), where Φ ⊂ F(An, A) will

be called a Menger (2, n)-semigroup of n-place functions. In the case when
all elements of the set Φ are n-ary operations we will say that this algebra is
a Menger (2, n)-semigroup of n-ary operations or a Menger (2, n)-semigroup of
full n-place functions.
The algebra G = (G, o,⊕

1
, . . . ,⊕

n
) of type (n + 1, 2, . . . , 2), where (G, o) is

a Menger algebra of rank n, and (G,⊕
1
, . . . ,⊕

n
) is a (2, n)-semigroup, will be

called a Menger (2, n)-semigroup. Any its homomorphism into some Menger
(2, n)-semigroup of n-place functions will be called a representation of this
Menger (2, n)-semigroup by n-place functions. A representation, which is an
isomorphism, is called faithful. Any Menger (2, n)-semigroup, for which there
exists a faithful representation is called representable.

Definition 5.2.1. A Menger (2, n)-semigroup G is called unitary if it contains
selectors, i.e., elements e1, . . . , en ∈ G such that

x[en1 ] = x, (5.2.1)

ei[x
n
1 ] = xi, i = 1, . . . , n, (5.2.2)

x[ei−11 y eni+1] = x⊕
i
y, i = 1, . . . , n, (5.2.3)

for all x, x1, . . . , xn, y ∈ G.

Theorem 5.2.2. Every unitary Menger (2, n)-semigroup is faithfully repre-
sentable by full n-place functions (i.e., n-ary operations) on some set in such
a way that its selectors correspond to n-place projectors In1 , . . . , I

n
n on this set.

Proof. Let G be a unitary Menger (2, n)-semigroup with selectors e1, . . . , en.
Consider the set Φ of n-place projectors In1 , . . . , Inn and functions λg defined on
G by the formula

λg(x
n
1 ) = g[xn1 ] . (5.2.4)

We prove that P : G→ Φ such that P (g) = λg is an isomorphism.
Indeed, for all g, g1, . . . , gn ∈ G and x1, . . . , xn ∈ G, according to (5.1.1),

(5.1.4), and (5.2.4), we have
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λg[gn1 ]
(xn1 ) = g[gn1 ][x

n
1 ] = g[g1[x

n
1 ] · · · gn[xn1 ]] = λg

(
g1[x

n
1 ], · · · , gn[xn1 ]

)
= λg

(
λg1(x

n
1 ), . . . , λgn(x

n
1 )
)
= λg[λg1 · · · λgn ](xn1 ),

which implies λg[gn1 ]
= λg[λg1 · · · λgn ]. This proves that

P (g[gn1 ]) = P (g)[P (g1) · · · P (gn)].

Similarly, by (5.1.1), (5.2.2), and (5.2.4), for all g1, g2, x1, . . . , xn ∈ G,
i = 1, . . . , n, we obtain

λg1⊕
i
g2(x

n
1 ) = (g1⊕

i
g2)[x

n
1 ] = g1[e

i−1
1 g2 e

n
i+1][x

n
1 ]

= g1[e1[x
n
1 ] · · · ei−1[xn1 ] g2[xn1 ] ei+1[x

n
1 ] · · · en[xn1 ]]

= g1[x
i−1
1 g2[x

n
1 ]x

n
i+1] = λg1

(
xi−11 , λg2(x

n
1 ), x

n
i+1

)
= λg1 ⊕

i
λg2(x

n
1 ).

Thus λg1⊕
i
g2 = λg1 ⊕

i
λg2 , i.e.,

P (g1⊕
i
g2) = P (g1)⊕

i
P (g2).

Moreover, P (ei) = Ini for i = 1, . . . , n, where e1, . . . , en are selectors on G.
Indeed,

λei(x
n
1 ) = ei[x

n
1 ] = xi = Ini (x

n
1 )

for all x1, . . . , xn ∈ G. Hence P (ei) = λei = Ini , i.e., λei is the ith projector
in G.
Finally, if λg1 = λg2 , then λg1(e

n
1 ) = λg1(e

n
1 ), and consequently, g1[e

n
1 ] =

g2[e
n
1 ], which (by (5.2.1)) gives g1 = g2. Hence P : G → Φ is an isomorphism.

From this point on, projectors of a Menger (2, n)-semigroup of n-ary ope-
rations will be identified with the selectors. For a Menger (2, n)-semigroup of
partial n-place functions2 such identification is impossible because

Ini [g1 · · · gn] = gi ◦ Δpr1g1∩···∩pr1gn .

Theorem 5.2.3. A Menger (2, n)-semigroup G is isomorphic to a Menger
(2, n)-semigroup of n-place functions if and only if it satisfies the following three
identities:

2 I.e., partial n-place functions.
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(x⊕
i
y)[zn1 ] = x[zi−11 y[zn1 ] z

n
i+1] , (5.2.5)

x[yn1 ]⊕
i
z = x[(y1⊕

i
z) · · · (yn⊕

i
z)] , (5.2.6)

x
is⊕
i1
ys1 = x[μ1(

is⊕
i1
ys1) · · · μn(

is⊕
i1
ys1)] , (5.2.7)

where {i1, . . . , is} = {1, . . . , n}, and the implication (5.1.19).

Proof. We limit ourselves to the proof of sufficiency because the necessity is
a consequence of (5.1.10), (5.1.11), Proposition 5.1.2, and Proposition 5.1.3.
Let all the conditions of the theorem be satisfied by G. Consider the set

G∗ = G∪ {e1, . . . , en}, where e1, . . . , en are different elements not belonging to
G. For every g ∈ G, we define on G∗ an n-place function λ∗g letting

λ∗g(x
n
1 ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

g[xn1 ] if x1, . . . , xn ∈ G,

g if (x1, . . . , xn) = (e1, . . . , en),

g
is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n,

where y1, . . . , ys ∈ G

and μ∗i (
is⊕
i1
ys1) is defined as in the proof of Theorem 5.1.5. In other cases, λ

∗
g is

not defined.
Let us show that the mapping P : g �→ λ∗g is a faithful representation of G

by n-place functions.
Let g, g1, . . . , gn ∈ G. Then for any x1, . . . , xn ∈ G, according to (5.1.1),

(5.1.4), and (5.2.4), we have

λ∗g[gn1 ](x
n
1 ) = g[gn1 ][x

n
1 ] = g[g1[x

n
1 ] · · · gn[xn1 ]]

= λ∗g (g1[xn1 ], . . . , gn[xn1 ]) = λ∗g
(
λ∗g1(x

n
1 ), . . . , λ

∗
gn(x

n
1 )
)

= λ∗g[λ∗g1 · · ·λ
∗
gn ](x

n
1 ).

If (x1, . . . , xn) = (e1, . . . , en), then obviously λ∗g[gn1 ](e
n
1 ) = g[gn1 ] and

λ∗g[λ
∗
g1 · · ·λ

∗
gn ](e

n
1 ) = λ∗g

(
λ∗g1(e

n
1 ) · · ·λ∗gn(e

n
1 )
)
= λ∗g(g1, . . . , gn) = g[gn1 ],

whence λ∗g[gn1 ](e
n
1 ) = λ∗g[λ∗g1 · · ·λ

∗
gn ](e

n
1 ).

Now let xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, where y1, . . . , ys ∈ G. Then

λ∗g[gn1 ](x
n
1 ) = g[gn1 ]

is⊕
i1
ys1 = g[g1

is⊕
i1
ys1 · · · gn

is⊕
i1
ys1]

= λ∗g
(
λ∗g1(x

n
1 ), . . . , λ

∗
gn(x

n
1 )
)
= λ∗g[λ∗g1 · · ·λ

∗
gn ](x

n
1 ).
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So, λ∗g[gn1 ] = λ∗g[λ∗g1 · · ·λ
∗
gn ].

In this way we have proved that

P (g[gn1 ]) = λ∗g[λ
∗
g1 · · ·λ

∗
gn ] = O(P (g), P (g1), . . . , P (gn))

for all g, g1, . . . , gn ∈ G.

Now we consider the operation ⊕
i
, where i = 1, . . . , n.

Let g1, g2 ∈ G. If x1, . . . , xn ∈ G, then, according to (5.2.5), we get

λ∗g1⊕
i
g2(x

n
1 ) = (g1⊕

i
g2)[x

n
1 ] = g1[x

i−1
1 g2[x

n
1 ]x

n
i+1]

= λ∗g1
(
xi−11 , λ∗g2(x

n
1 ), x

n
i+1

)
= λ∗g1 ⊕

i
λ∗g2(x

n
1 ).

If (x1, . . . , xn) = (e1, . . . , en), then λ∗g1⊕
i
g2(e

n
1 ) = g1⊕

i
g2 and

λ∗g1 ⊕
i
λ∗g2(e

n
1 ) = λ∗g1

(
ei−11 , λ∗g2(e

n
1 ), e

n
i+1

)
= λ∗g1

(
ei−11 , g2, e

n
i+1

)
.

Since μ∗i (⊕
i
g2) = g2 and μ∗k(⊕

i
g2) = ek for k �= i, k = 1, . . . , n, then

λ∗g1
(
ei−11 , g2, e

n
i+1

)
= g1⊕

i
g2.

Thus, λ∗g1⊕
i
g2(e

n
1 ) = λ∗g1 ⊕

i
λ∗g2(e

n
1 ).

Finally, let xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, where y1, . . . , ys ∈ G, then

λ∗g1⊕
i
g2(x

n
1 ) = g1⊕

i
g2

is⊕
i1
ys1.

On the other side, μ∗i (⊕
i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1 = λ∗g2(x

n
1 ) and μ∗k(⊕

i
g2

is⊕
i1
ys1) =

μ∗k(
is⊕
i1
ys1) = xk for all k = 1, . . . , n, k �= i. Hence

λ∗g1 ⊕
i
λ∗g2(x

n
1 ) = λ∗g1

(
xi−11 , λ∗g2(x

n
1 ), x

n
i+1

)
= g1⊕

i
g2

is⊕
i1
ys1.

Thus λ∗g1⊕
i
g2(x

n
1 ) = λ∗g1 ⊕

i
λ∗g2(x

n
1 ).

3

So, in all cases we have λ∗g1⊕
i
g2 = λ∗g1 ⊕

i
λ∗g2 , i.e.,

P (g1⊕
i
g2) = P (g1)⊕

i
P (g2)

3 Observe that for {i1, . . . , is} = {1, . . . , n} this case, according to (5.2.7), is reduced to the
case considered earlier, i.e., to the case when x1, . . . , xn ∈ G.
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for every i = 1, . . . , n.
This completes the proof that P is a representation of G by n-place functions.
This representation is faithful because P (g1) = P (g2), i.e., λ∗g1 = λ∗g2 , implies

λ∗g1(e
n
1 ) = λ∗g2(e

n
1 ), whence g1 = g2.

Corollary 5.2.4. In any unitary Menger (2, n)-semigroup G we have

x
is⊕
i1
ys1 = x[μ∗1(

is⊕
i1
ys1) · · · μ∗n(

is⊕
i1
ys1)] (5.2.8)

for all x, y1, . . . , ys ∈ G and i1, . . . , is ∈ {1, . . . , n}.

Proof. Let {j1, . . . , jk} = {1, . . . , n} \ {i1, . . . , is}. According to the defini-
tion 5.2.1, in a Menger (2, n)-semigroup containing selectors e1, . . . , en, we have
x⊕

i
ei = x for all x ∈ G and i = 1, . . . , n. Thus

μ∗i (
is⊕
i1
ys1) = μ∗i ((

is⊕
i1
ys1)⊕

j1
ej1 ⊕

j2
· · · ⊕

jk
ejk),

for i = 1, . . . , n, which implies (5.2.7), and consequently, (5.2.8).

Theorem 5.2.5. Any Menger (2, n)-semigroup of n-place functions is isomor-
phic to some Menger (2, n)-semigroup of n-ary operations.

Proof. Let F = (Φ, O,⊕
1
, . . . ,⊕

n
), where Φ ⊂ F(An, A), be a Menger (2, n)-

semigroup of n-place functions. For every f ∈ Φ, we define on A0 = A ∪ {c},
where c �∈ A, an n-ary operation f0 putting

f0(xn1 ) =

{
f(xn1 ) if (x1, . . . , xn) ∈ pr1 f,

c if (x1, . . . , xn) �∈ pr1 f.
(5.2.9)

Let f, g1, . . . , gn ∈ Φ. If (x1, . . . , xn) ∈ pr1 f [gn1 ], then (x1, . . . , xn) ∈ pr1 gi for
all i = 1, . . . , n and, consequently, (g1(xn1 ), . . . , gn(xn1 )) ∈ pr1 f . Hence

f [gn1 ]
0(xn1 ) = f [gn1 ](x

n
1 ) = f(g1(x

n
1 ), . . . , gn(x

n
1 ))

= f0(g1(x
n
1 ), . . . , gn(x

n
1 )) = f0(g01(x

n
1 ), . . . , g

0
n(x

n
1 ))

= f0[g01 · · · g0n](xn1 ),

which gives
f [gn1 ]

0(xn1 ) = f0[g01 · · · g0n](xn1 )

for all (x1, . . . , xn) ∈ pr1 f [gn1 ].
For (x1, . . . , xn) �∈ pr1 f [gn1 ], we have f [gn1 ]

0(xn1 ) = c. Moreover, from
(x1, . . . , xn) �∈ pr1 f [gn1 ] it follows either (x1, . . . , xn) �∈ pr1 gi (for some i)
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or (g1(x
n
1 ), . . . , gn(x

n
1 )) �∈ pr1 f . In the first case, g0i (xn1 ) = c, which gives

f 0(g01(x
n
1 ), . . . , g

0
n(x

n
1 )) = c. In the second (according to the definition of the

operation f0), we have f0(g1(x
n
1 ), . . . , gn(x

n
1 )) = c, which implies

f0(g01(x
n
1 ), . . . , g

0
n(x

n
1 )) = c,

i.e., f0[g01 · · · g0n](xn1 ) = c. This means that f [gn1 ]
0(xn1 ) = f0[g01 · · · g0n](xn1 )

holds also for (x1, . . . , xn) �∈ pr1 f [gn1 ]. Hence

f [gn1 ]
0 = f0[g01 · · · g0n]

is satisfied for all f, g1, . . . , gn ∈ Φ.
A similar argumentation proves that

(f ⊕
i
g)0 = f0⊕

i
g0

for all f, g ∈ Φ and i = 1, . . . , n.
This means that the mapping P : f �→ f0 is a homomorphism of F onto

(Φ0, O,⊕
1
, . . . ,⊕

n
), where Φ0 = {f0 | f ∈ Φ}. In fact, as it is not difficult to see,

P is an isomorphism. This completes the proof.

As a simple consequence of Theorems 5.2.3 and 5.2.5 we obtain the following
result.

Corollary 5.2.6. Any Menger (2, n)-semigroup satisfying all the conditions of
Theorem 5.2.3 is isomorphic to some Menger (2, n)-semigroup of n-ary opera-
tions.

A unitary extension G∗ of a Menger (2, n)-semigroup G is defined in the same
way as a unitary extension of the (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
) (see p. 237).

In a unitary extension of a Menger (2, n)-semigroup of n-ary operations se-
lectors are replaced by projectors.

Theorem 5.2.7. Any Menger (2, n)-semigroup satisfying the assumptions of
Theorem 5.2.3 can be isomorphically embedded into a unitary extension of some
Menger (2, n)-semigroup of n-ary operations.

Proof. If a Menger (2, n)-semigroup G is isomorphic to a Menger (2, n)-semigroup
(Φ, O,⊕

1
, . . . ,⊕

n
) of n-place functions defined on A, then, by Theorem 5.2.5, it is

isomorphic to a Menger (2, n)-semigroup (Φ0, O,⊕
1
, . . . ,⊕

n
) of n-ary operations

defined on A0 (see the proof of Theorem 5.2.5).
Let In1 , . . . , I

n
n be n-ary projectors defined on A0. Consider the family

(Fk(Φ0))k=0,1,... of sets Fk(Φ0) such that:
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(1) F0(Φ0) = Φ0 ∪ {In1 , . . . , Inn},
(2) f, g1, . . . , gn ∈ Fk(Φ0) −→ f [gn1 ] ∈ Fk+1(Φ0),

(3) f, g ∈ Fk(Φ0) −→ f ⊕
i
g ∈ Fk+1(Φ0).

It is clear that {In1 , . . . , Inn} ∩ Φ0 = ∅ and {In1 , . . . , Inn} ⊂ Fk(Φ0) for every
k = 0, 1, . . . Moreover, if f ∈ Fk(Φ0), then f = f [In1 . . . Inn ] ∈ Fk+1(Φ0)
(by (2)). Thus Fk(Φ0) ⊂ Fk+1(Φ0) for every k = 0, 1, . . .

Let Φ∗ =
∞⋃
k=0

Fk(Φ0). For all f, g1, . . . , gn ∈ Φ∗, there are m0, . . . ,mn

such that f ∈ Fm0(Φ0), gi ∈ Fmi(Φ0). Thus f, g1, . . . , gn ∈ Fk(Φ0) for
k = max{m0,m1, . . . ,mn}, and, consequently, f [gn1 ] ∈ Fk+1(Φ0) ⊂ Φ∗. This
proves that Φ∗ is closed with respect to the operation O.
Analogously we can verify that Φ∗ is closed with respect to the operations

⊕
1
, . . . ,⊕

n
. Hence (Φ∗, O,⊕

1
, . . . ,⊕

n
) is a unitary Menger (2, n)-semigroup gene-

rated by Φ0 ∪ {In1 , . . . , Inn}. By (5.2.9), we also have Φ0 ∩ {In1 , . . . , Inn} = ∅.
Therefore (Φ∗, O,⊕

1
, . . . ,⊕

n
) is a unitary extension of (Φ0, O,⊕

1
, . . . ,⊕

n
).

Let G = (G, o,⊕
1
, . . . ,⊕

n
) be a Menger (2, n)-semigroup. A binary relation

ρ ⊂ G×G is called

• v-regular , if

(x, y), (x1, y1), . . . , (xn, yn) ∈ ρ −→
{
(g[xn1 ], g[y

n
1 ]) ∈ ρ,

(g⊕
i
x, g⊕

i
y) ∈ ρ

for all g, x, y, xi, yi ∈ G, i = 1, . . . , n,

• l-regular , if

(x, y) ∈ ρ −→
{
(x[zn1 ], y[z

n
1 ]) ∈ ρ,

(x⊕
i
z, y⊕

i
z) ∈ ρ

for all x, y, z, zi ∈ G, i = 1, . . . , n,

• stable, if

(x, y), (x1, y1), . . . , (xn, yn) ∈ ρ −→
{
(x[xn1 ], y[y

n
1 ]) ∈ ρ,

(x1⊕
i
x2, y1⊕

i
y2) ∈ ρ

for all x, y, xi, yi ∈ G, i = 1, . . . , n.

Note that a reflexive and transitive relation ρ is stable if and only if it is v-re-
gular and l-regular.
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A nonempty subset W of G is called an l-ideal of a Menger (2, n)-semigroup
G if

g[w̄|ix] ∈W ∧ g⊕
i
x ∈W

for all g ∈ G, w̄ ∈ Gn, i = 1, . . . , n and x ∈W .

Definition 5.2.8. By determining pair of a Menger (2, n)-semigroup G we
mean an ordered pair (E ,W ), where E is a symmetric and transitive binary
relation defined on a unitary extension G∗ of G and W is a subset of G∗ such
that:
(i) G ∪ {e1, . . . , en} ⊂ pr1 E ,
(ii) {e1, . . . , en} ∩W = ∅,
(iii) g[E〈e1〉, . . . , E〈en〉] ⊂ E〈g〉 for all g ∈ G, where E〈g〉 is the E-class con-

taining g,

(iv) g[ E〈μ∗1(
is⊕
i1
ys1)〉 · · · E〈μ∗n(

is⊕
i1
ys1)〉] ⊂ E〈g

is⊕
i1
ys1〉 for all y1, . . . , ys ∈ G, i1, . . . ,

is ∈ {1, . . . , n},
(v) g[E〈g1〉 · · · E〈gn〉] ⊂ E〈g[g1 · · · gn]〉 for all g, g1, . . . , gn ∈ G,4

(vi) if W �= ∅, then W is an E-class and W ∩G is an l-ideal of G.

Let (Ha)a∈A be a collection of E-classes (uniquely indexed by elements of A)
such that Ha �= W and Ha ∩ (G ∪ {e1, . . . , en}) �= ∅ for all a ∈ A. Using this
collection we define the set A ⊂ An in the following way:

(a) if gi ∈ G and Hai = E〈gi〉 for i = 1, . . . , n, then (a1, . . . , an) ∈ A,

(b) if Hai = E〈ei〉 for i = 1, . . . , n, then (a1, . . . , an) ∈ A,

(c) if Hai = E〈μ∗(
is⊕
i1
ys1)〉 for i = 1, . . . , n and some y1, . . . , ys ∈ G, then

(a1, . . . , n) ∈ A,

(d) (a1, . . . , n) ∈ A if and only if (a1, . . . , an) is determined by (a), (b), or (c).

Next, for any g ∈ G we define on A an (n+ 1)-ary relation P(E,W )(g) letting:

(an1 , b) ∈ P(E,W )(g)←→ (a1, . . . , an) ∈ A ∧ g[Ha1 · · · Han ] ⊂ Hb. (5.2.10)

Proposition 5.2.9. If (a1, . . . , an) ∈ A and g[Ha1 · · · Han ] ⊂ Hb, then Hb ∩
G �= ∅.

Proof. Let g, g1, . . . , gn ∈ G. If Hai = E〈gi〉 for i = 1, . . . , n, then g[gn1 ] ∈
Hb ∩ G, whence Hb ∩ G �= ∅. If Hai = E〈ei〉 for i = 1, . . . , n, then g[en1 ] ∈ Hb

4 Note that from the conditions (iv) and (v) follows that the relation E ∩G×G is v-regular
in G.
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and g[en1 ] = g ∈ G. Thus Hb ∩ G �= ∅. Now if Hai = E〈μ∗i (
is⊕
i1
ys1)〉 for

i = 1, . . . , n and some y1, . . . , ys ∈ G, then g[μ∗1(
is⊕
i1
ys1) · · · μ∗n(

is⊕
i1
ys1)] ∈ Hb. But

g[μ∗1(
is⊕
i1
ys1) · · · μ∗n(

is⊕
i1
ys1)] = g

is⊕
i1
ys1 ∈ G, so, Hb ∩ G �= ∅, which completes the

proof.

According to the definition of P(E,W )(g),

(an1 , b), (a
n
1 , c) ∈ P(E,W )(g) −→ b = c.

So, P(E,W )(g) is an n-place function such that

(a1, . . . , an) ∈ pr1 P(E,W )(g)←→
{
(a1, . . . , an) ∈ A,

g[Ha1 · · · Han ] ∩W = ∅.
(5.2.11)

Proposition 5.2.10. If (E ,W ) is a determining pair of a Menger (2, n)-semi-
group G satisfying the assumptions of Theorem 5.2.3, then

P(E,W )(g[g
n
1 ]) = P(E,W )(g)

[
P(E,W )(g1) · · · P(E,W )(gn)

]
, (5.2.12)

P(E,W )(g1⊕
i
g2) = P(E,W )(g1)⊕

i
P(E,W )(g2) (5.2.13)

for all g, g1, . . . , gn ∈ G and i = 1, . . . , n.

Proof. We prove only (5.2.12). The proof of (5.2.13) is similar.
Let g, g1, . . . , gn ∈ G. If (an1 , c) ∈ P(E,W )(g)[P(E,W )(g1) · · · P(E,W )(gn)], then

there are b1, . . . , bn ∈ A such that

(an1 , bi) ∈ P(E,W )(gi) and (bn1 , c) ∈ P(E,W )(g)

for i = 1, . . . , n. This, by (5.2.10), is equivalent to

(a1, . . . , an) ∈ A ∧ gi[Ha1 · · · Han ] ⊂ Hbi , i = 1, . . . , n,

(b1, . . . , bn) ∈ A ∧ g[Hb1 · · · Hbn ] ⊂ Hc .

Let hi ∈ Hbi , pi ∈ Hai , where i = 1, . . . , n. The following three cases are

possible: 1) all pi are in G; 2) pi = ei for all i = 1, . . . , n; 3) pi = μ∗i (
is⊕
i1
ys1) for

all i = 1, . . . , n.
(1) If all pi are in G, then g[hn1 ] ∈ Hc and gi[p

n
1 ] ∈ Hbi ∩G, i = 1, . . . , n. Since(

hi, g1[p
n
1 ]
)
∈ E for all i = 1, . . . , n, the v-regularity of E implies

(
g[hn1 ], g[g1[p

n
1 ]

· · · gn[pn1 ]]
)
∈ E , which gives us

(
g[hn1 ], g[g

n
1 ][p

n
1 ]
)
∈ E . Hence g[gn1 ][p

n
1 ] ∈ Hc.

Therefore g[gn1 ][Ha1 · · · Han ] ⊂ Hc.
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(2) If p1 = e1, . . . , pn = en, then g[hn1 ] ∈ Hc, gi ∈ Hbi and
(
hi, gi

)
∈ E

for i = 1, . . . , n. Thus
(
g[hn

1 ], g[g
n
1 ]
)
∈ E , which implies g[gn1 ] ∈ Hc. Hence

g[gn1 ][Ha1 · · · Han ] ⊂ Hc.

(3) If pi = μ∗i (
is⊕
i1
ys1) for all i = 1, . . . , n and some y1, . . . , ys ∈ G, then

g[hn
1 ] ∈ Hc and gi[pn1 ] = gi

is⊕
i1
ys1 ∈ Hbi for i = 1, . . . , n. Thus

(
g[hn1 ], g[g1

is⊕
i1
ys1 · · ·

gn
is⊕
i1
ys1]
)
∈ E , which, after application of (5.2.6), proves

(
g[hn1 ], g[g

n
1 ]

is⊕
i1
ys1
)
∈ E ,

i.e.,
(
g[hn

1 ], g[g
n
1 ][p

n
1 ]
)
∈ E . Therefore, as in the previous case, g[gn1 ][Ha1 · · · Han ]

⊂ Hc.
From the above considerations, we obtain

(a1, . . . , an) ∈ A ∧ g[gn1 ][Ha1 · · · Han ] ⊂ Hc .

Hence (an1 , c) ∈ P(E,W )([g, g
n
1 ]). This completes the proof of the inclusion

P(E,W )(g)[P(E,W )(g1) · · · P(E,W )(gn)] ⊂ P(E,W )([g, g
n
1 ]) .

To prove the converse inclusion, consider an arbitrary element (an1 , c) from
P(E,W )([g, g

n
1 ]). Then a1, . . . , an ∈ G and g[gn1 ][Ha1 · · · Han ] ⊂ Hc.

(1) If Hai = E〈hi〉 and hi ∈ G for all i = 1, . . . , n, then g[gn1 ][h
n
1 ] ∈ Hc, which

implies g[g1[h
n
1 ] · · · gn[hn1 ]] ∈ Hc. Obviously gi[h

n
1 ] ∈ G for all i. Moreover

Hbi = E〈gi[hn1 ]〉 for i = 1, . . . , n gives (b1, . . . , bn) ∈ A and g[Hb1 · · · Hbn ] ⊂ Hc.
Clearly (a1, . . . , an) ∈ A and gi[Ha1 · · · Han ] ⊂ Hbi for every i = 1, . . . , n.
Thus (an1 , bi) ∈ P(E,W )(gi), i = 1, . . . n and (bn1 , c) ∈ P(E,W )(g). Hence (an1 , c) ∈
P(E,W )(g)[P(E,W )(g1) · · · P(E,W )(gn)].

(2) If Hai = E〈ei〉 for all i = 1, . . . , n, then g[gn1 ] ∈ Hc. For gi ∈ Hbi , i =
1, . . . , n we have gi[en1 ] ∈ Hbi and gi[Ha1 · · · Han ] ⊂ Hbi . But (b1, . . . , bn) ∈ A
and g[Hb1 · · · Hbn ] ⊂ Hc. Thus (an1 , bi) ∈ P(E,W )(gi) and (bn1 , c) ∈ P(E,W )(g).
Hence (an1 , c) ∈ P(E,W )(g)[P(E,W )(g1), . . . , P(E,W )(gn)].

(3) If Hai = E〈μ∗i (
is⊕
i1
ys1)〉 for all i = 1, . . . , n and some y1, . . . , ys ∈ G, then

g[gn1 ][μ
∗
1(

is⊕
i1
ys1), . . . , μ

∗
n(

is⊕
i1
ys1)] ∈ Hc, which, by (5.2.8), is equivalent to g[gn1 ]

is⊕
i1
ys1

∈ Hc. This, by (5.2.6), implies g[g1
is⊕
i1
ys1 · · · gn

is⊕
i1
ys1] ∈ Hc, where gi

is⊕
i1
ys1 ∈ G.

But for Hbi = E〈gi
is⊕
i1
ys1〉, i = 1, . . . , n, we have (b1, . . . , bn) ∈ A and g[Hb1 · · ·

Hbn ] ⊂ Hc. Since, according to (5.2.8), we have gi
is⊕
i1
ys1 = gi[μ

∗
1(

is⊕
i1
ys1) · · ·

μ∗n(
is⊕
i1
ys1)], we have gi[Ha1 · · · Han ] ⊂ Hbi for i = 1, . . . , n. Hence (an1 , bi) ∈
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P(E,W )(gi), i = 1, . . . , n. Therefore (bn1 , c) ∈ P(E,W )(g). So, (an1 , c) ∈
P(E,W )(g)[P(E,W )(g1) · · · P(E,W )(gn)].
This completes the proof of the inclusion

P(E,W )(g[g
n
1 ]) ⊂ P(E,W )(g)[P(E,W )(g1) · · · P(E,W )(gn)]

and the proof of (5.2.12).

The mapping P(E,W ) : g �→ P(E,W )(g), where g ∈ G, is by Proposition 5.2.10
a representation of a Menger (2, n)-semigroup G by n-place functions. This
representation will be called simplest.

Let (Pi)i∈I be a family of representations of a Menger (2, n)-semigroup G
by n-place functions defined on sets (Ai)i∈I , respectively. We call union of
this family the mapping P : g �→ P (g), where g ∈ G, and P (g) is an n-place
function on A =

⋃
i∈I

Ai defined by

P (g) =
⋃
i∈I

Pi(g) .

If Ai ∩ Aj = ∅ for all i, j ∈ I, i �= j, then P is called the sum of (Pi)i∈I
and is denoted by P =

∑
i∈I Pi. It is not difficult to see that the sum of

representations is a representation, but the union of representations may not
be a representation.

Theorem 5.2.11. Any representation of a Menger (2, n)-semigroup G by
n-place functions is a union of some family of simplest representations.

Proof. Let P be a representation of a Menger (2, n)-semigroup G by n-place
functions defined on A, and let α �∈ A be some fixed element. For every g ∈ G
we define on A∗ = A ∪ {α} an n-place function P ∗(g) putting

P ∗(g)(an1 ) =

{
P (g)(an1 ) if (a1, . . . , an) ∈ pr1 P (g),

α if (a1, . . . , an) �∈ pr1 P (g).

It is not difficult to see that P ∗ is a representation of G by n-place func-
tions defined on A∗, and P (g) �→ P ∗(g), where g ∈ G, is an isomorphism
of (P (G), O,⊕

1
, . . . ,⊕

n
) onto (P ∗(G), O,⊕

1
, . . . ,⊕

n
). Since G∪{e1, . . . , en} is the

generating set of a unitary extension G∗ with selectors e1, . . . , en, we obtain by
putting P ∗(ei) = Ini , i = 1, . . . , n, where Ini is the ith n-place projector of A∗,
a unique extension of P ∗ from G to G∗.
For any a1, . . . , an ∈ A we define on G∗ a relation Θan1

such that(
x, y
)
∈ Θan1

←→ P ∗(x)(an1 ) = P ∗(y)(an1 ).
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It is easily to verify that it is a v-regular equivalence relation such that its
abstract classes have the form H

an1
b = {x ∈ G∗ | (an1 , b) ∈ P ∗(x)}. The pair

(Ean1 ,Wan1
), where

Ean1 = Θan1
∩
(
Θan1

(G ∪ {e1, . . . , en})× Θan1
(G ∪ {e1, . . . , en})

)
,

Wan1
= {x ∈ G∗ |P ∗(x)(an1 ) = α},

is the determining pair of G.
We prove that

P (g) =
⋃

an1∈An

Pan1
(g)

for every g ∈ G, where (Pan1
)an1∈An is the family of the simplest representations

Pan1
induced by the determining pair (Ean1 ,Wan1

).
Let (bn1 , c) ∈ P (g). Then g ∈ H

bn1
c , g[en1 ] = g and ei ∈ H

bn1
bi
for all i = 1, . . . , n.

The v-regularity of Θan1
implies that (b1, . . . , bn) ∈ A and g[H

bn1
b1
, . . . , H

bn1
bn
] ⊂

H
bn1
c . Hence

(bn1 , c) ∈ Pbn1
(g) ⊂

⋃
an1∈An

Pan1
(g).

So,
P (g) ⊂

⋃
an1∈An

Pan1
(g) .

To prove the converse inclusion let (bn1 , c) ∈ Pan1
(g) for some an1 ∈ An. Then

(b1, . . . , bn) ∈ A ∧ g[H
an1
b1
· · · Han1

bn
] ⊂ H

an1
c .

(1) If hi ∈ H
an1
bi
∩G, then g[hn1 ] ∈ H

an1
c , and, consequently,

(an1 , c) ∈ P (g[hn1 ]) = P (g)[P (h1) · · · P (hn)] .

Thus, for some d1, . . . , dn ∈ A we have (an1 , di) ∈ P (hi), i = 1, . . . , n and
(dn1 , c) ∈ P (g). But (an1 , bi) ∈ P (hi) implies bi = di. Hence (bn1 , c) ∈ P (g).

(2) If ei ∈ H
an1
bi
, then g = g[en1 ] ∈ H

an1
c , which gives (an1 , c) ∈ P (g). But for

ei ∈ H
an1
bi
, we have (an1 , bi) ∈ P (ei) = P ∗(ei) = Ini . Thus bi = Ini (a

n
1 ) = ai for

i = 1, . . . , n. Therefore (bn1 , c) ∈ P (g).

(3) If μ∗i (
is⊕
i1
ys1) ∈ H

an1
bi
for all i = 1, . . . , n and some y1, . . . , ys ∈ G, then

g[μ∗1(
is⊕
i1
ys1) · · · μ∗n(

is⊕
i1
ys1)] ∈ H

an1
c , which proves g

is⊕
i1
ys1 ∈ H

an1
c . Thus

(an1 , c) ∈ P (g
is⊕
i1
ys1) = P (g)[P (μ∗1(

is⊕
i1
ys1)) · · · P (μ∗n(

is⊕
i1
ys1))].
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But there are d1, . . . , dn ∈ A such that (an1 , di) ∈ P (μ∗i (
is⊕
i1
ys1)), i = 1, . . . , n,

(dn1 , c) ∈ P (g). This, together with (an1 , bi) ∈ P (μ∗i (
is⊕
i1
ys1)), i = 1, . . . , n, implies

di = bi for all i = 1, . . . , n. Therefore (bn1 , c) ∈ P (g).
Summarizing, we see that in any case Pan1

(g) ⊂ P (g). This proves inclusion⋃
an1∈An

Pan1
(g) ⊂ P (g) and completes the proof.

Let G be a Menger (2, n)-semigroup, x – an individual variable. We denote
by T (G) the set of polynomials over G such that:
(a) x ∈ T (G),

(b) if t(x) ∈ T (G), g, g1, . . . , gn ∈ G, then g[gi−11 t(x) gni+1] ∈ T (G) for all
i = 1, . . . , n,

(c) if t(x) ∈ T (G), g ∈ G, then g⊕
i
t(x) ∈ T (G) for all i = 1, . . . , n,

(d) T (G) contains only elements determined in (a), (b) and (c).

For a nonempty subset H of a Menger (2, n)-semigroup G we define the
relation EH and the set WH letting

(x, y) ∈ EH ←→
(
∀ t ∈ T (G)

)(
t(x) ∈ H ←→ t(y) ∈ H

)
, (5.2.14)

x ∈WH ←→
(
∀ t ∈ T (G)

)(
t(x) �∈ H

)
. (5.2.15)

Proposition 5.2.12. EH is a v-regular equivalence relation on G and WH is
an EH-class which is an l-ideal or empty set.

Proof. The fact that EH is an equivalence relation is obvious. We prove that
EH is v-regular.
Let (xi, yi) ∈ EH for all i = 1, . . . , n and some xi, yi ∈ G. Then, by (5.2.14),

we have (
∀ t ∈ T (G)

)(
t(xi) ∈ H ←→ t(yi) ∈ H

)
, (5.2.16)

for i = 1, . . . , n. For all u ∈ G, w̄ ∈ Gn and polynomials of the form t1 (u[w̄|ix]),
where t1(x) ∈ T (G), this gives us(

t1 ∈ T (G)
)(

t1
(
u[w̄|ix]

)
∈ H ←→ t1

(
u[w̄|iy]

)
∈ H

)
.

Hence (
u[w̄|ix], u[w̄|iy]

)
∈ EH (5.2.17)

for all i = 1, . . . , n. In particular, for (x1, y1) ∈ EH we get(
u[x1 x

n
2 ], u[y1 x

n
2 ]) ∈ EH . (5.2.18)
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Similarly, for (x2, y2) ∈ EH we have(
u[y1x2 x

n
3 ], u[y

2
1 x

n
3 ]
)
∈ EH . (5.2.19)

Since the relation EH is transitive, from (5.2.18) and (5.2.19) we conclude(
u[x21, x

n
3 ], u[y

2
1, x

n
3 ]
)
∈ EH . By repeating this procedure we obtain(

u[xn1 ], u[y
n
1 ]
)
∈ EH .

Now let (x, y) ∈ EH , i.e.,
(
∀ t ∈ T (G)

)(
t(x) ∈ H ←→ t(y) ∈ H

)
. This, for

t(x) = t1(u⊕
i
x) ∈ T (G), gives

(
∀ t1 ∈ T (G)

)(
t1(u⊕

i
x) ∈ H ←→ t(u⊕

i
y) ∈ H

)
.

Hence
(
u⊕

i
x, u⊕

i
y
)
∈ EH , which completes the proof of the v-regularity of EH .

Assume that WH �= ∅. For x, y ∈ WH , we get
(
∀ t ∈ T (G)

)(
t(x) �∈ H

)
and(

∀ t ∈ T (G)
)(

t(y) �∈ H
)
. Thus(

∀ t ∈ T (G)
)(

t(x) �∈ H ∧ t(y) �∈ H
)
,

and consequently, (
∀ t ∈ T (G)

)(
t(x) �∈ H ←→ t(y) �∈ H

)
.

Therefore (
∀ t ∈ T (G)

)(
t(x) ∈ H ←→ t(y) ∈ H

)
,

i.e., (x, y) ∈ EH . If x ∈WH and (x, y) ∈ EH , then, as it is easy to see, y ∈WH .
This proves that WH is an EH -class.
Now, according to the definition of WH , for every x ∈WH we have(

∀ t ∈ T (G)
)(

t(x) �∈ H
)
.

Hence, t1
(
u[w̄|ix]

)
�∈ H, where t(x) = t1(u[w̄|ix]), u ∈ G, w̄ ∈ Gn, i = 1, . . . , n.

So, u[w̄|ix] ∈WH .
Analogously one can prove that u⊕

i
x ∈WH for all i = 1, . . . , n. Thus, WH is

an l-ideal of G.

Let P be a fixed representation of a Menger (2, n)-semigroup G by n-place
functions. Consider the relation ζP defined on G by

(g1, g2) ∈ ζP ←→ P (g1) ⊂ P (g2) . (5.2.20)



262 Chapter 5 (2, n)-semigroups of functions

It is clear that ζP is a quasi-order. If P is a faithful representation, then ζP is
an order, i.e., an anti-symmetric quasi-order. If P is a sum of the family (Pi)i∈I
of representations of G, then

ζP =
⋂
i∈I

ζPi . (5.2.21)

In the case when P = P(E,W ) is the simplest representation induced by a de-
termining pair (E ,W ) (see (5.2.10) and Proposition 5.2.10 ) the quasi-order
defined by (5.2.20) will be denoted by ζ(E,W ).

Proposition 5.2.13. Let (E ,W ) be a determining pair of a Menger (2, n)-se-
migroup G satisfying all assumptions of Theorem 5.2.3. Then (g1, g2) ∈ ζ(E,W )

if and only if(
∀ (x1, . . . , xn) ∈ B

)(
g1[x

n
1 ] �∈W −→

(
g1[x

n
1 ], g2[x

n
1 ]
)
∈ E
)
, (5.2.22)(

∀ y1, . . . , ys ∈ G
)(

g1
is⊕
i1
ys1 �∈W −→

(
g1

is⊕
i1
ys1, g2

is⊕
i1
ys1
)
∈ E
)

(5.2.23)

for i1, . . . , is ∈ {1, . . . , n}, s ∈ N, B = Gn ∪ {(e1, . . . , en)}.

Proof. If (g1, g2)∈ζ(E,W ), then P(E,W )(g1) ⊂ P(E,W )(g2). Thus for all (a1, . . . , an)
∈ A we have

(a1, . . . , an) ∈ pr1 P(E,W )(g1) −→ P(E,W )(g1)(a
n
1 ) = P(E,W )(g2)(a

n
1 ),

which, by (5.2.10) and (5.2.11), is equivalent to

g1[Ha1 · · · Han ]∩W = ∅ −→ g1[Ha1 · · · Han ]∪g2[Ha1 · · · Han ] ⊂ Hc (5.2.24)

for some c ∈ A. The last implication applied to (x1, . . . , xn) ∈ B gives (5.2.22).

For (x1, . . . , xn) = (μ∗1(
is⊕
i1
ys1), . . . , μ

∗
n(

is⊕
i1
ys1)), where y1, . . . , ys ∈ G and i1, . . . ,

is ∈ {1, . . . , n}, by applying (5.2.8) and (5.2.24) we obtain

g1
is⊕
i1
ys1 �∈W −→ g1

is⊕
i1
ys1 ∈ Hc ∧ g2

is⊕
i1
ys1 ∈ Hc ,

and consequently (5.2.23).
In a similar way one can prove the converse statement.

We say that a Menger (2, n)-semigroup (Φ, O,⊕
1
, . . . ,⊕

n
) of n-place functions

is fundamentally ordered if there is a relation ζΦ on Φ such that

(f, g) ∈ ζΦ ←→ f ⊂ g .
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Theorem 5.2.14. An algebraic system (G, o,⊕
1
, . . . ,⊕

n
, ζ) with one (n+ 1)-ary

operation o, n binary operations ⊕
1
, . . . ,⊕

n
and one relation ζ ⊂ G×G, is isomor-

phic to a fundamentally ordered Menger (2, n)-semigroup of n-place functions
if and only if (G, o,⊕

1
, . . . ,⊕

n
) is isomorphic to some Menger (2, n)-semigroup

of n-place functions and ζ is a stable order such that(
g1, g2

)
,
(
g, t1(g1)

)
,
(
g, t2(g2)

)
∈ ζ −→

(
g, t2(g1)

)
∈ ζ (5.2.25)

for all g, g1, g2 ∈ G and t1, t2 ∈ T (G).

Proof. Necessity. Let (G, o,⊕
1
, . . . ,⊕

n
, ζ) be isomorphic to a fundamentally or-

dered Menger (2, n)-semigroup (Φ, O,⊕
1
, . . . ,⊕

n
, ζΦ) of n-place functions. We

need only to verify (5.2.25). The rest is a consequence of Theorem 5.2.3.
Assume that the elements g, g1, g2 ∈ G, t1(x), t2(x) ∈ T (G) correspond to the

functions f, f1, f2∈Φ, t1(x), t2(x) ∈T (Φ). If
(
g1, g2

)
,
(
g, t1(g1)

)
,
(
g, t2(g2)

)
∈ζ,

then
(
f1, f2

)
,
(
f, t1(f1)

)
,
(
f, t2(f2)

)
are in ζΦ. Hence f1 = f2 ◦ �pr1f1 , where

�H = {(a, a) | a ∈ H}, because f1 ⊂ f2. By analogy, we obtain f = t1(f1) ◦
�pr1f and f = t2(f2) ◦ �pr1f . Obviously f ⊂ t1(f1) implies �pr1f ⊂ �pr1f1 .
Thus

f = f ◦ �pr1f1 = t2(f2) ◦ �pr1f ◦ �pr1f1 = t2(f2) ◦ �pr1f1 ◦ �pr1f

= t2(f2 ◦ �pr1f1) ◦ �pr1f = t2(f1) ◦ �pr1f .

Hence f ⊂ t2(f1), i.e.,
(
f, t2(f1)

)
∈ ζΦ. This proves (5.2.25).

Sufficiency. Consider the family (Pg)g∈G of representations of a Menger (2, n)-
semigroup (G, o,⊕

1
, . . . ,⊕

n
), where Pg is the simplest representation induced by

the determining pair (E∗ζ〈g〉,Wζ〈g〉), where Eζ〈g〉, Wζ〈g〉 are defined by (5.2.14),
(5.2.15), ζ〈g〉 = {x ∈ G |

(
g, x
)
∈ ζ}, e1, . . . , en — selectors of (G∗, o,⊕

1
, . . . ,⊕

n
)

and E∗ζ〈g〉 = Eζ〈g〉 ∪ {(e1, e1), . . . , (en, en)}.
It is clear that

P =
∑
g∈G

Pg (5.2.26)

is a representation of (G, o,⊕
1
, . . . ,⊕

n
) by n-place functions.

We must prove that ζ = ζP . Let (g1, g2) ∈ ζP , where g1, g2 ∈ G. Then
(g1, g2)∈

⋂
g∈G

ζPg , by (5.2.26) and (5.2.21). This together with Proposition 5.2.13

gives us(
∀ (x1, . . . , xn) ∈ B

)(
g1[x

n
1 ] �∈Wζ〈g〉 −→

(
g1[x

n
1 ], g2[x

n
1 ]
)
∈ Eζ〈g〉

)
(5.2.27)
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for every g ∈ G. Replacing all xi in (5.2.27) with ei, i = 1, . . . , n, we obtain
the implication

g1 �∈Wζ〈g〉 −→
(
g1, g2

)
∈ Eζ〈g〉 ,

which for g = g1 gives
(
g1, g2

)
∈ Eζ〈g1〉, because g1 �∈Wζ〈g1〉. Therefore(

g1, t(g1)
)
∈ ζ ←→

(
g1, t(g2)

)
∈ ζ

for all t ∈ T (G). In particular, for t(x) = x, we get(
g1, g1

)
∈ ζ ←→

(
g1, g2) ∈ ζ.

Applying the reflexivity of ζ we obtain
(
g1, g2

)
∈ ζ. Hence ζP ⊂ ζ.

Conversely, let (g1, g2) ∈ ζ for some g1, g2 ∈ G. First, we prove (5.2.22). Con-
sider g1[xn1 ] �∈Wζ〈g〉, where g ∈ G and (x1, . . . , xn) ∈ B. Then there exists t1 ∈
T (G) such that

(
g, t1(g1[x

n
1 ])
)
∈ ζ. But

(
g1, g2

)
∈ ζ and the stability of ζ imply(

t(g1[x
n
1 ]), t(g2[x

n
1 ])
)
∈ ζ for all t ∈ T (G) and xn1 ∈ B. Thus

(
g, t(g1[x

n
1 ])
)
∈ ζ

implies
(
g, t(g2[x

n
1 ])
)
∈ ζ. This, together with

(
g1, g2

)
∈ ζ,

(
g, t1(g1[x

n
1 ])
)
∈ ζ

and (5.2.25), gives
(
g, t(g1[x

n
1 ])
)
∈ ζ. Therefore

(
g1[x

n
1 ], g2[x

n
1 ]
)
∈ Eζ〈g〉, which

proves (5.2.22).
In a similar way we can prove (5.2.23). This condition, by Proposition 5.2.13,

shows that (g1, g2) ∈ ζPg for every g ∈ G, i.e., (g1, g2) ∈ ζP . Hence ζ ⊂ ζP , and
consequently ζ = ζP .
Now if P (g1) = P (g2) for some g1, g2 ∈ G, then P (g1) ⊂ P (g2) and P (g2) ⊂

P (g1). Thus
(
g1, g2

)
,
(
g2, g1

)
∈ ζ, which by the anti-symmetry of ζ, gives

g1 = g2. Hence P is a faithful representation and G is isomorphic to a funda-
mentally ordered Menger (2, n)-semigroup (Φ, O,⊕

1
, . . . ,⊕

n
, ζΦ) of n-place func-

tions.

5.3 Projection relations on (2, n)-semigroups

Let Φ be some set of n-place functions, i.e., Φ ⊂ F(An, A). Consider the
following three binary relations on Φ:

χΦ = {(f, g) ∈ Φ×Φ | pr1 f ⊂ pr1 g},

γΦ = {(f, g) ∈ Φ×Φ | pr1 f ∩ pr1 g �= ∅},

πΦ = {(f, g) ∈ Φ×Φ | pr1 f = pr1 g},

called respectively: inclusion of domains, co-definability and equality of do-
mains. A Menger (2, n)-semigroup (Φ, O,⊕

1
, . . . ,⊕

n
) with a relation χΦ is

called a projection quasi-ordered Menger (2, n)-semigroup and is denoted by
(Φ, O,⊕

1
, . . . ,⊕

n
, χΦ).
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Consider also a representable (Menger) (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
)

(respectively, (G, o,⊕
1
, . . . ,⊕

n
)) and its representation P by n-place functions.

On the set G we define the following four binary relations:

χP = {(g1, g2) | pr1 P (g1) ⊂ pr1 P (g2)},

γP = {(g1, g2) | pr1 P (g1) ∩ pr1 P (g2) �= ∅},

πP = {(g1, g2) | pr1 P (g1) = pr1 P (g2)},

εP = {(g1, g2) |P (g1) = P (g2)}.

It is not difficult to see that χP is a quasi-order and πP is an equivalence relation
such that πP = χP ∩ χ−1P , where χ

−1
P = {(b, a) | (a, b) ∈ χP }. If P is a faithful

representation, then εP coincides with �G. Of course, in the case when P is
a representation by n-ary operations we have χP = G×G.
If P is the sum of the family (Pi)i∈I of representations by n-place functions,

then, obviously, P is also a representation by n-place functions. Moreover, in
this case

χP =
⋂
i∈I

χPi , γP =
⋃
i∈I

γPi, πP =
⋂
i∈I

πPi , εP =
⋂
i∈I

εPi . (5.3.1)

Let 0 be a zero of a (2, n)-semigroup (G,⊕
1
, . . . ,⊕

n
) (respectively, Menger

(2, n)-semigroup (G, o,⊕
1
, . . . ,⊕

n
)), i.e., 0⊕

i
g = g⊕

i
0 = 0 (respectively, 0⊕

i
g =

g⊕
i
0 = 0 and 0[gn1 ] = g[gi−11 0 gni+1] = 0) for all i = 1, . . . , n and g, g1, . . . ,

gn ∈ G. We say that a binary relation ρ ⊂ G × G is 0-reflexive, if (g, g) ∈ ρ
for all g ∈ G \ {0}. A symmetric relation ρ which is reflexive if 0 ∈ pr1 ρ, and
0-reflexive if 0 �∈ pr1 ρ, is called a 0-quasi-equivalence.
A binary relation ρ on a Menger (2, n)-semigroup (G, o,⊕

1
, . . . ,⊕

n
) is called

• l-regular , if

(x, y) ∈ ρ −→ (x[zn1 ], y[z
n
1 ]) ∈ ρ ∧ (x⊕

i
z, y⊕

i
z) ∈ ρ

for all x, y, z, z1, . . . , zn ∈ G and i = 1 . . . , n,

• l-cancellative, if

(x[zn1 ], y[z
n
1 ]) ∈ ρ −→ (x, y) ∈ ρ,

(x⊕
i
z, y⊕

i
z) ∈ ρ −→ (x, y) ∈ ρ

for all x, y, z, z1, . . . , zn ∈ G and i = 1, . . . , n,
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• v-negative, if

(x[yn1 ], yi) ∈ ρ ∧
(
x

is⊕
i1
yn1 , μj(

is⊕
i1
ys1)

)
∈ ρ

for all x, y1, . . . , yk ∈ G, where k = max {n, s}, i = 1, . . . , n and j ∈
{i1, . . . , is}.
Now we prove the first result of this section.

Theorem 5.3.1. Let χ be a binary relation on a Menger (2, n)-semigroup
(G, o,⊕

1
, . . . ,⊕

n
). Then an algebraic system (G, o,⊕

1
, . . . ,⊕

n
, χ) is isomorphic

to some projection quasi-ordered Menger (2, n)-semigroup of n-place functions
if and only if (G, o,⊕

1
, . . . ,⊕

n
) is a representable Menger (2, n)-semigroup, and

χ is an l-regular v-negative quasi-order.

Proof. We only prove the sufficiency of the above conditions because the
proof of their necessity is trivial. For this assume that the algebraic system
(G, o,⊕

1
, . . . ,⊕

n
, χ) satisfies all the conditions of the theorem and consider pair-

wise distinct elements e1, . . . , en �∈ G.
LetG ∗ = G∪{e1, . . . , en}. Denote byA0 the set of all n-tuples (x1, . . . , xn) ∈

(G ∗)n for which there exist y1, . . . , ys ∈ G and i1, . . . , is ∈ {1, . . . , n} such that
xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n. Next we fix some element a ∈ G and for every

g ∈ G define on A∗ = A0 ∪ {(e1, . . . , en)} an n-place function Pa(g) in the
following way:

Pa(g)(x
n
1 ) = y ←→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a � y = g[xn1 ] if (x1, . . . , xn) ∈ Gn,

a � y = g if (x1, . . . , xn) = (e1, . . . , en),

a � y = g
is⊕
i1
zs1 if xi = μ∗i (

is⊕
i1
zs1), i = 1, . . . , n,

for some z1, . . . , zs ∈ G,

where a � y means (a, y) ∈ χ.
Let us prove that Pa : g �→ Pa(g) is a homomorphism. To prove this fact,

assume that g, g1, . . . , gn ∈ G and Pa(g[g
n
1 ])(x

n
1 ) = y.

(1) If (x1, . . . , xn) ∈ Gn, then

a � y = g[gn1 ][x
n
1 ] = g[g1[x

n
1 ] · · · gn[xn1 ]] � gi[x

n
1 ]

for every i = 1, . . . , n. Therefore Pa(gi)(x
n
1 ) = gi[x

n
1 ], i = 1, . . . , n, and

Pa(g)(g1[x
n
1 ], . . . , gn[x

n
1 ]) = y, whence

Pa(g)[Pa(g1) · · · Pa(gn)](x
n
1 ) = y.
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(2) If (x1, . . . , xn) = (e1, . . . , en), then a � y = g[gn1 ] � gi, i = 1, . . . , n. Thus
Pa(gi)(e

n
1 ) = gi, i = 1, . . . , n, Pa(g)(g

n
1 ) = y, whence

Pa(g)[Pa(g1) · · · Pa(gn)](e
n
1 ) = y.

(3) Let xi = μ∗i (
is⊕
i1
zs1), i = 1, . . . , n, where z1, . . . , zs ∈ G. Then

a � g = g[gn1 ]
is⊕
i1
zs1 = g[ (g1

is⊕
i1
zs1) · · · (gn

is⊕
i1
zs1) ] � gi

is⊕
i1
zs1.

From this, we conclude that Pa(gi)(x
n
1 ) = gi

is⊕
i1
zs1 for every i = 1, . . . , n, and

Pa(g)
(
(g1

is⊕
i1
zs1), . . . , (gn

is⊕
i1
zs1)
)
= y. Thus

Pa(g)[Pa(g1) · · · Pa(gn)](x
n
1 ) = y.

So, in any case we have

Pa(g[g
n
1 ]) ⊂ Pa(g)[Pa(g1) · · · Pa(gn)].

To prove the converse inclusion, let Pa(g)[Pa(g1) · · ·Pa(gn)](x
n
1 ) = y.

Then there are z1, . . . , zn ∈ G for which Pa(gi)(x
n
1 ) = zi, i = 1, . . . , n, and

Pa(g)(z
n
1 ) = y. From this, according to the definition of Pa(g), we obtain

a � y = g[zn1 ]. (5.3.2)

(1) If (x1, . . . , xn) ∈ Gn, then a � zi = g1[x
n
1 ], i = 1, . . . , n. This, together

with (5.3.2), gives us

a � y = g[g1[x
n
1 ] · · · gn[xn1 ]] = g[gn1 ][x

n
1 ].

Thus Pa(g[g
n
1 ])(x

n
1 ) = y.

(2) If (x1, . . . , xn) = (e1, . . . , en), then a � zi = gi, i = 1, . . . , n, whence,
according to (5.3.2), we have a � y = g[gn1 ], i.e., Pa(g[g

n
1 ])(e

n
1 ) = y.

(3) Now let xi = μ∗i (
is⊕
i1
us1), i = 1, . . . , n, where u1, . . . , us ∈ G. From

Pa(gi)(x
n
1 ) = zi, i = 1, . . . , n, it follows that a � zi = gi

is⊕
i1
us1, i = 1, . . . , n,

whence, applying (5.3.2), we obtain

a � y = g[(g1
is⊕
i1
us1) · · · (gn

is⊕
i1
us1)] = g[gn1 ]

is⊕
i1
us1.

Thus Pa(g[g
n
1 ])(x

n
1 ) = y.
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So, in all cases, we have Pa(g[g
n
1 ])(x

n
1 ) = y. This completes the proof of the

inclusion
Pa(g)[Pa(g1) · · · Pa(gn)] ⊂ Pa(g[g

n
1 ]),

and consequently, the proof of the identity

Pa(g[g
n
1 ]) = Pa(g)[Pa(g1) · · · Pa(gn)]. (5.3.3)

Now let g1, g2 ∈ G and Pa(g1⊕
i
g2)(x

n
1 ) = y.

(1) If (x1, . . . , xn) ∈ Gn, then, in view of the v-negativity of the relation χ, we
have

a � y = (g1⊕
i
g2)[x

n
1 ] = g1[x

i−1
1 g2[x

n
1 ]x

n
i+1] � g2[x

n
1 ] ∈ G.

So, Pa(g2)(x
n
1 ) = g2[x

n
1 ] and Pa(g1)(x

i−1
1 g2[x

n
1 ]x

n
i+1) = y. This implies

Pa(g1)⊕
i
Pa(g2)(x

n
1 ) = y.

(2) If (x1, . . . , xn) = (e1, . . . , en), then a � y = g1⊕
i
g2 � μi(⊕

i
g2) = g2.

Consequently Pa(g1)(e
n
1 ) = g2. But μj(⊕

i
g2) = ej for j �= i, j = 1, . . . , n, thus

Pa(g1)(e
i−1
1 g2e

n
i+1) = y, whence Pa(g1)⊕

i
Pa(g2)(e

n
1 ) = y.

(3) If xi = μ∗i (
is⊕
i1
zs1) for every i = 1, . . . , n and some z1, . . . , zs ∈ G, then

a � y = (g1⊕
i
g2)

is⊕
i1
zs1 � μi(⊕

i
g2

is⊕
i1
zs1) = g2

is⊕
i1
zs1.

This implies Pa(g2)(x
n
1 ) = g2

is⊕
i1
zs1. Since μ∗j (⊕

i
g2

is⊕
i1
zs1) = μ∗j (

is⊕
i1
zs1) = xj

for j �= i = 1, . . . , n, we have also Pa(g1)(x
i−1
1 g2

is⊕
i1
zs1x

n
i+1) = y. Therefore

Pa(g1)⊕
i
Pa(g2)(x

n
1 ) = y.

So, we have proved the inclusion

Pa(g1⊕
i
g2) ⊂ Pa(g1)⊕

i
Pa(g2).

To prove the converse inclusion, let Pa(g1)⊕
i
Pa(g2)(x

n
1 ) = y. In this case,

Pa(g2)(x
n
1 ) = z and Pa(g1)(x

i−1
1 zxni+1) = y for some z ∈ G.

(1) If (x1, . . . , xn) ∈ Gn, then (xi−11 z xni+1) ∈ Gn, i.e.,

a � z = g2[x
n
1 ] and a � y = g1[x

i−1
1 z xni+1].

Hence a � y = g1[x
i−1
1 g2[x

n
1 ]x

n
i+1] = (g1⊕

i
g2)[x

n
1 ]. Thus, we have the equality

Pa(g1⊕
i
g2)(x

n
1 ) = y.
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(2) If (x1, . . . , xn) = (e1, . . . , en), then a � z = g2. Since μ∗i (⊕
i
g2) = g2,

μ∗j (⊕
i
g2) = ej for j �= i = 1, . . . , n, and Pa(g1)(e

i−1
1 g2 e

n
i+1) = y, from the above

we get a � y = g1⊕
i
g2, which shows us that Pa(g1⊕

i
g2)(e

n
1 ) = y.

(3) Now let xi = μ∗i (
is⊕
i1
us1) for all i = 1, . . . , n and some u1, . . . , us ∈ G.

Then a � z = g2
is⊕
i1
us1. Since μ∗i (⊕

i
g2

is⊕
i1
us1) = g2

is⊕
i1
us1 and μ∗j (⊕

i
g2

is⊕
i1
us1)

= μ∗j (
is⊕
i1
us1) = xj for j �= i, and Pa(g1)(x

i−1
1 g2

is⊕
i1
us1 x

n
i+1) = y, from the above

we have a � y = (g1⊕
i
g2)

is⊕
i1
us1. This proves Pa(g1⊕

i
g2)(x

n
1 ) = y.

So, in any case we have Pa(g1⊕
i
g2)(x

n
1 ) = y, i.e.,

Pa(g1)⊕
i
Pa(g2) ⊂ Pa(g1⊕

i
g2),

which completes the proof of the identity

Pa(g1⊕
i
g2) = Pa(g1)⊕

i
Pa(g2). (5.3.4)

From (5.3.3) and (5.3.4), it follows that Pa is a representation of a Menger
(2, n)-semigroup (G, o,⊕

1
, . . . ,⊕

n
) by partial n-place functions. According to

Theorem 5.2.5, (G, o,⊕
1
, . . . ,⊕

n
) has a representation by n-ary operations too.

Let P0 be the sum of the family of representations Pa, a ∈ G. It is clear
that P0 is a representation of this Menger (2, n)-semigroup by partial n-place
functions. Let us prove that χ = χ

P0
.

Indeed, if (g1, g2) ∈ χP0
, then (g1, g2)∈

⋂
a∈G

χPa
, according to (5.3.1), i.e.,

(∀a ∈ G)
(
pr1 Pa(g1) ⊂ pr1 Pa(g2)

)
,

which means that for every (x1, . . . , xn) ∈ A∗

(∀a ∈ G)
(
(x1, . . . , xn) ∈ pr1 Pa(g1) −→ (x1, . . . , xn) ∈ pr1 Pa(g2)

)
.

This, in particular, for (x1, . . . , xn) = (e1, . . . , en) gives

(∀a ∈ G)
(
(e1, . . . , en) ∈ pr1 Pa(g1) −→ (e1, . . . , en) ∈ pr1 Pa(g2)

)
,

i.e.,

(∀a ∈ G)
(
(∃y ∈ G) Pa(g1)(e

n
1 ) = y −→ (∃z ∈ G) Pa(g2)(e

n
1 ) = z

)
,
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which is equivalent to

(∀a ∈ G)(∀y ∈ G)
(
a � y = g1 −→ (∃z ∈ G) a � z = g2

)
.

Putting in this condition a = y = g1 and using the reflexivity of the relation χ
we see that there exists z ∈ G such that g1 � z = g2, which proves (g1, g2) ∈ χ.
So, χP0

⊂ χ.
To prove the converse inclusion let a ∈ G, (x1, . . . , xn) ∈ pr1 Pa(g1) and

(g1, g2) ∈ χ.

(1) If (x1, . . . , xn) ∈ Gn, then for some y ∈ G we have Pa(g1)(x
n
1 ) = y,

i.e., a � y = g1[x
n
1 ]. Since from g1 � g2, by the l-regularity of χ, we get

g1[x
n
1 ] � g2[x

n
1 ], the above condition implies a � g2[x

n
1 ]. So, there exists an

element z = g2[x
n
1 ] such that a � z = g2[x

n
1 ], i.e., Pa(g2)(x

n
1 ) = z, whence

(x1, . . . , xn) ∈ pr1 Pa(g2).

(2) If (x1, . . . , xn) = (e1, . . . , en), then there exists y ∈ G such that a � y = g1,
which, in view of g1 � g2, implies a � g2. Thus, in the consequence, we obtain
(e1, . . . , en) ∈ pr1 Pa(g2).

(3) If xi = μ∗i (
is⊕
i1
us1), i = 1, . . . , n, where u1, . . . , us ∈ G, then for some y ∈ G

we have a � y = g1
is⊕
i1
us1. Applying the l-regularity of χ to g1 � g2 we get

g1
is⊕
i1
us1 � g2

is⊕
i1
us1. So, a � g2

is⊕
i1
us1, i.e., there exists z = g2

is⊕
i1
us1 such that

a � z. Therefore Pa(g2)(x
n
1 ) = z, whence (x1, . . . , xn) ∈ pr1 Pa(g2).

Summarizing we see that in any case (x1, . . . , xn)∈pr1 Pa(g1) and (g1, g2)∈χ
imply (x1, . . . , xn) ∈ pr1 Pa(g2). Thus pr1 Pa(g1) ⊂ pr1 Pa(g2) for every a ∈ G,
whence (g1, g2) ∈ χP0

. This completes the proof of the inclusion χ ⊂ χP0
, and

consequently, the proof of the equality χ = χP0
.

Since a Menger (2, n)-semigroup (G, o,⊕
1
, . . . ,⊕

n
) satisfies the condition

(5.1.19), it follows from Theorems 5.2.3 and 5.2.5, that there exists a faithful
representation Λ of (G,⊕

1
, . . . ,⊕

n
) by n-ary operations. Obviously χΛ = G×G

and εΛ = �G.
Let P be a representation of a given Menger (2, n)-semigroup such that P =

Λ + P0. Then

χP = χΛ ∩ χP0 = G×G ∩ χ = χ,

εP = εΛ ∩ εP0 = �G ∩ εP0 = �G.

So, P is an isomorphism of the system (G, o,⊕
1
, . . . ,⊕

n
, χ) onto some projection

quasi-ordered (2, n)-semigroup of n-place functions. The theorem is proved.
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Let G = (G, o,⊕
1
, . . . ,⊕

n
) be a representable Menger (2, n)-semigroup, χ, γ,

π – binary relations on G. We say that the triplet (χ, γ, π) is (faithful) projection
representable for G, if there exists a (faithful) representation P of G by n-place
functions such that χ = χP , γ = γP and π = πP . Similarly we define projection
representable pairs and separate relations.
From this point on, instead of (g1, g2) ∈ χ, (g1, g2) ∈ γ and (g1, g2) ∈ π we

will write g1 � g2, g1�g2 and g1 ≡ g2, respectively.

Theorem 5.3.2. A triplet (χ, γ, π) of binary relations on G is projection re-
presentable for a representable Menger (2, n)-semigroup G if and only if the
following conditions are satisfied:
(a) χ is an l-regular and v-negative quasi-order,
(b) γ is an l-cancellative 0-quasi-equivalence,
(c) π = χ ∩ χ−1 and

h1�h2 ∧ h1 � g1 ∧ h2 � g2 −→ g1�g2 (5.3.5)

for all h1, h2, g1, g2 ∈ G.

Proof. Necessity. Let (Φ, O,⊕
1
, . . . ,⊕

n
) be a Menger (2, n)-semigroup of n-place

functions on the set A. Let us show that the triplet (χΦ, γΦ, πΦ) satisfies all
the conditions of the theorem.
At first, we prove condition (a). The relation χΦ is obviously a quasi-order.

Let f, g, h1, . . . , hn ∈ Φ and (f, g) ∈ χΦ, i.e., pr1 f ⊂ pr1 g. Suppose that ā ∈
pr1 f [hn1 ] for some ā ∈ An. Then {f [hn1 ](ā)} �= ∅, i.e., {f(h1(ā), . . . , hn(ā))} �=
∅. Thus (h1(ā), . . . , hn(ā)) ∈ pr1 f and, consequently, (h1(ā), . . . , hn(ā)) ∈
pr1 g. Therefore {g(h1(ā), . . . , hn(ā))} �= ∅, whence {g[hn1 ](ā)} �= ∅, i.e.,
ā ∈ pr1 g[hn1 ]. So, pr1 f [hn1 ] ⊂ pr1 g[hn

1 ], which implies (f [h
n
1 ], g[h

n
1 ]) ∈ χΦ. Si-

milarly we can prove that for all f, g, h ∈ Φ and i = 1, . . . , n, from (f, g) ∈ χΦ,
it follows that (f ⊕

i
h , g⊕

i
h) ∈ χΦ. This means that the relation χΦ is l-regular.

The proof of the v-negativity is similar.
To prove (b), let Θ be a zero of a Menger (2, n)-semigroup (Φ, O,⊕

1
, . . . ,⊕

n
).

If Θ �= ∅, then pr1 Θ �= ∅, whence (Θ,Θ) ∈ γΦ. Thus Θ ∈ pr1 γΦ. So, in this
case γΦ is reflexive. For Θ = ∅ we have pr1 Θ = ∅. Therefore Θ �∈ pr1 γΦ, i.e.,
(f, f) ∈ γΦ for every f �= Θ. Hence γΦ is Θ-reflexive. Since γΦ is symmetric,
the above means that γΦ is a Θ-quasi-equivalence.
Suppose now that (f [hn

1 ], g[h
n
1 ]) ∈ γΦ for some f, g ∈ Φ, h1, . . . , hn ∈ Φ.

Then pr1 f [hn1 ]∩ pr1 g[hn1 ] �= ∅, i.e., there exists ā ∈ An such that ā ∈ pr1 f [hn1 ]
and ā ∈ pr1 g[hn1 ]. Therefore {f [hn1 ](ā)} �= ∅ and {g[hn1 ](ā)} �= ∅. Thus
{f(h1(ā), . . . , hn(ā))} �= ∅ and {g(h1(ā), . . . , hn(ā))} �= ∅, which shows that
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(h1(ā), . . . , hn(ā)) ∈ pr1 f ∩ pr1 g. So, (f, g) ∈ γΦ. Similarly, for f, g, h ∈ Φ,
i = 1, . . . , n, from (f ⊕

i
h, g⊕

i
h) ∈ γΦ, it follows that (f, g) ∈ γΦ. So, γΦ is

l-cancellative.
Since in (c) the first condition is obvious, we prove (5.3.5) only. In order to do

this let (h1, h2) ∈ γΦ, (h1, g1) ∈ χΦ and (h2, g2) ∈ χΦ for some h1, h2, g1, g2 ∈ Φ.
Then pr1 h1 ∩ pr1 h2 �= ∅, pr1 h1 ⊂ pr1 g1 and pr1 h2 ⊂ pr1 g2, whence ∅ �=
pr1 h1 ∩ pr1 h2 ⊂ pr1 g1 ∩ pr1 g2. Thus pr1 g1 ∩ pr1 g2 �= ∅, i.e., (g1, g2) ∈ γΦ,
which proves (5.3.5) and completes the proof of the necessity of the conditions
formulated in the theorem.

To prove the sufficiency of these conditions we must introduce some addi-
tional constructions. Consider the triplet (χ, γ, π) of binary relations on a re-
presentable Menger (2, n)-semigroup G satisfying all the conditions of the the-
orem. Let e1, . . . , en be pairwise distinct elements not belonging to G. For all
x1, . . . , xs ∈ G, i = 1, . . . , n, and operations ⊕

i1
, . . . ,⊕

is
defined on G, we denote

by μ∗i (
is⊕
i1
xs1) an element of G ∗ = G ∪ {e1, . . . , en} such that

μ∗i (
is⊕
i1
xs1) =

⎧⎪⎨⎪⎩μi(
is⊕
i1
xs1) if i ∈ {i1, . . . , is},

ei if i �∈ {i1, . . . , is}.

Consider the set A∗ = Gn ∪ A0 ∪ {(e1, . . . , en)}, where A0 is the collection
of all n-tuples (x1, . . . , xn) ∈ (G∗)n for which there exists y1, . . . , ys ∈ G and

i1, . . . , in ∈ {1, . . . , n} such that xi = μ∗i (
is⊕
i1
ys1). Let (h1, h2) ∈ G2 be fixed. For

each g ∈ G we define a partial n-place function P(h1, h2)(g) : A∗ → G such that
(x1, . . . , xn) ∈ pr1 P(h1, h2)(g) only in the case when⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h1 � g[xn1 ] ∨ h2 � g[xn1 ] if (x1, . . . , xn) ∈ Gn,

h1 � g ∨ h2 � g if (x1, . . . , xn) = (e1, . . . , en),

h1 � g
is⊕
i1
ys1 ∨ h2 � g

is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1),

i = 1, . . . , n, for some
y1, . . . , ys ∈ G and
i1, . . . , is ∈ {1, . . . , n}.

For (x1, . . . , xn) ∈ pr1 P(h1, h2)(g) we put
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P(h1, h2)(g)(x
n
1 ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

g[xn1 ] if (x1, . . . , xn) ∈ Gn,

g if (x1, . . . , xn) = (e1, . . . , en),

g
is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1),

i = 1, . . . , n, for some y1, . . . , ys ∈ G and
i1, . . . , is ∈ {1, . . . , n}.

(5.3.6)
Let us show that P(h1, h2) is a representation of G by n-place functions.

Proposition 5.3.3. The function P(h1, h2)(g) is single-valued.

Proof. Let (x1, . . . , xn) ∈ pr1 P(h1, h2)(g), where g, h1, h2 ∈ G are fixed. Since for
(x1, . . . , xn) ∈ Gn and (x1, . . . , xn) = (e1, . . . , en) the value of P(h1, h2)(g)(x

n
1 ) is

uniquely determined, we verify only the case when xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n,

for some y1, . . . , ys ∈ G. If for some z1, . . . , zk ∈ G and j1, . . . , jk ∈ {1, . . . , n}
we also have xi = μ∗i (

jk⊕
j1
zk1 ), i = 1, . . . , n, then μi(

is⊕
i1
ys1) = μi(

jk⊕
j1
zk1 ) for every

i = 1, . . . , n, which, according to (5.1.19), implies g
is⊕
i1
ys1 = g

jk⊕
j1
zk1 . This means

that also in this case P(h1, h2)(g)(x
n
1 ) is uniquely determined. Thus, the function

P(h1, h2)(g) is single-valued.

Proposition 5.3.4. For all g, g1, . . . , gn, h1, h2 ∈ G we have

P(h1, h2)(g[g
n
1 ]) = P(h1, h2)(g)[P(h1, h2)(g1) · · · P(h1, h2)(gn)].

Proof. Let g, g1, . . . , gn ∈ G and (x1, . . . , xn) ∈ pr1 P(h1, h2)(g[g
n
1 ]). If all

x1, . . . , xn are in G, then

h1 � g[gn1 ][x
n
1 ] ∨ h2 � g[gn1 ][x

n
1 ],

whence we obtain

h1 � g[g1[x
n
1 ] · · · gn[xn1 ]] ∨ h2 � g[g1[x

n
1 ] · · · gn[xn1 ]]. (5.3.7)

This together with the v-negativity of χ implies

h1 � gi[x
n
1 ] ∨ h2 � gi[x

n
1 ], i = 1, . . . , n. (5.3.8)

From (5.3.7), it follows that (g1[xn1 ], . . . , gn[xn1 ])∈pr1P(h1, h2)(g) and from (5.3.8)
that (x1, . . . , xn) ∈ pr1 P(h1, h2)(gi), i = 1, . . . , n. So, if (x1, . . . , xn) ∈ Gn, then

(x1, . . . , xn) ∈ pr1 P(h1, h2)(g[g
n
1 ])←→

⎧⎨⎩
(g1[x

n
1 ], . . . , gn[x

n
1 ])∈ pr1P(h1, h2)(g),

n∧
i=1

(x1, . . . , xn) ∈ pr1 P(h1, h2)(gi).

(5.3.9)
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Similarly we can verify that

(e1, . . . , en) ∈ pr1 P(h1, h2)(g[g
n
1 ])←→

⎧⎨⎩
(g1, . . . , gn) ∈ pr1 P(h1, h2)(g),
n∧

i=1
(e1, . . . , en) ∈ pr1 P(h1, h2)(gi).

(5.3.10)

Now let xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some i1, . . . , is ∈ {1, . . . , n} and

y1, . . . , ys ∈ G. Then (x1, . . . , xn) ∈ pr1 P(h1, h2)(g[g
n
1 ]) implies

h1 � g[gn1 ]
is⊕
i1
ys1 ∨ h2 � g[gn1 ]

is⊕
i1
ys1,

which, by (5.2.6), is equivalent to

h1 � g[(g1
is⊕
i1
ys1) · · · (gn

is⊕
i1
ys1)] ∨ h2 � g[(g1

is⊕
i1
ys1) · · · (gn

is⊕
i1
ys1)]. (5.3.11)

From this, applying the v-negativity of χ, we obtain

h1 � gi
is⊕
i1
ys1 ∨ h2 � gi

is⊕
i1
ys1 (5.3.12)

for every i = 1, . . . , n.

The condition (5.3.11) means that (g1
is⊕
i1
ys1, . . . , gn

is⊕
i1
ys1) belongs to

pr1P(h1, h2)(g). The condition (5.3.12) — that (x1, . . . , xn) ∈ pr1 P(h1, h2)(gi)

for every i = 1, . . . , n, where xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n. So,

(x1, . . . , xn)∈ pr1P(h1, h2)(g[g
n
1 ])←→

⎧⎪⎪⎨⎪⎪⎩
(g1

is⊕
i1
ys1, . . . , gn

is⊕
i1
ys1)∈ pr1P(h1, h2)(g),

n∧
i=1

(x1, . . . , xn) ∈ pr1 P(h1, h2)(gi),

(5.3.13)

where xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n.

Let (x1, . . . , xn) ∈ pr1 P(h1, h2)(g[g
n
1 ]). If (x1, . . . , xn) ∈ Gn, then, according

to (5.3.6) and (5.3.9), we have

P(h1, h2)(g[g
n
1 ])(x

n
1 ) = g[gn1 ][x

n
1 ] = g[g1[x

n
1 ] · · · gn[xn1 ]]

= P(h1, h2)(g)(g1[x
n
1 ], . . . , gn[x

n
1 ])

= P(h1, h2)(g)
(
P(h1, h2)(g1)(x

n
1 ), . . . , P(h1, h2)(gn)(x

n
1 )
)

= P(h1, h2)(g)
[
P(h1, h2)(g1) · · · P(h1, h2)(gn)

]
(xn1 ).
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Similarly, we can prove that

P(h1, h2)(g[g
n
1 ])(e

n
1 ) = P(h1, h2)(g)

[
P(h1, h2)(g1) · · · P(h1, h2)(gn)

]
(en1 )

for (e1, . . . , en) ∈ pr1 P(h1, h2)(g[g
n
1 ]).

If (x1, . . . , xn) ∈ pr1 P(h1, h2)(g[g
n
1 ]), where xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n, for

some y1, . . . , ys ∈ G, i1, . . . , is ∈ {1, . . . , n}, then, according to (5.3.6) and
(5.3.13), we obtain

P(h1, h2)(g[g
n
1 ])(x

n
1 ) = g[gn1 ]

is⊕
i1
ys1 = g[(g1

is⊕
i1
ys1) · · · (gn

is⊕
i1
ys1)]

= P(h1, h2)(g)(g1
is⊕
i1
ys1, . . . , gn

is⊕
i1
ys1)

= P(h1, h2)(g)
(
P(h1, h2)(g1)(x

n
1 ), . . . , P(h1, h2)(gn)(x

n
1 )
)

= P(h1, h2)(g)
[
P(h1, h2)(g1) · · · P(h1, h2)(gn)

]
(xn1 ).

The proof is complete.

Proposition 5.3.5. For all g1, g2, h1, h2 ∈ G and i = 1, . . . , n we have

P(h1, h2)(g1⊕
i
g2) = P(h1, h2)(g1)⊕

i
P(h1, h2)(g2).

Proof. Let (x1, . . . , xn) ∈ pr1 P(h1, h2)(g1⊕
i
g2). If (x1, . . . , xn) ∈ Gn, then

h1 � (g1⊕
i
g2)[x

n
1 ] ∨ h2 � (g1⊕

i
g2)[x

n
1 ],

which, by (5.3.5), is equivalent to

h1 � g1[x
i−1
1 g2[x

n
1 ]x

n
i+1] ∨ h2 � g1[x

i−1
1 g2[x

n
1 ]x

n
i+1]. (5.3.14)

This, according to the v-negativity of χ, implies

h1 � g2[x
n
1 ] ∨ h2 � g2[x

n
1 ]. (5.3.15)

The condition (5.3.14) means that (xi−11 , g2[x
n
1 ], x

n
i+1) ∈ pr1 P(h1, h2)(g1). From

(5.3.15) we obtain (x1, . . . , xn) ∈ pr1 P(h1, h2)(g2). So, for every (x1, . . . , xn) ∈
Gn we have

(x1, . . . , xn)∈ pr1P(h1, h2)(g1⊕
i
g2)←→

{
(xi−11 , g2[x

n
1 ], x

n
i+1)∈ pr1P(h1, h2)(g1)

(x1, . . . , xn) ∈ pr1 P(h1, h2)(g2).

(5.3.16)
Consider now the case when (x1, . . . , xn) = (e1, . . . , en). In this case

(e1, . . . , en) ∈ pr1 P(h1, h2)(g1⊕
i
g2) means, by (5.3.7), that

h1 � g1⊕
i
g2 ∨ h2 � g1⊕

i
g2. (5.3.17)
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Since g1⊕
i
g2 � μi(⊕

i
g2) = g2, by the v-negativity of χ, the above condition

gives us
h1 � g2 ∨ h2 � g2. (5.3.18)

But μ∗i (⊕
i
g2) = μi(⊕

i
g2) = g2 and μ∗k(⊕

i
g2) = ek for k ∈ {1, . . . , n} \ {i},

so, (5.3.17) implies (ei−11 , g2, e
n
i+1) ∈ pr1 P(h1, h2)(g1). On the other hand, from

(5.3.18), it follows that (e1, . . . , en) ∈ pr1 P(h1, h2)(g2). Therefore

(e1, . . . , en) ∈ pr1P(h1, h2)(g1⊕
i
g2)←→

{
(ei−11 , g2, e

n
i+1) ∈ pr1 P(h1, h2)(g1)

(e1, . . . , en) ∈ pr1 P(h1, h2)(g2).

(5.3.19)

In the third case when xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some y1, . . . , ys

in G and i1, . . . , is ∈ {1, . . . , n}, from (x1, . . . , xn) ∈ pr1 P(h1, h2)(g1⊕
i
g2) we

conclude
h1 � (g1⊕

i
g2)

is⊕
i1
ys1 ∨ h2 � (g1⊕

i
g2)

is⊕
i1
ys1. (5.3.20)

Since χ is v-negative, we have (g1⊕
i
g2)

is⊕
i1
ys1 � μi(⊕

i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1, which

means that (5.3.20) can be written in the form

h1 � g2
is⊕
i1
ys1 ∨ h2 � g2

is⊕
i1
ys1. (5.3.21)

But μ∗i (⊕
i
g2

is⊕
i1
ys1) = μi(⊕

i
g2

is⊕
i1
ys1) = g2

is⊕
i1
ys1 and μ∗k(⊕

i
g2

is⊕
i1
ys1) = μ∗k(

is⊕
i1
ys1)

for all k ∈ {1, . . . , n} \ {i}. This, together with condition (5.3.20), proves
(xi−1

1 , g2
is⊕
i1
ys1, x

n
i+1) ∈ pr1 P(h1, h2)(g1). Similarly, from (5.3.21), we can deduce

(x1, . . . , xn) ∈ pr1 P(h1, h2)(g2). Therefore

(x1, . . . , xn)∈ pr1P(h1, h2)(g1⊕
i
g2)←→

⎧⎨⎩(xi−11 , g2
is⊕
i1
ys1, x

n
i+1)∈pr1P(h1, h2)(g1)

(x1, . . . , xn)∈ pr1 P(h1, h2)(g2),

where xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n.

Let (x1, . . . , xn) ∈ pr1 P(h1, h2)(g1⊕
i
g2). If (x1, . . . , xn) ∈ Gn, then, according

to (5.3.6) and (5.3.16), we have

P(h1, h2)(g1⊕
i
g2)(x

n
1 ) = (g1⊕

i
g2)[x

n
1 ] = g1[x

i−1
1 g2[x

n
1 ]x

n
i+1]

= P(h1, h2)(g1)
(
xi−11 , g2[x

n
1 ], x

n
i+1

)
= P(h1, h2)(g1)

(
xi−11 , P(h1, h2)(g2)(x

n
1 ), x

n
i+1

)
= P(h1, h2)(g1)⊕

i
P(h1, h2)(g2)(x

n
1 ).
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If (x1, . . . , xn) = (e1, . . . , en), then, analogously as in the previous case, using
(5.3.6) and (5.3.19) we obtain

P(h1, h2)(g1⊕
i
g2)(e

n
1 ) = P(h1, h2)(g1)⊕

i
P(h1, h2)(g2)(e

n
1 ).

Similarly, in the case when xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some y1, . . . ,

ys ∈ G, i1, . . . , is ∈ {1, . . . , n}, we have

P(h1, h2)(g1⊕
i
g2)(x

n
1 ) = (g1⊕

i
g2)

is⊕
i1
ys1

= P(h1, h2)(g1)(x
i−1
1 , g2

is⊕
i1
ys1, x

n
i+1)

= P(h1, h2)(g1)
(
xi−11 , P(h1, h2)(g2)(x

n
1 ), x

n
i+1

)
= P(h1, h2)(g1)⊕

i
P(h1, h2)(g2)(x

n
1 ).

This completes our proof.

Based on these propositions, we are able to prove the sufficiency of the con-
ditions of Theorem 5.3.2.

Sufficiency. Let the triplet (χ, γ, π) of binary relations on a representable
Menger (2, n)-semigroup G satisfy all the conditions of the theorem. Then,
as it follows from Propositions 5.3.3–5.3.5, for all h1, h2 ∈ G, the mapping
P(h1, h2) is a representation of G by n-place functions. Consider the family of
representations P(h1, h2) such that (h1, h2) ∈ γ. Let P be the sum of this fami-
ly, i.e., P =

∑
(h1, h2)∈γ

P(h1, h2). Of course, P is a representation of G by n-place

functions. Let us show that χ = χP , γ = γP and π = πP .
Let (g1, g2) ∈ χP . Then, according to (5.3.1), (g1, g2) ∈ χ(h1, h2)

5 are defined
in a similar way for all (h1, h2) ∈ γ, i.e.,

(∀(h1, h2) ∈ γ)
(
pr1 P(h1, h2)(g1) ⊂ pr1 P(h1, h2)(g2)

)
,

which means that for all (h1, h2) ∈ γ the following implication

(x1, . . . , xn) ∈ pr1 P(h1, h2)(g1) −→ (x1, . . . , xn) ∈ pr1 P(h1, h2)(g2)

is true. This, in particular, applied to (x1, . . . , xn) = (e1, . . . , en), gives the
implication

(e1, . . . , en) ∈ pr1 P(h1, h2)(g1) −→ (e1, . . . , en) ∈ pr1 P(h1, h2)(g2)

5 χ(h1, h2) denotes this quasi-order which corresponds to the representation P(h1, h2). γ(h1,h2)

and π(h1, h2) have the similar sense.
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for all (h1, h2) ∈ γ. Hence

(∀(h1, h2) ∈ γ) (h1 � g1 ∨ h2 � g1 −→ h1 � g2 ∨ h2 � g2) .

If g1 �= 0, then (g1, g1) ∈ γ, and, according to the above implication, g1 �
g1 −→ g1 � g2. This proves (g1, g2) ∈ χ because χ is reflexive. For g1 = 0,
by the v-negativity of χ, we have 0 = 0[g2 · · · g2] � g2. Hence (0, g2) ∈ χ. So,
(g1, g2) ∈ χ, i.e., χP ⊂ χ.
Conversely, let (g1, g2) ∈ χ, (h1, h2) ∈ γ, (x1, . . . , xn) ∈ pr1 P(h1, h2)(g1). If

(x1, . . . , xn) ∈ Gn, then h1 � g1[x
n
1 ] ∨ h2 � g1[x

n
1 ]. Since the l-regularity of

χ together with g1 � g2 imply g1[x
n
1 ] � g2[x

n
1 ], from the above we conclude

h1 � g2[x
n
1 ]∨ h2 � g2[x

n
1 ], i.e., (x1, . . . , xn) ∈ pr1 P(h1, h2)(g2). In the case when

(x1, . . . , xn) = (e1, . . . , en), from (e1, . . . , en) ∈ pr1 P(h1, h2)(g1) it follows that
(e1, . . . , en) ∈ pr1 P(h1, h2)(g2).

In the case when xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some y1, . . . , ys ∈ G,

i1, . . . , is ∈ {1, . . . , n}, applying the l-regularity of χ to g1 � g2, we have

g1
is⊕
i1
ys1 � g2

is⊕
i1
ys1, whence, in view of h1 � g1

is⊕
i1
ys1 ∨ h2 � g1

is⊕
i1
ys1, we ob-

tain h1 � g2
is⊕
i1
ys1 ∨ h2 � g2

is⊕
i1
ys1. Therefore xn1 ∈ pr1 P(h1, h2)(g2), which proves

pr1 P(h1, h2)(g1) ⊂ pr1 P(h1, h2)(g2) for all (h1, h2) ∈ γ. Thus (g1, g2) ∈ χP , i.e.,
χ ⊂ χP . Consequently, χ = χP , which, together with condition (c) formulated
in the theorem, gives π = χ ∩ χ−1 = χP ∩ χ−1P = πP . So, π = πP .
Now let (g1, g2) ∈ γP . Then, according to (5.3.1), (g1, g2) ∈ γ(h1, h2) for some

(h1, h2) ∈ γ, i.e.,

(∃(h1, h2) ∈ γ)
(
pr1 P(h1, h2)(g1) ∩ pr1 P(h1, h2)(g2) �= ∅

)
,

which means that there exists (h1, h2) ∈ γ and (x1, . . . , xn) such that

(x1, . . . , xn) ∈ pr1 P(h1, h2)(g1) ∧ (x1, . . . , xn) ∈ pr1 P(h1, h2)(g2).

This, for (x1, . . . , xn) ∈ Gn implies h1 � g1[x
n
1 ] ∨ h2 � g1[x

n
1 ] and h1 �

g2[x
n
1 ] ∨ h2 � g2[x

n
1 ]. From the above, in view of h1�h2 and (5.3.5), we obtain

g1[x
n
1 ]� g2[x

n
1 ], whence, applying the l-cancellativity of γ, we get g1� g2, i.e.,

(g1, g2) ∈ γ.
In a similar way, we can see that in the case (x1, . . . , xn) = (e1, . . . , en) the

condition (g1, g2) ∈ γ holds, too.

If xi = μ∗i (
is⊕
i1
ys1), i = 1, . . . , n, for some i1, . . . , is ∈ {1, . . . , n} and y1, . . . ,

ys ∈ G, then

h1 � g1
is⊕
i1
ys1 ∨ h2 � g1

is⊕
i1
ys1 and h1 � g2

is⊕
i1
ys1 ∨ h2 � g2

is⊕
i1
ys1,
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whence, using h1�h2 and (5.3.5), we deduce g1
is⊕
i1
ys1� g2

is⊕
i1
ys1. Thus g1� g2,

because γ is l-cancellative. In this way we have proved that γP ⊂ γ in any case.
Conversely, let (g1, g2) ∈ γ. Then g1 � g1 and g2 � g2, because χ is reflexive.

Hence g1 � g1 ∨ g2 � g1 and g1 � g2 ∨ g2 � g2. Consequently, (e1, . . . , en) ∈
pr1 P(g1, g2)(g1) and (e1, . . . , en) ∈ pr1 P(g1, g2)(g2). Thus (g1, g2) ∈ γ(g1,g2) ⊂ γP ,
i.e., γ ⊂ γP . So, γ = γP .
This completes the proof of the theorem.

If we delete from Theorem 5.3.2 the equality π = χ ∩ χ−1 we obtain the
necessary and sufficient conditions under which the pair (χ, γ) of binary rela-
tions is projection representable for a representable Menger (2, n)-semigroup.
Furthermore, all parts of the proof of this theorem connected with these two
relations are true. So, we have the following.

Theorem 5.3.6. A pair (χ, γ) of binary relations on G is projection repre-
sentable for a representable Menger (2, n)-semigroup G if and only if χ is an
l-regular and v-negative quasi-order, γ is an l-cancellative 0-quasi-equivalence
and the implication (5.3.5) is satisfied.

Let G be a representable Menger (2, n)-semigroup. Let us consider the set
Tn(G) of mappings t : x �→ t(x) defined as follows:

(a) x ∈ Tn(G), i.e., Tn(G) contains the identity transformation of G,

(b) if i ∈ {1, . . . , n}, a, b1, . . . , bn ∈ G, then a[bi−11 t(x) bni+1] ∈ Tn(G) for all
t(x) ∈ Tn(G),

(c) Tn(G) contains those and only those mappings which are defined by (a)
and (b).

Let us consider on G two binary relations δ1 and δ2 defined in the following
way:

(1) (g1, g2) ∈ δ1 ←→ g1 = t(g2) for some t ∈ Tn(G),

(2) (g1, g2) ∈ δ2 ←→

⎧⎪⎪⎨⎪⎪⎩
g1 = (x

is⊕
i1
ys1)[z̄] and g2 = μi(

is⊕
i1
ys1)[z̄] for some

x, y1, . . . , ys ∈ G, z̄ ∈ Gn, i, i1, . . . , is ∈ {1, . . . , n},
where the symbol [z̄] can be empty.

It is not difficult to see that δ1 and δ2 are l-regular relations, in addition δ1 is
a quasi-order. Moreover, a binary relation ρ ⊂ G×G is v-negative if and only
if it contains δ1 and δ2.
Let π be an l-regular equivalence on a representable Menger (2, n)-semi-

group G. Denote by χ(π) the binary relation ft(fR(δ2) ◦ δ1 ◦ π), where fR and
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ft are respectively reflexive and transitive closure operations, i.e.,

χ(π) = ft(fR(δ2) ◦ δ1 ◦ π) =
∞⋃
n=1

((δ2 ∪�G) ◦ δ1 ◦ π)n . (5.3.22)

Since π, δ1 and fR(δ2) are reflexive l-regular relations, χ(π) is an l-regular
quasi-order containing π, δ1 and δ2. So, χ(π) is a v-negative quasi-order.

Proposition 5.3.7. χ(π) is the least l-regular and v-negative quasi-order con-
taining π.

Proof. Let χ be an arbitrary l-regular and v-negative quasi-order containing π.
Then δ1 ⊂ χ and δ2 ⊂ χ, because χ is v-negative. Thus, π ⊂ χ, δ1 ⊂ χ and
fR(δ2) ⊂ χ, whence fR(δ2) ◦ δ1 ◦ π ⊂ χ ◦ χ ◦ χ ⊂ χ. From this, applying the
transitivity of χ, we obtain (fR(δ2) ◦ δ1 ◦ π)n ⊂ χn ⊂ χ for every natural n.

Therefore
∞⋃
n=1

((δ2 ∪�G) ◦ δ1 ◦ π)n ⊂ χ, i.e., χ(π) ⊂ χ.

Theorem 5.3.8. A pair (γ, π) of binary relations on a representable Menger
(2, n)-semigroup G is projection representable if and only if
(a) γ is an l-cancellative 0-quasi-equivalence,
(b) π is an l-regular equivalence such that χ(π) ∩ (χ(π))−1 ⊂ π,
(c) the following condition

h1�h2 ∧ h1 �π g1 ∧ h2 �π g2 −→ g1� g2, (5.3.23)

where h � π g means (h, g) ∈ χ(π), is satisfied for all g1, g2, h1, h2 ∈ G.

Proof. Let P be a representation on a representable Menger (2, n)-semigroup G
for which γ = γP and π = πP . Then, by Proposition 5.3.5, we have χ(π) ⊂ χP ,
whence χ(π) ∩ (χ(π))−1 ⊂ χP ∩ χ−1P = πP = π.
Assume now that the premise of (5.3.23) is satisfied. Then (h1, h2) ∈ γ,

(h1, g1) ∈ χ(π) and (h2, g2) ∈ χ(π). Hence, (h1, h2) ∈ γP , (h1, g1) ∈ χP

and (h2, g2) ∈ χP , i.e., pr1 P (h1) ∩ pr1 P (h2) �= ∅, pr1 P (h1) ⊂ pr1 P (g1)
and pr1 P (h2) ⊂ pr1 P (g2), whence pr1 P (g1) ∩ pr1 P (g2) �= ∅. Therefore,
(g1, g2) ∈ γP = γ, which means that condition (5.3.23) is valid. The necessity
is proved.
To prove the sufficiency, assume that the pair (γ, π) of binary relations satis-

fies all the conditions of the theorem and consider the triplet (χ(π), γ, π). Then
π = π−1 ⊂ (χ(π))−1, because π ⊂ χ(π). Consequently π ⊂ χ(π) ∩ (χ(π))−1,
which, together with condition (b), gives π = χ(π) ∩ (χ(π))−1. This means
that the triplet (χ(π), γ, π) satisfies all the conditions of Theorem 5.3.2. So,
(χ(π), γ, π) is projection representable, therefore (γ, π) is also projection rep-
resentable. The theorem is proved.
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Applying the method of mathematical induction to (5.3.22), we can prove
the following proposition.

Proposition 5.3.9. The condition (g1, g2) ∈ χ(π), where g1, g2 ∈ G, means
that the system of conditions

g1 = x0 ∧ g2 = xn,

n−1∧
i=0

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi ≡ ti((yi
ksi⊕
k1i

zsi1i)[w̄i]),

xi+1 = μki(
ksi⊕
k1i

zsi1i)[w̄i]

⎞⎟⎟⎟⎠ ∨ xi ≡ ti(xi+1)

⎞⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(5.3.24)

is valid for some n ∈ N, xi, yi, zki ∈ G, w̄i ∈ Gn and ti ∈ Tn(G), where
i ∈ {1, . . . , n}.

The formula

n∧
i=m

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi ≡ ti((yi
ksi⊕
k1i

zsi1i)[w̄i]),

xi+1 = μki(
ksi⊕
k1i

zsi1i)[w̄i]

⎞⎟⎟⎟⎠ ∨ xi ≡ ti(xi+1)

⎞⎟⎟⎟⎠
will be denoted by M(m,n).
The inclusion χ(π) ∩ (χ(π))−1 ⊂ π means that for all g1, g2 ∈ G we have

(g1, g2) ∈ χ(π) ∧ (g2, g1) ∈ χ(π) −→ g1 ≡ g2,

which, according to Proposition 5.3.9, can be written as the system of conditions
(An,m)n,m∈N, where

An,m : M(0, n− 1) ∧ M(n+ 1, n+m) ∧ x0 = xn+m −→ x0 ≡ xn.

The system (An,m)n,m∈N is equivalent to the system (An)n∈N, where

An : M(0, n− 1) ∧ x0 = xn −→ x0 ≡ x1.

Consider now the implication (5.3.23). According to (5.3.24) condition
(h1, g1) ∈ χ(π) means that

h1 = x0 ∧ M(0, n− 1) ∧ xn = g1 (5.3.25)

for some xi, yi, zki , ti, ki, w̄i. Similarly, condition (h2, g2) ∈ χ(π) means that

h2 = xn+1 ∧ M(n+ 1, n+m) ∧ xn+m+1 = g2 (5.3.26)
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for some xi, yi, zki , ti, ki, w̄i. So, (5.3.23) can be written as the system
(Bn,m)n,m∈N of conditions

Bn,m : x0�xn+1 ∧ M(0, n− 1) ∧ M(n+ 1, n+m) −→ xn�xn+m+1.

In this way we have proved the following.

Theorem 5.3.10. A pair (γ, π) of binary relations on a representable Menger
(2, n)-semigroup G is projection representable if and only if
(a) γ is an l-cancellative 0-quasi-equivalence,
(b) π is an l-regular equivalence,
(c) the systems of conditions (An)n∈N and (Bn,m)n,m∈N are satisfied.

Theorem 5.3.11. A pair (χ, π) of binary relations is (faithful) projection
representable for a representable Menger (2, n)-semigroup G if and only if χ
is an l-regular and v-negative quasi-order such that π = χ ∩ χ−1.

Proof. The necessity of these conditions follows from the proof of Theorem 5.3.2.
To prove their sufficiency, for every element g ∈ G we define an n-place function
Pa(g) : A∗ → G, where a ∈ G, putting

Pa(g)(x
n
1 ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

g[xn1 ] if a � g[xn1 ] and (x1, . . . , xn) ∈ Gn,

g if a � g and (x1, . . . , xn) = (e1, . . . , en),

g
is⊕
i1
ys1 if a � g

is⊕
i1
ys1 and xi = μ∗i (

is⊕
i1
ys1),

i = 1, . . . , n, for some y1, . . . , ys ∈ G,

i1, . . . , is ∈ {1, . . . , n}.

(5.3.27)

Since, for h1 = h2 = a ∈ G, the function P(h1,h2)(g) defined by (5.3.6) coin-
cides with the function Pa(g), from Propositions 5.3.3–5.3.5 it follows that the
mapping Pa : g �→ Pa(g) is a representation of G by n-place functions. Further,
similarly as in the proof of Theorem 5.3.2, we can prove that P0 =

∑
a∈G

Pa is

a representation of G for which χ = χP0 and π = πP0 . So, the pair (χ, π) is
projection representable for G.
Let us show that (χ, π) is faithful projection representable. From Theo-

rem 5.3.1, it follows that (G, o,⊕
1
, . . . ,⊕

n
, χ) has a faithful representation by

n-place functions. Let Λ be such a representation. Then obviously χΛ = G×G
and πΛ = G×G. Consider the representation P = Λ+P0. Since Λ is a faithful
representation, P is also faithful. Moreover χP = χΛ∩χP0 = G×G∩χ = χ and
πP = πΛ ∩ πP0 = G×G ∩ π = π. So, (χ, π) is faithful projection representable
for G.

From the Theorem 5.3.1 we obtain the next theorem.
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Theorem 5.3.12. A binary relation χ is (faithful) projection representable
for a representable Menger (2, n)-semigroup if and only if it is an l-regular,
v-negative quasi-order.

Theorem 5.3.13. A binary relation π is (faithful) projection representable for
a representable Menger (2, n)-semigroup if and only if it is an l-regular equiva-
lence such that χ(π) ∩ (χ(π))−1 ⊂ π.

Proof. Consider the pair (χ(π), π) of binary relations, where χ(π) is defined by
(5.3.22). In a way similar as in the proof of Theorem 5.3.8, we can prove that
this pair satisfies all the conditions of Theorem 5.3.11, whence we deduce the
validity of Theorem 5.3.13.

Since, as it was shown above, the inclusion χ(π)∩ (χ(π))−1 ⊂ π is equivalent
to the system of conditions (An)n∈N, the last theorem can be rewritten in the
following form.

Theorem 5.3.14. A binary relation π is (faithful) projection representable for
a representable Menger (2, n)-semigroup if and only if it is an l-regular equiva-
lence and the system of conditions (An)n∈N is satisfied.

Consider the binary relation χ0 on a Menger (2, n)-semigroup G defined in
the following way:

χ0 = ft(fR(δ2) ◦ δ1) =
∞⋃
n=1

((δ2 ∪�G) ◦ δ1)n , (5.3.28)

where fR and ft are reflexive and transitive closure operations.

Proposition 5.3.15. χ0 is the least l-regular and v-negative quasi-order on
a Menger (2, n)-semigroup G.

The proof of this proposition is analogous to the proof of Proposition 5.3.7.

Theorem 5.3.16. A binary relation γ is projection representable for a repre-
sentable Menger (2, n)-semigroup if and only if it is an l-cancellative 0-quasi-
equivalence and the following implication

h1�h2 ∧ h1 � 0 g1 ∧ h2 � 0 g2 −→ g1� g2 (5.3.29)

is satisfied for all h1, h2, g1, g2 ∈ G, where h � 0 g means (h, g) ∈ χ0.

Proof. The necessity of (5.3.29) can be proved analogously as the necessity
of (5.3.23) in the proof of Theorem 5.3.8. To prove the sufficiency we con-
sider the pair (χ0, γ). By Proposition 5.3.15, this pair satisfies all demands of
Theorem 5.3.6, whence we conclude that Theorem 5.3.16 is true.

Based on the formula (5.3.28) we can prove the following proposition.
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Proposition 5.3.17. From (g1, g2) ∈ χ0, where g1, g2 ∈ G, it follows that the
system of conditions

g1 = x0 ∧ g2 = xn ∧
n−1∧
i=0

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi = ti((yi
ksi⊕
k1i

zsi1i)[w̄i]),

xi+1 = μki(
ksi⊕
k1i

zsi1i)[w̄i]

⎞⎟⎟⎟⎠ ∨ xi = ti(xi+1)

⎞⎟⎟⎟⎠
is satisfied for n ∈ N, xi, yi, zi ∈ G, w̄i ∈ Gn, ti ∈ Tn, ki ∈ {1, . . . , n}.

Denoting by N(m,n) the formula

n∧
i=m

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi = ti((yi
ksi⊕
k1i

zsi1i)[w̄i]),

xi+1 = μki(
ksi⊕
k1i

zsi1i)[w̄i]

⎞⎟⎟⎟⎠ ∨ xi = ti(xi+1)

⎞⎟⎟⎟⎠ ,

and using the same argumentation as in the proof of Theorem 5.3.8, we can
prove that the implication (5.3.29) is equivalent to the system of conditions
(Cn,m)n,m∈N, where

Cn,m : x0�xn+1 ∧ N(0, n− 1) ∧ N(n+ 1, n+m) −→ x0�xn+m+1.

So, the following theorem is true.

Theorem 5.3.18. A binary relation γ is projection representable for a repre-
sentable Menger (2, n)-semigroup if and only if it is an l-cancellative 0-quasi-
equivalence and the system of conditions (Cn,m)n,m∈N is valid.

A similar result can be proved for (2, n)-semigroups. Indeed, let χ, γ and
π be binary relations on a (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
). Similarly as in the

case of Menger (2, n)-semigroups we will say that the triplet (χ, γ, π) is (faith-
ful) projection representable for a (2, n)-semigroup (G,⊕

1
, . . . ,⊕

n
), if there exists

such (faithful) representation P of (G,⊕
1
, . . . ,⊕

n
) by n-place functions for which

χ = χP , γ = γP and π = πP . The projection representable pairs and separate
relations can be defined analogously.

It is not difficult to verify that Theorem 5.3.2 formulated for representable
Menger (2, n)-semigroup is also valid for representable (2, n)-semigroups. The
proof of this version of Theorem 5.3.2 is similar to the proof of the previous
version, but in the proof of the sufficiency instead of the representation P ,
we must consider the representation P •, which is the sum of the family of
representations (P •

(h1, h2)
)(h1, h2)∈γ , where for every g ∈ G P •

(h1, h2)
(g) : A∗0 → G
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(A∗0 = A0 ∪ {(e1, . . . , en)} (see p. 272) is a partial n-place function such that
(x1, . . . , xn) ∈ pr1 P •

(h1, h2)
(g) only in the case when⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

h1 � g ∨ h2 � g if (x1, . . . , xn) = (e1, . . . , xn),

h1 � g
is⊕
i1
ys1 ∨ h2 � g

is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n,

for some y1, . . . , ys ∈ G
and i1 · · · , is ∈ {1, . . . , n}.

Then

P •
(h1, h2)

(g)(xn1 ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g if (x1, . . . , xn) = (e1, . . . , en),

g
is⊕
i1
ys1 if xi = μ∗i (

is⊕
i1
ys1), i = 1, . . . , n,

for some y1, . . . , ys ∈ G
and i1, . . . , is ∈ {1, . . . , n}.

Theorem 5.3.6 is also valid for (2, n)-semigroups. Theorem 5.3.8 will be valid
for (2, n)-semigroups if we replace the relation χ(π) by the relation

χ •(π) = ft(fR(δ2) ◦ π) =
∞⋃
n=1

((δ2 ∪�G) ◦ π)n , (5.3.30)

i.e., if we delete δ1 from the formula (5.3.22).

Proposition 5.3.9 for (2, n)-semigroups has the following form.

Proposition 5.3.19. The condition (g1, g2) ∈ χ •(π), where g1, g2 ∈ G, means
that the system of conditions

g1 = x0 ∧ g2 = xn ∧
n−1∧
i=0

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi ≡ yi
ksi⊕
k1i

zsi1i ,

xi+1 = μki(
ksi⊕
k1i

zsi1i)

⎞⎟⎟⎟⎠ ∨ xi ≡ xi+1

⎞⎟⎟⎟⎠
is satisfied for some n ∈ N, xi, yi, zi ∈ G, ki ∈ {1, . . . , n}.

Denoting by X(m,n) the formula

n∧
i=m

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi ≡ yi
ksi⊕
k1i

zsi1i ,

xi+1 = μki(
ksi⊕
k1i

zsi1i)

⎞⎟⎟⎟⎠ ∨ xi ≡ xi+1

⎞⎟⎟⎟⎠
and using the same argumentation as in the proof of Theorem 5.3.10, we can
prove the following.
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Theorem 5.3.20. A pair (γ, π) of binary relations on a representable (2, n)-
semigroup is projection representable if and only if γ is an l-cancellative
0-quasi-equivalence, π is an l-regular equivalence, and the systems of conditions
A •

n and B •
n,m, where

A •n : X(0, n− 1) ∧ x0 = xn −→ x0 ≡ x1,

B •
n,m : x0�xn+1 ∧ X(0, n− 1) ∧ X(n+ 1, n+m) −→ xn�xn+m+1

are satisfied.

Theorem 5.3.11 is true for (2, n)-semigroups too, but in the proof, the rep-
resentation Pa defined by (5.3.27), must be replaced by the representation P •

a ,
where

P •
a (g)(x

n
1 ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

g if a � g and (x1, . . . , xn) = (e1, . . . , en),

g
is⊕
i1
ys1 if a � g

is⊕
i1
ys1 and xi = μ∗i (

is⊕
i1
ys1),

i = 1, . . . , n, for some y1, . . . , ys ∈ G,

and i1, . . . , is ∈ {1, . . . , n}.

For (2, n)-semigroups Theorem 5.3.12 has the same form as for Menger (2, n)-
semigroup, in Theorem 5.3.13 the relation χ(π) must be replaced by χ •(π), and
in Theorem 5.3.14 instead of An we must use A •n .
Furthermore, using the same argumentation as in the proof of Proposi-

tion 5.3.7 we can prove that the relation

χ •0 = ft(fR(δ2)) =
∞⋃
n=1

(δ2 ∪�G)
n ,

where fR and ft are reflexive and transitive closure operations, is the least
l-regular and v-negative quasi-order on a given (2, n)-semigroup. Using this
relation, we can prove the analog of Theorem 5.3.18 for (2, n)-semigroups.
Proposition 5.3.17 for (2, n)-semigroups has the following form.

Proposition 5.3.21. The condition (g1, g2) ∈ χ •0 , where g1, g2 ∈ G, means
that the system of conditions

g1 = x0 ∧ g2 = xn ∧
n−1∧
i=0

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi = yi
ksi⊕
k1i

zsi1i ,

xi+1 = μki(
ksi⊕
k1i

zsi1i)

⎞⎟⎟⎟⎠ ∨ xi = xi+1

⎞⎟⎟⎟⎠
is valid for n ∈ N, xi, yi, zi ∈ G.
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Furthermore, denoting by B(m,n) the formula

n∧
i=m

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

xi = yi
ksi⊕
k1i

zsi1i ,

xi+1 = μki(
ksi⊕
k1i

zsi1i)

⎞⎟⎟⎟⎠ ∨ xi = xi+1

⎞⎟⎟⎟⎠
and using the same argumentation as in the proof of Theorem 5.3.16, we can
prove the following.

Theorem 5.3.22. A binary relation γ is projection representable for a repre-
sentable (2, n)-semigroup if and only if it is an l-cancellative 0-quasi-equivalence
and the system of conditions (C •

n,m)n,m∈N, where

C •
n,m : x0�xn+1 ∧ B(0, n− 1) ∧ B(n+ 1, n+m) −→ x0�xn+m+1

is satisfied.

5.4 Notes on Chapter 5

Mann’s compositions of multiplace functions were introduced in [109]. After-
wards these compositions were used by V. D. Belousov for the investigation
of systems orthogonal operations [5] and the study of decompositions of quasi-
group operations [6]. The systematic investigation of (2, n)-semigroups of n-pla-
ce operations was undertaken by T. O. Yakubov [260] who was one of the stu-
dents of V. D. Belousov. The first abstract characterization of (2, n)-semigroups
of n-ary operations was obtained by F. N. Sokhatskii [199]. In this paper, the
first abstract characterization of (2, n)-semigroups of operations closed under
Menger composition is also presented. Further study was conducted in [205].
Unfortunately, part of the results presented in this paper is incorrect. For ex-
ample, in Theorem 10, part of the axioms (used later in the proof) is omitted.
Representations of abstract (2, n)-semigroups by n-place functions are de-

scribed in [33,35,36].
Bisemigroups of binary operations studied by K. A. Zareckii [264] and other

authors are in fact (2, 2)-semigroups in the above sense. (2, 2)-Semigroups of
binary relations are characterized in [217]. Bisemigroups of binary operations
with some additional properties are studied by Yu. M. Movsisyan [124] and
J. Pashazadeh [137]. In the study of (2, 2) and (2, 3)-semigroups, an important
role play left null elements defined as elements θ such that θ⊕

i
f = θ for each i

and f ∈ G. A (2, 2)-semigroup G containing left null elements is isomorphic to
a (2, 2)-semigroup of binary functions defined on a set A if and only the set A
and the set of all null elements of G have the same cardinality and some identi-
ties with θ are satisfied. A similar result is valid for (2, 3) and (2, 4)-semigroups
(see [104] and [139]).



Chapter 6

Systems of multiplace functions

Unlike the previous chapters, in which we studied the sets of functions with a
fixed number of variables, in this chapter we will be investigate sets of functions
with a variable number of variables. Sets of such functions have application in
multivalued logics, in automata theory and programming (see, for example,
[50, 106, 108, 145]). Below we present different abstract characterizations of
such sets of functions closed with respect to basic compositions of functions. It
is clear that the results presented in this chapter are essential generalizations
of the results of the previous chapters.

6.1 Menger systems

Let A be some nonempty set, I – a nonempty set of positive integers, Tn(A) =
T (An, A) and Fn(A) = F(An, A). On the family of sets (Fm(A))m∈I we define
(n + 1)-ary operations (compositions of functions) On, where n ∈ I, in the
following way:
Let f ∈ Fn(A), g1, . . . , gn ∈ Fm(A), (a1, . . . , am) ∈ Am, then by

On(f, g1, . . . , gn) (or shortly by f [gn1 ]) we shall denote the function from Fm(A)
such that

f [gn1 ](a
m
1 ) = f(g1(a

m
1 ), . . . , gn(a

m
1 )). (6.1.1)

It is easy to check that for any n,m, l ∈ I, f ∈ Fn(A), g1, . . . , gn ∈ Fm(A)
and h1, . . . , hm ∈ Fl(A) the following identity (called the superassociativity) is
satisfied:

f [gn1 ][h
m
1 ] = f [g1[h

m
1 ] . . . gn[h

m
1 ]]. (6.1.2)

Algebraic systems ((Tn(A))n∈I , (On)n∈I) and ((Fn(A))n∈I , (On)n∈I) are called
symmetric Menger systems of rank I of full (respectively, partial) multiplace
functions on the set A. Their subsystems are called Menger systems of rank I
of full (respectively partial) multiplace functions. It is not difficult to see that
in the case I = {1} we obtain a semigroup of transformations of A, in the case
I = {n} – a Menger algebra of n-place functions.
Consider the family (Gn)n∈I of nonempty pairwise disjoint sets and the family

(on)n∈I of partial (n+1)-ary operations on G =
⋃
n∈I

Gn satisfying the following

conditions:
• if n,m ∈ I, x ∈ Gn, y1, . . . , yn ∈ Gm, then on(x, yn1 ) is defined and on(x, yn1 ) ∈
Gm,
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• for all n,m, l ∈ I, x ∈ Gn, y1, . . . , yn ∈ Gm, z1, . . . , zm ∈ Gl the following
superassociativity property holds:

om(on(x, y
n
1 ), z

m
1 ) = on(x, om(y1, z

m
1 ), . . . , om(yn, z

m
1 )).

The system G = ((Gn)n∈I , (on)n∈I) is called a Menger system of rank I.
For I = {n} the system G is a Menger algebra of rank n; for I = {1} it is
a semigroup. So, further, by analogy with the previous chapters, instead of
on(x, y

n
1 ) we will write x[yn1 ]. In this convention, the above superassociativity

can be written in the form

x[yn1 ][z
m
1 ] = x[y1[z

m
1 ] . . . yn[z

m
1 ]].

A Menger system G of rank I is called unitary if it contains a complete
collection of selectors of all arities, i.e., if for every n ∈ I there are elements
e
(n)
1 , . . . , e

(n)
n ∈ Gn, called selectors, such that

x[e
(n)
1 . . . e(n)n ] = x,

e
(n)
i [y1 . . . yn] = yi

for all i = 1, . . . , n and x ∈ Gn, y1 . . . , yn ∈ Gm. In a symmetrical Menger
system of full multiplace functions the role of selectors is played by projectors,
i.e., n-place functions Ini ∈ Tn(A) such that Ini (an1 ) = ai.
By a homomorphism of a Menger system ((Gn)n∈I , (on)n∈I) into a Menger

system ((G′n)n∈I , (o′n)n∈I) we mean a family (Pn)n∈I of mappings Pn from Gn

into G′n such that

Pm(on(x, y
n
1 )) = o′n(Pn(x), Pm(y1), . . . , Pm(yn))

holds for all x ∈ Gn, y1, . . . , yn ∈ Gm. A homomorphism (Pn)n∈I in which all
Pn are one-to-one is called an isomorphism.

Theorem 6.1.1. Every unitary Menger system of rank I is isomorphic to some
Menger system (of the same rank) of full multiplace functions on some set in
such a way that its selectors correspond to the projectors of this set.

Proof. Let G = ((Gn)n∈I , (on)n∈I) be a fixed unitary Menger system of rank I,
e
(n)
1 , . . . , e

(n)
n – selectors on Gn.

Denote by G = ×
n∈I

Gn the Cartesian product of the family (Gn)n∈I and by

x̄(n) the component of x̄ ∈ G which belongs to Gn.
For every n ∈ I and every g ∈ Gn we define on G an n-place function λg

putting

λg(x̄1, . . . , x̄n) = ȳ ←→ (∀i ∈ I)
(
g[x̄1(i) . . . x̄n(i)] = ȳ(i)

)
, (6.1.3)
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where x̄1, . . . , x̄n, ȳ ∈ G.
Let us show that the family (Pn)n∈I , where Pn : g �→ λg, is an isomorphism of

the system G onto a Menger system ((Tn(G))n∈I , (On)n∈I). Indeed, for g ∈ Gn,
g1, . . . , gn ∈ Gm, x̄1, . . . , x̄m, ȳ ∈ G, the condition λg[gn1 ]

(x̄1, . . . , x̄m) = ȳ is
equivalent to the condition

(∀i ∈ I)
(
g[gn1 ][x̄1(i) . . . x̄m(i)] = ȳ(i)

)
, (6.1.4)

which, by superassociativity, can be written in the form

(∀i ∈ I)
(
g[g1[x̄1(i) . . . x̄m(i)] . . . gn[x̄1(i) . . . x̄m(i)] ] = ȳ(i)

)
. (6.1.5)

Denoting by z̄1, . . . , z̄n the elements of G such that

(∀i ∈ I)
(
z̄k(i) = gk[x̄1(i) . . . x̄m(i)]

)
(6.1.6)

for k = 1, . . . , n, and using (6.1.5) we see that

(∀i ∈ I)
(
g[z̄1(i) . . . z̄n(i)] = ȳ(i)

)
. (6.1.7)

But, according to (6.1.3), the condition (6.1.6) gives λgk(x̄1, . . . , x̄m) = z̄k
for every k = 1, . . . , n. Similarly from (6.1.7) we get λg(z̄1, . . . , z̄n) = ȳ.
Thus

λg(λg1(x̄1, . . . , x̄m), . . . , λgn(x̄1, . . . , x̄m)) = ȳ,

i.e.,
λg[λg1 . . . λgn ](x̄1, . . . , x̄m) = ȳ.

Therefore
λg[gn1 ]

(x̄1, . . . , x̄m) = λg[λg1 . . . λgn ](x̄1, . . . , x̄m)

for all x̄1, . . . , x̄m ∈ G, whence λg[gn1 ]
= λg[λg1 . . . λgn ], i.e.,

Pm(g[gn1 ]) = Pn(g)[Pm(g1) . . . Pm(gn)].

So, (Pn)n∈I is a homomorphism.
Now let Pn(g1) = Pn(g2) for some g1, g2 ∈ Gn, n ∈ I. Then

Pn(g1)(x̄1, . . . , x̄n) = Pn(g2)(x̄1, . . . , x̄n)

for all x̄1, . . . , x̄n ∈ G. Thus, in particular,

g1[x̄1(n) . . . x̄n(n)] = g2[x̄1(n) . . . x̄n(n)].
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Replacing each element xk(n) in this equality by the corresponding selector e
(n)
k

of Gn, we obtain g1[e
(n)
1 , . . . , e

(n)
n ] = g2[e

(n)
1 , . . . , e

(n)
n ], which implies g1 = g2.

This means that (Pn)n∈I is an isomorphism.
Moreover, for all x̄1, . . . , x̄n ∈ G and i ∈ I we have

P (e
(n)
k )(x̄1, . . . , x̄n)(i) = e

(n)
k [x̄1(i) . . . x̄n(i)] = x̄k(i).

Thus P (e
(n)
k ) is the n-place projector of G. This completes the proof.

Theorem 6.1.2. Any Menger system of rank I is isomorphic to some Menger
system of the same rank of partial multiplace functions.

Proof. Let G = ((Gn)n∈I , (on)n∈I) be a Menger system of rank I and let
G =

⋃
n∈I

Gn, G =×
n∈I

Gn, e – some fixed element not belonging to G. Consider

the set An = G n∪{( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸
n

)}, where (e)n∈I =×
n∈I
{e}, and define for

each n ∈ I and each element g ∈ Gn the partial n-place function λ′g : An → G
putting

(a) λ′g((e)n∈I , . . . , (e)n∈I) = (g)n∈I =×
n∈I
{g} and

(b) λ′g(x̄1, . . . , x̄n) = ȳ ∈ G for x̄1, . . . , x̄n ∈ G such that

(∀i ∈ I) (ȳ(i) = g[x̄1(i) . . . x̄n(i)]) .

In the other cases, the function λ′g is not defined.
Let us show that the family (Pn)n∈I , where Pn : g �→ λ′g, is an isomorphism

of the system G onto a Menger system ((Fn(G0))n∈I , (On)n∈I), where G0 =
G ∪ {e} and G0 = ×

n∈I
G0, i.e., that for any g ∈ Gn, g1, . . . , gn ∈ Gm, where

n,m ∈ I, the following equality

λ′g[g1...gn] = λ′g[λ
′
g1 . . . λ

′
gn ] (6.1.8)

is satisfied.
Using the same argumentation as in the proof of the previous theorem we

can prove that for x̄1, . . . , x̄m ∈ G we have

λ′g[g1...gn](x̄1, . . . , x̄m) = λ′g[λ
′
g1 . . . λ

′
gn ](x̄1, . . . , x̄m).

Moreover, according to the definition of λ′g we have also

λ′g[g1...gn]( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸
m

) = (g[g1 . . . gn])n∈I .
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On the other hand

λ′g[λ′g1 . . . λ
′
gn ]( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸

m

) =

λ′g
(
λg1( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸

m

), . . . , λ′gn( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸
m

)
)
=

λ′g( (g1)n∈I , . . . , (gn)n∈I︸ ︷︷ ︸
m

) = (g[g1 . . . gn])n∈I .

So,

λ′g[g1...gn]( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸
m

) = λ′g[λ
′
g1 . . . λ

′
gn ]( (e)n∈I , . . . , (e)n∈I︸ ︷︷ ︸

m

),

which proves that (6.1.8) is satisfied in any case. Thus (Pn)n∈I is a homomor-
phism. In fact, it is an isomorphism because λ′g1 = λ′g2 for some g1, g2 ∈ Gn,
n ∈ I, implies

λ′g1((e)n∈I , . . . , (e)n∈I) = λ′g2((e)n∈I , . . . , (e)n∈I),

whence g1 = g2.

Theorem 6.1.3. Any Menger system of rank I of partial multiplace functions
is isomorphic to some Menger system of the same rank of full multiplace func-
tions.

Proof. Let ((Φn)n∈I , (On)n∈I), where Φn ⊂ Fn(A), be a Menger system of
partial multiplace functions of rank I and let c �∈ A be some fixed element. We
extend every partial function f ∈ Φn to a full function f c of the same arity
defined on the set Ac = A ∪ {c} putting

f c(x1, . . . , xn) =

{
f(x1, . . . , xn) if (x1, . . . , xn) ∈ pr1 f,

c, if (x1, . . . , xn) �∈ pr1 f.

An extension f �→ f c defined in this way is an isomorphism. To prove this
fact assume that f ∈ Φn and g1, . . . , gn ∈ Φm are arbitrary and consider two
cases:

(a) x̄ = (x1, . . . , xm) ∈ pr1 f [g1 . . . gn],
(b) x̄ = (x1, . . . , xm) �∈ pr1 f [g1 . . . gn].
In the first case we have

(f [g1 . . . gn])
c(x̄) = f [g1 . . . gn](x̄). (6.1.9)
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But from x̄ ∈ pr1 f [f, g1 . . . gn] it follows x̄ ∈ pr1 gk for all k = 1, . . . , n, and
(g1(x̄), . . . , gn(x̄)) ∈ pr1 f. Consequently, gck(x̄) = gk(x̄), for every k = 1, . . . , n,
and f c(g1(x̄), . . . , gn(x̄)) = f(g1(x̄), . . . , gn(x̄)). Hence

f c[gc1 . . . g
c
n](x̄) = f c(gc1(x̄), . . . , g

c
n(x̄)) = f c(g1(x̄), . . . , gn(x̄))

= f(g1(x̄), . . . , gn(x̄)) = f [g1 . . . gn](x̄).

So, according to (6.1.9), we obtain

(f [g1 . . . gn])
c(x̄) = f c[gc1 . . . g

c
n](x̄) (6.1.10)

for all x̄ ∈ pr1 f [g1 . . . gn].
For x̄ �∈ pr1 f [g1 . . . gn] we have (f [g1 . . . gn])

c(x̄) = c. But from
x̄ �∈ pr1 f [g1 . . . gn] it follows that either (i) x̄ �∈ pr1 gk for some k ∈ {1, . . . , n}
or (ii) x̄ ∈ pr1 gk for every k = 1, . . . , n and (g1(x̄), . . . , gn(x̄)) �∈ pr1 f. If
x̄ �∈ pr1 gk, then gck(x̄) = c, whence f c[gc1 . . . g

c
n](g

c
1(x̄) . . . c . . . g

c
n(x̄)) = c. In the

second case (g1(x̄), . . . , gn(x̄)) �∈ pr1 f implies f c(g1(x̄), . . . , gn(x̄)) = c. So, in
view of gck(x̄) = gk(x̄) for all k = 1, . . . , n, we get

f c[gc1 . . . g
c
n](x̄) = f c(gc1(x̄), . . . , g

c
n(x̄)) = f c(g1(x̄), . . . , gn(x̄)) = c,

which means that (6.1.10) is satisfied in this case too. Thus, we have proved

(f [g1 . . . gn])
c = f c[gc1 . . . g

c
n]

for all f ∈ Φn, g1, . . . , gn ∈ Φm, n,m ∈ I. Hence f �→ f c is a homomorphism.
It is clear that it is one-to-one.

Corollary 6.1.4. Any Menger system is isomorphic to some Menger system
of full multiplace functions.

Theorem 6.1.5. Any Menger system of full multiplace functions can be iso-
morphically embedded into a Menger system (of the same rank) of full multiplace
functions containing a complete collection of projectors.

Proof. Let ((Φn)n∈I , (On)n∈I) be a Menger system of rank I of full multiplace
functions on the set A, i.e., Φn ⊂ Tn(A) for every n ∈ I. Denote by (Φ0

n)n∈I
the family of subsets of Tn(A) such that

Φ0
n = Φn ∪ {In1 , . . . , Inn},

where In1 , . . . , Inn are n-ary projectors of A. Next, for every k ∈ N, we define
the family (Φk+1

n )n∈I of subsets of Tn(A) satisfying the condition

f ∈ Φk+1
n ←→ (∃m ∈ I)(∃g ∈ Φk

m)(∃h1, . . . , hm ∈ Φk
n)f = g[h1 . . . hm].
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It is clear that In1 , . . . , I
n
n ∈ Φk

n and Φk
n ⊂ Φk+1

n for every k ∈ N, n ∈ I. Thus,
we have the sequence (Φ0

n)n∈I , (Φ1
n)n∈I , . . . , (Φk

n)n∈I , . . . Using this sequence we
define the family of subsets (Φ∗n)n∈I putting

Φ∗n =
∞⋃
k=0

Φk
n.

This family is stable with respect to the superpositions (On)n∈I . Indeed, if
f ∈ Φ∗n, g1, . . . , gn ∈ Φ∗m for some n,m ∈ I, then, according to the definition of
Φ∗n, there are k0, k1, . . . , kn ∈ N such that

f ∈ Φk0
n , g1 ∈ Φk1

m , . . . , gn ∈ Φkn
m .

For k = max{k0, k1, . . . , kn} we have f ∈ Φk
n, g1, . . . , gn ∈ Φk

m, whence
f [g1 . . . gn] ∈ Φk+1

m ⊂ Φ∗m, consequently f [g1 . . . gn] ∈ Φ∗m.
So, ((Φ∗n)n∈I , (On)n∈I) is a unitary Menger system of rank I of full multiplace

functions in which the role of selectors play projectors of A. Obviously this
system contains ((Φn)n∈I , (On)n∈I) as a subsystem.

Corollary 6.1.6. Any Menger system G can be isomorphically embedded into
a unitary Menger system G∗ of the same rank, whose selectors do not belong to
G.

Further the system, G∗ will be called a Menger system obtained from G by
addition of a complete collection of selectors.

Let G = ((Gn)n∈I , (on)n∈I) be a Menger system of rank I. On the set G =⋃
n∈I Gn we define a binary operation · putting x ·y = x[y . . . y] for all x, y ∈ G.

Then (G, ·) is a semigroup which is called the diagonal semigroup of a Menger
system G.
Consider a homomorphism P of an arbitrary semigroup (G, ·) onto a right

zero semigroup I, where I ⊂ N.1 Let Gn = {g ∈ G |P (g) = n}. It is clear that
G =

⋃
n∈I Gn and Gn ∩Gm = ∅ for n �= m.

Theorem 6.1.7. If there exists a homomorphism of a semigroup (G, ·) onto a
left zero semigroup I, where I ⊂ N, and for each n ∈ I there exist an n-place
function fn defined on G such that
(a) (g1, . . . , gn) ∈ pr1 fn ←→ (∃m ∈ I) (g1, . . . , gn ∈ Gm),
(b) fn(g1, . . . , gn) ∈ Gm, if g1, . . . gn ∈ Gm,
(c) fn(g, . . . , g) = g,
(d) fn(g1, . . . , gn) · g = fn(g1g, . . . , gng) for all (g1, . . . , gn) ∈ pr1 fn,
then (G, ·) is the diagonal semigroup of some Menger system of rank I.

1 Remind that by a right zero semigroup is mean a semigroup S with the multiplication
defined by ab = b for all a, b ∈ S.
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Proof. Let all the conditions of the theorem be satisfied and let P be a homo-
morphism of a semigroup (G, ·) onto a right zero semigroup I. Then for any
x ∈ Gn, y ∈ Gm we have P (x · y) = P (x)P (y) = P (y), which means that x · y
and y are in the same Gm. Next, for every n ∈ I we define an (n + 1)-ary
operator on putting

on(x, y1, . . . , yn) = x · fn(y1, . . . , yn)

for all x ∈ Gn and y1, . . . , yn ∈ Gm. Obviously on(x, y1, . . . , yn) ∈ Gm.
Denoting on(x, y1, . . . , yn) by x[yn1 ] and using conditions (a), (b), and (d), we

can see that for all x ∈ Gn, y1, . . . , yn ∈ Gm, z1, . . . , zm ∈ Gl we have

x[yn1 ][z
m
1 ] = (x · fn(y1, . . . , yn)) · fm(z1, . . . , zm)

= x · (fn(y1, . . . , yn) · fm(z1, . . . , zm))

= x · fn(y1 · fm(z1, . . . , zm), . . . , yn · fm(z1, . . . , zm))

= x · fn(y1[zm1 ] . . . yn[z
m
1 ]) = x[y1[z

m
1 ] . . . yn[z

m
1 ]],

i.e.,
x[yn1 ][z

m
1 ] = x[y1[z

m
1 ] . . . yn[z

m
1 ]],

which means that G = ((Gn)n∈I , (on)n∈I) is a Menger system of rank I.
Let (G, ∗) be the diagonal semigroup of this Menger system. Then G =⋃
n∈I Gn, x ∗ y = x[y . . . y] and

x ∗ y = on(x, y, . . . , y) = x · fn(y, . . . , y) = x · y,

according to the definition of on and condition (c) of the theorem. So, (G, ∗)
coincides with (G, ·).

Definition 6.1.8. A Menger system ((Gn)n∈I , (on)n∈I) of rank I is called
group-like, if for any n,m ∈ I, a0 ∈ Gn, a1, . . . , an, b ∈ Gm, i = 1, . . . , n
the following two equations

x0[a1] . . . an] = b,

a0[a1 . . . ai−1xiai+1 . . . an] = b

have unique solutions x0 ∈ Gn, xi ∈ Gm.

Using similar methods as those in section 2.5 we can prove that a Menger
system G = ((Gn)n∈I , (on)n∈I) of rank I is group-like if and only if there exists
a family of elements (en)n∈I , en ∈ Gn, such that em[b . . . b] = b, a[en . . . en] = a
for all n,m ∈ I, a ∈ Gn, b ∈ Gm, and the equations

x0[a1 . . . an] = em,

a0[a1 . . . ai−1xiai+1 . . . an] = em
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have unique solutions x0 ∈ Gn, xi ∈ Gm for all n,m ∈ I, a0 ∈ Gn, a1, . . . , an ∈
Gm, i = 1, . . . , n.
It is clear that the diagonal semigroup (G, ·) of a group-like Menger system

G is a union of the diagonal groups (Gn, ·). Moreover, any two groups (Gn, ·),
(Gm, ·), n,m ∈ I, are isomorphic. This isomorphism has the form x �→ x · em,
where x ∈ Gn and em is the unit of (Gm, ·). The group (Gn0 , ·), where n0 =
min I, is called the main diagonal group of G and is denoted by (G0, ·). The
isomorphism of (Gn, ·) onto (G0, ·) is denoted by gn. It is not difficult to see
that gm(xy) = gn(x)gm(y) for any n,m ∈ I, x ∈ Gn, y ∈ Gm.

Proposition 6.1.9. The diagonal semigroup (G, ·) of a group-like Menger sys-
tem G is isomorphic to a direct product of its main diagonal group and I con-
sidered as the right zero semigroup.

Proof. Indeed, if x ∈ G, then x ∈ Gn for some n ∈ I and, as it is not difficult
to see, the mapping P : x �→ (gn(x), n) is an isomorphism of the diagonal
semigroup (G, ·) onto a direct product G0 × I.

Let G = ((Gn)n∈I , (on)n∈I) be a group-like Menger system. Consider on G a
family (fm

n )n∈I of (n− 1)-ary operations defined in the following way:

fm
n (x1, . . . , xn−1) = en[x1 . . . xn−1em], (6.1.11)

where x1, . . . , xn−1 ∈ Gm and en, em are identities of the corresponding groups
(Gn, ·) and (Gm, ·). Since G is group-like, each groupoid (Gm, fm

n ) is an (n−1)-
ary quasigroup. Moreover, for all x ∈ Gn, y1, . . . , yn ∈ Gm, n,m ∈ I, we have

x[y1 . . . yn] = x · fm
n (y1 · y−1n , . . . , yn−1 · y−1n ) · yn,

where y−1n is inverse element in (Gm, ·). In the case m = min I the operation
fm
n will be denoted by fn.
Directly from the definition of fm

n , it follows that any two (n− 1)-ary quasi-
groups (Gm, fm

n ) and (Gk, f
k
n) are isomorphic.

The system (G0, ·, (fn)n∈I), where (G0, ·) is the main diagonal group of G is
called the main rigged group of G.
From the above discussion we conclude the following proposition.

Proposition 6.1.10. Two group-like Menger systems are isomorphic if and
only if their main rigged groups are isomorphic.

The next theorem gives a characterization of these semigroup which are di-
agonal group of group-like Menger systems.

Theorem 6.1.11. A semigroup (S, ·) is isomorphic to the diagonal semigroup
of a group-like Menger system G of rank I if and only if
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(a) it is isomorphic to the direct product of some group (G, ·) and the right zero
semigroup I,

(b) for any n ∈ I, n > 1, on (G, ·) can be defined an (n − 1)-ary quasigroup
operation fn with the property fn(e, . . . , e) = e, where e is the identity of
(G, ·),

(c) the equation
fn(a1 · x, . . . , an−1 · x) = b · x

has a unique solution x ∈ G for any a1, . . . , an−1, b ∈ G.

Proof. Necessity. Assume that a semigroup (S, ·) is isomorphic to the diagonal
semigroup of a group-like Menger system G = ((Gn)n∈I , (on)n∈I). Then, ac-
cording to Proposition 6.1.9, it is isomorphic to the direct product of the main
diagonal group (G0, ·) of G and the right zero semigroup I. So, the condition
(a) is satisfied. Next, using the identity en of a group (Gn, ·) and (6.1.11), for
any n > 1, n ∈ I, we define an (n − 1)-ary quasigroup operation fn such that
fn(e, . . . , e) = en[e . . . ee] = e for the identity e of (G0, ·). Since the equation
a0[a1 . . . an−1x] = b has a unique solution x, a0 ·fn(a1 ·x−1, . . . , an−1 ·x−1)·x = b
has also a unique solution. Hence, there is only one x satisfying the equation

fn(a1 · x−1, . . . , an−1 · x−1) = a−10 · b · x−1.

This completes the proof of (b) and (c).

Sufficiency. Let (G, ·) be a group satisfying all the conditions of the theorem.
Then Gn = G× {n} ⊂ G× I is a group and Gn ∩Gm = ∅ if n �= m.
Let us define on G× I a family of (n+ 1)-ary operations on such that

(x, n)[(y1,m) . . . (yn,m)] = (x · fn(y1 · y−1n , . . . , yn−1 · y−1n ) · yn,m)

for all x, y1, . . . , yn ∈ G and n,m ∈ I, we obtain a group-like Menger system
G = ((Gn)n∈I , (on)n∈I). Indeed, direct but very long computations show that
any of the operations on is superassociative. To prove that this system is group-
like observe that the equation

(x, n)[(a1,m) . . . (an,m)] = (b,m),

is equivalent to the equation

(x · fn(a1 · a−1n , . . . , an−1 · a−1n ) · an,m) = (b,m),

which has a unique solution x = b · a−1n · (fn(a1 · a−1n , . . . , an−1 · a−1n ))−1.
The equation

(a0, n)[(a1,m) . . . (xi,m) . . . (an,m)] = (b,m), (6.1.12)
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for 1 � i < n, can be written in the form

fn(a1 · a−1n , . . . , xi · a−1n , . . . , an−1 · a−1n ) = a−10 · b · a−1n . (6.1.13)

Since fn is an (n− 1)-ary quasigroup operation, there is only one xi satisfying
(6.1.13). So, (xi,m) is a unique solution of (6.1.12).
For i = n, the equation (6.1.12) can be written in the form

fn(a1 · x−1n , . . . , an−1 · x−1n ) = a−10 · b · x−1n . (6.1.14)

According to condition (c) of the theorem, there exists only one xn satisfying
this equation. So, also in this case (6.1.12) has a unique solution. Hence G is a
group-like Menger system.
Its diagonal semigroup H is isomorphic to the direct product of its main

diagonal group G0 and the right zero semigroup I. But, by construction, G0 is
isomorphic to G, thus S ∼= G0 × I ∼= H, which completes the proof.

By determining pair of a Menger system G = ((Gn)n∈I , (on)n∈I), we mean a
pair (E ,W ) = ((En)n∈I , (Wn)n∈I), where En is the equivalence relation on the
set Gn, Wn – the empty set or the En-class of Gn satisfying for all g ∈ Gn,
x, x1, . . . , xn, y1, . . . , yn ∈ Gm, n,m ∈ I the following two conditions:

n∧
i=1

xi ≡ yi(Em) −→ g[x1 . . . xn] ≡ g[y1 . . . yn](Em),

x ∈Wm −→ g[y1 . . . yi−1xyi+1 . . . yn] ∈Wm.

Let G∗ be a Menger system obtained from G by addition of a complete collec-
tion of selectors e(n)1 , . . . , e

(n)
n such that e(n)i �∈ Gn for each n ∈ I and i = 1, . . . , n.

For the determining pair (E ,W ) we denote by (Han)an∈Am the family of the
En-classes which are disjoint from Wn and are uniquely indexed by elements of
the set Am. We assume that An ∩Am = ∅ for n �= m.
Let us consider the sets

Ei
n = ×

m<n
Gm × {e(n)i } × ×

m>n
Gm, Dn = G n ∪ E1

n × · · · × En
n ,

Bi
n = ×

m<n
Am × {bin} × ×

m>n
Am, An = A n ∪B1

n × · · · ×Bn
n ,

where A = ×
n∈I

An, G = ×
n∈I

Gn and Hbin
= {e(n)i } for bin �∈ An. With each

g ∈ Gn we associate the n-place function Pn
(E,W )

(g) defined in the following
way:

(ā1, . . . , ān, c̄) ∈ Pn
(E,W )

(g)←→

⎧⎨⎩ (ā1, . . . , ān) ∈ An and

(∀k ∈ I)
(
g[Hā1(k) . . . Hān(k)] ⊂ Hc̄(k)

)
,
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where ā(k) is the component of the vector ā ∈ A which belongs to Ak.
One can prove that for all n,m ∈ I, g ∈ Gn, g1, . . . , gn ∈ Gm we have

Pm
(E,W )

(g[g1 . . . gn]) = Pn
(E,W )

(g)[Pm
(E,W )

(g1) . . . P
m
(E,W )

(gn)].

This means that the family P (E,W ) =
(
Pn
(E,W )

)
n∈I

is a representation of a
Menger system G by multiplace functions. This representation is called sim-
plest .
With each simplest representation P (E,W ) of a Menger system G we associate

the system ζ(E,W ) =
(
ζn
(E,W )

)
n∈I

of binary relations defined on the sets of the

family (Gn)n∈I in the following way:

(g1, g2) ∈ ζn
(E,W )

←→ Pn
(E,W )

(g1) ⊂ P n
(E,W )

(g2).

In other words (g1, g2) ∈ ζn
(E,W )

if and only if for every (x̄1, . . . , x̄n) ∈ Dn and
every k ∈ I the following implication is valid:

g1[x̄1(k) . . . x̄n(k)] �∈Wn −→ g1[x̄1(k) . . . x̄n(k)] ≡ g2[x̄1(k) . . . x̄n(k)](Ek).

Now we consider the family (Tn)n∈I of polynomials Tn defined on G and
satisfying the following two conditions:

• xn ∈ Tn, where xn is an independent variable such that xn �= xm for n �= m,

• if t ∈ Tn, g ∈ Gm, g1, . . . , gn ∈ Gn, then g[g1 . . . gi−1 t gi+1 . . . gm] ∈ Tn for all
i = 1, . . . ,m.

Using the polynomials Tn and the family H = (Hn)n∈I of subsets Hn of Gn

we define on G the family EH = (EHn)n∈I of binary relations EHn on Gn ×Gn

and the family WH = (WHn)n∈I of subsets WHn ⊂ Gn putting

g1 ≡ g2(EHn)←→(∀t ∈ Tn)
(
t(g1) ∈ Hn ←→ t(g2) ∈ Hn

)
,

g ∈WHn←→(∀t ∈ Tn)
(
t(g) �∈ Hn

)
,

where g, g1, g2 ∈ Gn, n ∈ I. It is not difficult to show that (EH,WH) is the
determining pair of G.
A system ((Φn)n∈I , (On)n∈I , (ζΦn)n∈I), where ((Φn)n∈I , (On)n∈I) is a Menger

system of partial multiplace functions, while ζΦn the relation of inclusion of
elements of the set Φn, is called a fundamentally ordered Menger system of
multiplace functions .

Theorem 6.1.12. A system ((Gn)n∈I , (on)n∈I , (ζn)n∈I) is isomorphic to some
fundamentally ordered Menger system of partial multiplace functions of rank
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I if and only if ((Gn)n∈I , (on)n∈I) is a Menger system of rank I, (ζn)n∈I is
the family of order relations on sets of the family (Gn)n∈I , and the following
conditions:

g1 �n g2 ∧
n∧

i=1
xi �m yi −→ g1[x1 . . . xn] �m g2[y1 . . . yn], (6.1.15)

g1 �n g2 ∧ g �n t1(g1) ∧ g �n t2(g2) −→ g �n t2(g1) (6.1.16)

are satisfied for all g1, g2 ∈ Gn, xi, yi ∈ Gm, i = 1, . . . , n, t1, t2 ∈ Tn, where
x �n y ←→ (x, y) ∈ ζn.

Proof. The necessity of these conditions can be proved without any difficulties,
so we shall only prove the sufficiency. In order to do this assume that all the
conditions of the theorem are satisfied and consider the representation P =
(Pn)n∈I of a Menger system ((Gn)n∈I , (on)n∈I), where 2

Pn =
∑
ḡ∈G

P n
(Eζ〈ḡ〉,Wζ〈ḡ〉) , (6.1.17)

ζ〈ḡ〉 = (ζn〈ḡ(n)〉)n∈I , Eζ〈ḡ〉 = (Eζn〈ḡ(n)〉)n∈I , Wζ〈ḡ〉 = (Wζn〈ḡ(n)〉)n∈I .
Obviously, P , as sum of simplest representations, is a representation by mul-

tiplace functions.
Let us show that ζn = ζPn for every n ∈ I, where

ζPn = {(g1, g2) ∈ Gn ×Gn |Pn(g1) ⊂ Pn(g2)}.

Let g1, g2 ∈ Gn and g1 �n g2. Then for arbitrary (x̄1, . . . , x̄n) ∈ Dn, k ∈ I,
such that

g1[x̄1(k) . . . x̄n(k)] �∈Wζk〈ḡ(k)〉
there exists t1 ∈ Tk for which

ḡ(k) �k t1(g1[x̄1(k) . . . x̄n(k)]). (6.1.18)

If for some t ∈ Tk we have

ḡ(k) �k t(g1[x̄1(k) . . . x̄n(k)]), (6.1.19)

then g1 �n g2 together with the first implication formulated in the theorem
gives

g1[x̄1(k) . . . x̄n(k)] �k g2[x̄1(k) . . . x̄n(k)]. (6.1.20)

Consequently,

t(g1[x̄1(k) . . . x̄n(k)]) �k t(g2[x̄1(k) . . . x̄n(k)])

2 The sum of representations of a Menger system is defined in the same way as in the case
of Menger algebras (see p. 78).
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for any t ∈ Tk. Thus

ḡ(k) �k t(g2[x̄1(k) . . . x̄n(k)]). (6.1.21)

So, (6.1.19) implies (6.1.21).
On the other hand, if (6.1.21) holds, then from (6.1.20), (6.1.18) and (6.1.21),

by (6.1.15), we get (6.1.19). In this way, we have proved that for any g1, g2 ∈ Gn,
g1 �n g2 and g1[x̄1(k) . . . x̄n(k)] �∈Wζk〈ḡ(k)〉 imply

g1[x̄1(k) . . . x̄n(k)] ≡ g2[x̄1(k) . . . x̄n(k)](Eζk〈ḡ(k)〉) .

Therefore (g1, g2) ∈ ζn(Eζ〈ḡ〉,Wζ〈ḡ〉)
for every ḡ ∈ G, whence ζn ⊂ ζPn , because

ζPn =
⋂
ḡ∈G

ζn(Eζ〈ḡ〉,Wζ〈ḡ〉).

Conversely, if (g1, g2) ∈ ζPn , then, for every ḡ ∈ G, (x̄1, . . . , x̄n) ∈ Dn and
k ∈ I, from g1[x̄1(k) . . . x̄n(k)] �∈Wζk〈ḡ(k)〉 it follows that

g1[x̄1(k) . . . x̄n(k)] ≡ g2[x̄1(k) . . . x̄n(k)](Eζk〈ḡ(k)〉).

This means that for k = n and (x̄1, . . . , x̄n) ∈ E1
n × · · · × En

n , the following
implication is valid:

g1[e
(n)
1 . . . e(n)n ] �∈Wζn〈ḡ(n)〉 −→ g1[e

(n)
1 . . . e(n)n ] ≡ g1[e

(n)
1 . . . e(n)n ](Eζn〈ḡ(n)〉),

i.e.,
g1 �∈Wζn〈ḡ(n)〉 −→ g1 ≡ g2(Eζn〈ḡ(n)〉),

whence, for ḡ(n) = g1, we obtain the implication

g1 �∈Wζn〈g1〉 −→ g1 ≡ g2(Eζn〈g1〉).

Since g1 �∈Wζn〈g1〉 for every g1 ∈ Gn, the above proves g1 ≡ g2(Eζn〈g1〉). Thus

(∀t ∈ Tn)
(
g1 �n t(g1)←→ g1 �n t(g2)

)
.

From this, replacing the polynomial t by an individual variable, we conclude
g1 �n g2, i.e., (g1, g2) ∈ ζn. Thus ζn = ζPn .
This together with the fact that ζn is an order relation for every n ∈ I,

completes the proof that P is an isomorphism.
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6.2 Menger T-systems

In the previous section, we considered superpositions of functions, which al-
lowed us to substitute into a function, instead of its arguments, various func-
tions of the same arity. The given restriction did not allow us to substitute
in the place of the arguments functions of different arities. This inconvenience
could be avoided in many ways. One such way will be discussed in this para-
graph.
Consider the family (Fn(A))n∈I of multiplace functions on a nonempty set

A. On (Fn(A))n∈I we can define a family (On)n∈I of (n+1)-ary operations On,
which from f ∈ Fn(A), g1 ∈ Fm1(A), . . . , gn ∈ Fmn(A) form a new multiplace
function On(f, g1, . . . , gn) ∈ Fm(A), where m = max{m1, . . . ,mn}. This new
function is denoted by f〈g1 . . . gn〉 and is uniquely determined by the following
equality:

f〈g1 . . . gn〉(a1, . . . , am) = f(g1(a1, . . . , am1), . . . , gn(a1, . . . , amn)),

where (a1, . . . , am) ∈ Am. It is assumed that the left- and right -hand sides of
this equality are simultaneously defined or not defined.
It can be shown that for any f ∈ Fn(A), g1 ∈ Fm1(A), . . . , gn ∈ Fmn(A) and

h1 ∈ Fl1(A), . . . , hm ∈ Flm(A), where m = max{m1, . . . ,mn} the superassocia-
tivity

f〈g1 . . . gn〉〈h1 . . . hm〉 = f〈g1〈h1 . . . hm1〉 . . . gn〈h1 . . . hmn〉〉
is satisfied.
The algebraic systems ((Tn(A))n∈I , (On)n∈I) and ((Fn(A))n∈I , (On)n∈I) are

called symmetrical Menger T -systems of full multiplace functions and symmet-
rical Menger T -systems of partial multiplace functions on the set A. Their
subsystems are called Menger T -systems of rank I of full (respectively: partial)
multiplace functions.
Let (Gn)n∈I be a family of pairwise disjoint nonempty sets, (on)n∈I – the

family of partial (n+1)-ary operations on the set G =
⋃

n∈I Gn, satisfying the
following conditions:

• if x ∈ Gn, y1 ∈ Gm1 , . . . , yn ∈ Gmn , then on(x, y
n
1 ) is defined and on(x, y

n
1 ) ∈

Gm, where m = max{m1, . . . ,mn},
• for all x ∈ Gn, y1 ∈ Gm1 , . . . , yn ∈ Gmn , z1 ∈ Gl1 , . . . , zm ∈ Glm , where

m = max{m1, . . . ,mn}, the following superassociativity

om(on(x, y
n
1 ), z

m
1 ) = on(x, om1(y1, z

m1
1 ), . . . , omn(yn, z

mn
1 ))

is satisfied.

A system G = ((Gn)n∈I , (on)n∈I) defined in such a way is called a Menger
T -system of rank I.
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A Menger T -system G is called unitary if it contains a complete collection of
selectors of all arities, i.e., if for every n ∈ I there are elements e(n)1 , . . . , e

(n)
n ∈

Gn, called selectors, such that

x〈e(n)1 . . . e
(n)
n 〉 = x,

e
(n)
i 〈y1 . . . yn〉 = yi〈e(m)

1 . . . e
(m)
mi 〉

for all i = 1, . . . , n, x ∈ Gn, y1 ∈ Gm1 , . . . , yn ∈ Gmn , m1, . . . ,mn ∈ I and
m = max{m1, . . . ,mn}. It is clear that in a symmetrical Menger T -system of
full multiplace functions the role of selectors is played by projectors.
By homomorphism of a Menger T -system ((Gn)n∈I , (on)n∈I) into a Menger

T -system ((G′n)n∈I , (o′n)n∈I), we mean a family (Pn)n∈I of mappings Pn : Gn →
G′n such that

Pm(x〈y1 . . . yn〉) = Pn(x)〈Pm1(y1) . . . Pmn(yn)〉

holds for all x ∈ Gn, y1 ∈ Gm1 , . . . , yn ∈ Gmn and m = max{m1, . . . ,mn}. If
all Pn are one-to-one, then such homomorphism is called an isomorphism.
By analogy to the previous sections, the superassociativity can be written in

the abbreviated form as

x〈 yn1 〉〈 zm1 〉 = x〈 y1〈 zm1
1 〉 . . . yn〈 zmn

1 〉〉.

Theorem 6.2.1. Every Menger T -system of rank I is isomorphic to some
Menger T -system (of the same rank) of full multiplace functions on some set
in such a way that its selectors correspond to the projectors of this set.

Proof. Let G = ((Gn)n∈I , (on)n∈I) be a fixed unitary Menger T -system of rank
I, e(n)1 , . . . , e

(n)
n – the selectors on Gn.

Denote by G = ×
n∈I

Gn the Cartesian product of a family (Gn)n∈I and by

x̄(n) the component of x̄ ∈ G which belongs to Gn.
For every n ∈ I and every g ∈ Gn we define on G the full n-place function

λg letting:

λg(x̄1, . . . , x̄n) = ȳ ←→ (∀i ∈ I)
(
g〈x̄1(i) . . . x̄n(i)〉 = ȳ(i)

)
,

where x̄1, . . . , x̄n, ȳ ∈ G.
Let us show that the family (Pn)n∈I , where Pn : g �→ λg, is an isomorphism of

the system G onto a Menger T -system ((Tn(G))n∈I , (On)n∈I). Indeed, for g ∈
Gn, g1 ∈ Gm1 , . . . , gn ∈ Gmn , x̄1, . . . , x̄m, ȳ ∈ G and m = max{m1, . . . ,mn},
the condition λg〈g1...gn〉(x̄1, . . . , x̄m) = ȳ means that

(∀i ∈ I)
(
g〈g1 . . . gn〉〈x̄1(i) . . . x̄m(i)〉 = ȳ(i)

)
,
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which, by the superassociativity, can be written in the form:

(∀i ∈ I)
(
g〈g1〈x̄1(i) . . . x̄m1(i)〉 . . . gn〈x̄1(i) . . . x̄mn(i)〉〉 = ȳ(i)

)
.

This for z̄k(i) = gk〈x̄1(i) . . . x̄mk
(i)〉, k = 1, . . . , n, proves that for every i ∈ I

we have g〈z̄1(i) . . . z̄n(i)〉 = ȳ(i). So, λg(z̄1, . . . , z̄n) = ȳ.
Further, as

(∀i ∈ I)
(
gk〈x1(i) . . . x̄mk

(i)〉 = z̄k(i)
)

for each k = 1, . . . , n, we have λgk(x̄1, . . . , x̄mi) = z̄k, k = 1, . . . , n, whence

λg(λg1(x̄1, . . . , x̄m1), . . . , λgn(x̄1, . . . , x̄mn)) = ȳ.

Thus λg〈λg1 . . . λgn〉(x̄1, . . . , x̄m) = ȳ, where m = max{m1, . . . ,mn}. So,
λg〈g1...gn〉 = λg〈λg1 . . . λgn〉, i.e.,

Pm(g〈g1 . . . gn〉) = Pn(g)〈Pm1(g1) . . . Pmn(gn)〉,

which completes the proof that (Pn)n∈I is a homomorphism.
To prove that (Pn)n∈I is an isomorphism, consider the family (ēk)k∈I of

elements of G defined in the following way:

ēk =

{
(e

(n1)
k , e

(n2)
k , e

(n3)
k , . . .) for k = 1, . . . , n1,

(e
(n1)
n1 , . . . , e

(ni)
ni , e

(ni+1)
k , e

(ni+2)
k , . . .) for ni < k � ni+1,

where ni ∈ I, ni < ni+1 and i = 1, 2, . . .3

If λg1 = λg2 , then g1, g2 ∈ Gn for some n ∈ I and

g1〈x̄1(k) . . . x̄n(k)〉 = g2〈x̄1(k) . . . x̄n(k)〉

for all n ∈ I, x̄1, . . . , x̄n ∈ G, k ∈ I.
So, for every k ∈ I we have

g1〈ē1(k) . . . ēn(k)〉 = g2〈ē1(k) . . . ēn(k)〉,

whence for k = n we get

g1〈ē1(n) . . . ēn(n)〉 = g2〈ē1(n) . . . ēn(n)〉,

i.e., g1〈e(n)1 . . . e
(n)
n 〉 = g2〈e(n)1 . . . e

(n)
n 〉.4 This implies g1 = g2. Thus, (Pn)n∈I is

an isomorphism.

3 For I = {3, 4, 6, 8} we obtain ē1 = (e
(3)
1 , e

(4)
1 , e

(6)
1 , e

(8)
1 ), ē2 = (e

(3)
2 , e

(4)
2 , e

(6)
2 , e

(8)
2 ),

ē3 = (e
(3)
3 , e

(4)
3 , e

(6)
3 , e

(8)
3 ), ē4 = (e

(3)
3 , e

(4)
4 , e

(6)
4 , e

(8)
4 ), ē5 = (e

(3)
3 , e

(4)
4 , e

(6)
5 , e

(8)
5 ), ē6 =

(e
(3)
3 , e

(4)
4 , e

(6)
6 , e

(8)
6 ), ē7 = (e

(3)
3 , e

(4)
4 , e

(6)
6 , e

(8)
7 ), ē8 = (e

(3)
3 , e

(4)
4 , e

(6)
6 , e

(8)
8 ).

4 For example, if I = {3, 4, 6, 8} and g1, g2 ∈ G6 then the above construction guarantees that
g1〈e(6)1 e

(6)
2 e

(6)
3 e

(6)
4 e

(6)
5 e

(6)
6 〉 = g2〈e(6)1 e

(6)
2 e

(6)
3 e

(6)
4 e

(6)
5 e

(6)
6 〉.



Section 6.2 Menger T-systems 305

This isomorphism maps all selectors onto projectors of G. Indeed, from
ȳ = λ

e
(n)
i

(x̄1, . . . , x̄n) it follows that ȳ(k) = e
(n)
i 〈x̄1(k) . . . x̄n(k)〉 = x̄i(k) for all

k ∈ I, whence we conclude that λ
e
(n)
i

(x̄1, . . . , x̄n) = x̄i, i.e., λe
(n)
i

= Ini .

The proofs of the next three theorems are analogous to the proofs of the
corresponding theorems from the previous section, so we omit them.

Theorem 6.2.2. Any Menger T -system of rank I is isomorphic to some Manger
T -system of the same rank of partial multiplace functions.

Theorem 6.2.3. Any Menger T -system of rank I of partial multiplace func-
tions is isomorphic to some Menger T -system of the same rank of full multiplace
functions.

Corollary 6.2.4. Any Menger T -system is isomorphic to some Menger T -
system of full multiplace functions.

Theorem 6.2.5. Any Menger T -system of full multiplace functions can be
isomorphically embedded into some Menger T -system of the same rank of full
multiplace functions containing a complete set of projectors.

Corollary 6.2.6. Any Menger T -system G can be isomorphically embedded
into such unitary Menger T -system G∗ of the same rank selectors of which do
not belong to G.

By determining pair of a Menger T -system G = ((Gn)n∈I , (on)n∈I), we mean
the pair (E ,W ) = ((En)n∈I , (Wn)n∈I), where En is the equivalence relation on
the set Gn, Wn – the empty set or the En-class of Gn satisfying for all g ∈ Gn,
x1, y1 ∈ Gm1 , . . . , xn, yn ∈ Gmn , n,m1, . . . ,mn ∈ I, and m = max{m1, . . . ,mn}
the following two conditions:

n∧
i=1

xi ≡ yi(Emi) −→ g〈x1 . . . xn〉 ≡ g〈y1 . . . yn〉(Em),

x ∈Wmi −→ g〈y1 . . . yi−1xyi+1 . . . yn〉 ∈Wm.

Similarly as in the case of Menger systems, each determining pair (E ,W )

induces for G the simplest representation P (E,W ) =
(
Pn
(E,W )

)
n∈I

satisfying for

all g ∈ Gn, g1 ∈ Gm1 , . . . , gn ∈ Gmn and m = max{m1, . . . ,mn}, the following
equality:

Pm
(E,W )

(g〈g1 . . . gn〉) = Pn
(E,W )

(g)〈Pm1

(E,W )
(g1) . . . P

mn

(E,W )
(gn)〉.
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Every such representation P (E,W ) induces on G two families ζ(E,W ) =

(ζn
(E,W )

)n∈I and χ(E,W ) = (χn
(E,W )

)n∈I of binary relations defined in the fol-
lowing way:

(g1, g2) ∈ ζn
(E,W )

←→ Pn
(E,W )

(g1) ⊂ Pn
(E,W )

(g2),

(g1, g2) ∈ χn
(E,W )

←→ pr1 P n
(E,W )

(g1) ⊂ pr1 Pn
(E,W )

(g2),

where g1, g2 ∈ Gn, n ∈ I.
In other words (g1, g2) ∈ ζn

(E,W )
if and only if for every (x̄1, . . . , x̄n) ∈ Dn (see

p. 298) and every k ∈ I the following implication is valid:

g1〈x̄1(k) . . . x̄n(k)〉 �∈Wk −→ g1〈x̄1(k) . . . x̄n(k)〉 ≡ g2〈x̄1(k) . . . x̄n(k)〉(Ek).

Similarly, (g1, g2) ∈ χn
(E,W )

if and only if for every (x̄1, . . . , x̄n) ∈ Dn and every
k ∈ I

g1〈x̄1(k) . . . x̄n(k)〉 �∈Wk −→ g2〈x̄1(k) . . . x̄n(k)〉 �∈Wk.

Consider a family (Tn)n∈I of polynomials on a Menger T -system
G = ((Gn)n∈I , (on)n∈I) defined in the following way:

• xn ∈ Tn, where xn is an individual variable such that xn �= xm for n �= m,

• if t ∈ Tmi , 1 � i � n, g ∈ Gn, g1 ∈ Gm1 , . . . , gn ∈ Gmn , then
g〈g1 . . . gi−1 t gi+1 . . . gn〉 ∈ Tm, where m = max{m1, . . . ,mn}.
Now, similarly as in the previous section, for each family H = (Hn)n∈I

of subsets Hn ⊂ Gn we can define the determining pairs (EH,WH), where
EH = (EHn)n∈I and WH = (WHn)n∈I .

Let ((Gn)n∈I , (on)n∈I) be a Menger T -system of rank I. The family of binary
relations (ρn)n∈I , where ρn ⊂ Gn ×Gn, is called:

• stable, if

(x, y) ∈ ρn ∧
n∧

i=1

(xi, yi) ∈ ρi −→ (x〈x1 . . . xn〉, y〈y1 . . . yn〉) ∈ ρm

for any n,m1, . . . ,mk ∈ I, x, y ∈ Gn, xk, yk ∈ Gmk
, k = 1, . . . , n, where

m = max{m1, . . . ,mn},
• l-regular, if

(x, y) ∈ ρn −→ (x〈z1 . . . zn〉, y〈z1 . . . zn〉) ∈ ρm

for any n,m1, . . . ,mn ∈ I, x, y ∈ Gn, zk ∈ Gmk
, k = 1, . . . , n, where m =

max{m1, . . . ,mn},
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• v-negative, if
(x, u〈w̄|iy〉) ∈ ρm −→ (x, y) ∈ ρm

for any n,m1, . . . ,mn ∈ I, i = 1, . . . , n, m = max{m1, . . . ,mn}, x, y ∈ Gm,
u ∈ Gn and w̄ ∈ Gm1 × · · · ×Gmn .

A Menger T -system ((Φn)n∈I , (On)n∈I) of partial multiplace functions with
two families (ζΦn)n∈I , (χΦn)n∈I) of relations, where ζΦn is the inclusion rela-
tion and χΦn the relation of inclusion of domains of elements of Φn, is called
(by analogy to Menger algebras, see p. 85) a fundamentally ordered projection
(f.o.p.) Menger T -system of multiplace functions.
An abstract characterization of such Menger T -systems is given by the fol-

lowing theorem.

Theorem 6.2.7. An algebraic system ((Gn)n∈I , (on)n∈I , (ζn)n∈I , (χn)n∈I) is
isomorphic to some f.o.p. Menger T -system of partial multiplace functions if
and only if ((Gn)n∈I , (on)n∈I) is a Menger T -system, (ζn)n∈I – the family of
stable orders, (χn)n∈I – the family of l-regular and v-negative quasi-orders such
that ζn ⊂ χn for every n ∈ I, and for all g, g1, g2 ∈ Gn, u ∈ Gm, w̄ ∈ (Gn)

n,
n,m ∈ I, the following two implication hold:

g1 �n g ∧ g2 �n g ∧ g1 �n g2 −→ g1 �n g2,

g1 �n g2 ∧ g �n g1 ∧ g �n u〈w̄ |ig2〉 −→ g �n u〈w̄ |ig1〉,

where x �n y ←→ (x, y) ∈ ζn, and x �n y ←→ (x, y) ∈ χn.

Proof. The necessity of these conditions can be proved in the same way as in
the proof of Theorem 3.2.1. To prove the sufficiency assume that a Menger
T -system ((Gn)n∈I , (on)n∈I) with two families (ζn)n∈I , (χn)n∈I of relations de-
fined on (Gn)n∈I satisfies all the conditions given in Theorem 6.2.7. Then,
similarly as in the proof of Theorem 3.2.1, we can show, that

g1 �n g2 ∧ g �n t1(g1) ∧ g �n t2(g2) −→ g �n t2(g1), (6.2.1)

g1 �n g2 ∧ g �n t1(g1) ∧ g �n t2(g2) −→ g �n t2(g1) (6.2.2)

for all g1, g2, g ∈ Gn, t1, t2 ∈ Tn, n ∈ I.
Consider the representation P = (Pn)n∈I of a given Menger T -system

((Gn)n∈I , (on)n∈I), where Pn =
∑

ḡ∈G P n
(Eḡ ,Wḡ)

, Eḡ = (Eḡ(n))n∈I , Eḡ(n) =

Eζn〈ḡ(n)〉 ∩ Eχn〈ḡ(n)〉, Wḡ = (Wχn 〈ḡ(n)〉)n∈I . Obviously, P , as sum of simplest
representations, is a representation by multiplace functions.
Let us show that ζn = ζPn for every n ∈ I, where

ζPn = {(g1, g2) ∈ Gn ×Gn |Pn(g1) ⊂ Pn(g2)}.
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Let g1, g2 ∈ Gn and (g1, g2) ∈ ζPn . Then, according to the definition of ζPn , for
all ḡ ∈ G, (x̄1, . . . , x̄n) ∈ Dn and k ∈ I, from

g1〈x̄1(k) . . . x̄n(k)〉 �∈Wχ
k
〈ḡ(k)〉

it follows that

g1〈x̄1(k) . . . x̄n(k)〉 ≡ g2〈x̄1(k) . . . x̄n(k)〉(Eḡ(k)),

which means that for k = n and (x̄1, . . . , x̄n) ∈ E1
n × · · · ×En

n (see p. 298), the
following implication

g1〈e(n)1 . . . e(n)n 〉 �∈Wχn〈ḡ(n)〉 −→ g1〈e(n)1 . . . e(n)n 〉 ≡ g2〈e(n)1 . . . e(n)n 〉(Eḡ(n)),

is true. Therefore
g1 �∈Wχn〈ḡ(n)〉 −→ g1 ≡ g2(Eḡ(n)).

From this, for ḡ(n) = g1, we obtain the implication

g1 �∈Wχn〈g1〉 −→ g1 ≡ g2(Eg1),

which is equivalent to g1 ≡ g2(Eg1), where Eg1 = Eζn〈g1〉 ∩ Eχn 〈g1〉. Whence
g1 ≡ g2(Eζn〈g1〉). From this, analogously as in the case of Menger algebras (see
the proof of Theorem 3.2.1), we conclude g1 �n g2. So, ζPn ⊂ ζn.
To prove the converse inclusion, let g1 �n g2, (x̄1, . . . , x̄n) ∈ Dn and

g1〈x̄1(k) . . . x̄n(k)〉 �∈ Wχ
k
〈ḡ(k)〉 for some ḡ ∈ G. Then there exists a polyno-

mial t1 ∈ Tk such that

ḡ(k) �k t1(g1〈x̄1(k) . . . x̄n(k)〉). (6.2.3)

Since the relation �n is stable, g1 �n g2 implies

g1〈x̄1(k) . . . x̄n(k)〉 �k g2〈x̄1(k) . . . x̄n(k)〉. (6.2.4)

So, if ḡ(k) �k t(g1〈x̄1(k) . . . x̄n(k)〉) for some t ∈ Tk, then also

ḡ(k) �k t(g2〈x̄1(k) . . . x̄n(k)〉). (6.2.5)

Similarly, from (6.2.3) and (6.2.5), by (6.2.4) and (6.2.1), we conclude ḡ(k) �k

t(g1〈x̄1(k) . . . x̄n(k)〉). Thus

g1〈x̄1(k) . . . x̄n(k)〉 ≡ g2〈x̄1(k) . . . x̄n(k)〉(Eζn〈ḡ(k)〉).

Now let ḡ(k) �k t(g1〈x̄1(k) . . . x̄n(k)〉), t ∈ Tk. Then, by ζk ⊂ χ
k
and

t(g1〈x̄1(k) . . . x̄n(k)〉) �k t(g2〈x̄1(k) . . . x̄n(k)〉),
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we obtain
ḡ(k) �k t(g2〈x̄1(k) . . . x̄n(k)〉),

which, together with (6.2.3) and (6.2.1), proves

ḡ(k) �k t(g1〈x̄1(k) . . . x̄n(k)〉) .

Therefore

g1〈x̄1(k) . . . x̄n(k)〉 ≡ g2〈x̄1(k) . . . x̄n(k)〉(Eχn 〈ḡ(k)〉).

Summarizing, in all cases g1 �n g2 implies

g1〈x̄1(k) . . . x̄n(k)〉 ≡ g2〈x̄1(k) . . . x̄n(k)〉(Eḡ(k)).

Thus ζn ⊂ ζPn , and finally ζn = ζPn .
To prove χPn

= χn , let (g1, g2) ∈ χPn
. Then for all (x̄1, . . . , x̄n) ∈ Dn, ḡ ∈ G

and k ∈ I

g1〈x̄1(k) . . . x̄n(k)〉 �∈Wχn 〈ḡ(k)〉 −→ g2〈x̄1(k) . . . x̄n(k)〉,

whence for k = n, ḡ(n) = g1 and (x̄1, . . . , x̄n) ∈ E1
n × · · · × En

n we obtain
g2 �∈Wχn 〈g1〉. Thus g1 �n t(g2) for some t ∈ Tn, and g1 �n t(g2) �n g2, by the
v-negativity. So, g1 �n g2, i.e., χPn

⊂ χn .
On the other hand, if (g1, g2) ∈ χn , then, by l-regularity, we have

g1〈x̄1(k) . . . x̄n(k)〉 �k g2〈x̄1(k) . . . x̄n(k)〉

for any (x̄1, . . . , x̄n) ∈ Dn and k ∈ I. If g1〈x̄1(k) . . . x̄n(k)〉 �∈ Wχ
k
〈ḡ(k)〉 for

some ḡ ∈ G, then ḡ(k) �k t1(g1〈x̄1(k) . . . x̄n(k)〉) for some t1 ∈ Tk. This, ac-
cording to the v-negativity, gives ḡ(k) �k g1〈x̄1(k) . . . x̄n(k)〉, whence ḡ(k) �k

g2〈x̄1(k) . . . x̄n(k)〉. Consequently g2〈x̄1(k) . . . x̄n(k)〉 �∈Wχ
k
〈ḡ(k)〉, i.e., (g1, g2) ∈

χ
Pn
. Therefore χn ⊂ χ

Pn
, which together with the previous inclusion, proves

χn = χPn
.

Since for any n ∈ I from Pn(g1) = Pn(g2), it follows that g1 = g2, the
representation (Pn)n∈I is faithful.

Corollary 6.2.8. An algebraic system ((Gn)n∈I , (on)n∈I , (χn)n∈I) is isomor-
phic to some projection quasi-ordered Menger T -system of multiplace functions
if and only if ((Gn)n∈I , (on)n∈I) is a Menger T -system and (χn)n∈I is a family
of l-regular v-negative quasi-orders.

Theorem 6.2.9. An algebraic system ((Gn)n∈I , (on)n∈I , (ζn)n∈I) is isomor-
phic to some fundamentally ordered Menger T -system of partial multiplace func-
tions if and only if ((Gn)n∈I , (on)n∈I) is a Menger T -system, (ζn)n∈I – a family
of orders and for all g, g1, g2 ∈ Gn, t1, t2 ∈ Tn, n ∈ I the following condition

g1 �n g2 ∧ g �n t1(g1) ∧ g �n t2(g2) −→ g �n t2(g1)

is satisfied.
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Proof. The proof of this theorem is analogous to the proof of Theorem 6.1.12.

6.3 Positional algebras

On the sets of multiplace functions of various arities, one often considers the
binary operations of superpositions, which are called positional superpositions.
Such operations are used in the theory of functional equations and in the the-
ory of n-ary quasigroups [6]. Thus the study of positional algebras and their
representations by multiplace functions has a particular interest.
A positional algebra is a partial algebra of the form

G = (G,
1
+,

2
+, . . . ,

n
+, . . . ),

where
1
+,

2
+, . . . ,

n
+, . . . are partial binary operations on a set G satisfying the

Axioms A1 −A5.

A1 {x}
1
+ {y} �= ∅ for all x, y ∈ G.

A2 For every x ∈ G there exists n ∈ N such that

i � n←→ {x}
n
+ {y} �= ∅

for all i ∈ N and y ∈ G.

Let α ⊂ G× N be a binary relation such that (x, n) ∈ α if and only if

(∀i ∈ N) (∀y ∈ G) ( i � n←→ {x}
i
+ {y} �= ∅ ). (6.3.1)

Proposition 6.3.1. The relation α is one-valued.

Proof. Suppose that (x, n) ∈ α and (x,m) ∈ α for some x ∈ G, n,m ∈ N. Let
n �= m. Without loss of generality, we can assume n < m. Then, according to
(6.3.1), we have

(∀i ∈ N) (∀y ∈ G) ( i � n⇐⇒ {x}
i
+ {y} �= ∅ ), (6.3.2)

(∀i ∈ N) (∀y ∈ G) ( i � m⇐⇒ {x}
i
+ {y} �= ∅ ). (6.3.3)

It is not difficult to see that (6.3.2) is equivalent to

(∀i ∈ N) (∀y ∈ G) ( i > n⇐⇒ {x}
i
+ {y} = ∅ ). (6.3.4)

From (6.3.3), it follows that {x}
m
+ {y} �= ∅ for all y ∈ G. Since m > n,

then, from (6.3.4), for each y ∈ G we obtain {x}
m
+ {y} = ∅. The obtained

contradiction proves that n = m.
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Furthermore by arity of an element x ∈ G we mean the value of α(x), which
will be denoted by |x|. So, |x| = α(x). From the definition of α it follows that

for x, y ∈ G and i ∈ N the result of x
i
+ y is defined if and only if i � |x|.

A3 For all x, y ∈ G, i ∈ N, if i � |x| , then

|x
i
+ y| = |x|+ |y| − 1.

A4 For x, y, z ∈ G and n,m ∈ N such that n � |x|, m � |y| , we have

x
n
+ (y

m
+ z) = (x

n
+ y)

n+m−1
+ z .

A5 For x, y, z ∈ G and n,m ∈ N such that m < n � |x| , we have

(x
n
+ y)

m
+ z = (x

m
+ z)

n+|z|−1
+ y.

Let Tn(A) = T (An, A) be the set of all full n-place functions on A. Instead
of f ∈ Tn(A) we will write |f | = n. In this notation |f | is, in fact, the arity of
f .
For arbitrary f, g ∈ T (A) =

⋃
n∈N Tn(A), where |f | = n, |g| = m, we define

a positional superposition
i
+ (i ∈ N ) putting

(f
i
+ g)(an+m−1

1 ) = f(ai−11 , g(ai+m−1
i ), an+m−1

i+m ) (6.3.5)

for all a1, . . . , an+m−1 ∈ A. The obtained algebra (T (A),
1
+,

2
+, . . .) will be

called the symmetrical positional algebra of operations, its subalgebras – posi-
tional algebras of operations.
Let Fn(A) be the set of all partial n-place transformations on A and let Θn

be the empty map from An into A. On the set

F(A) =
⋃
n∈N

(
Fn(A) ∪ {Θn}

)

we consider the family (
i
+)i∈N of partial binary operations

i
+ (i ∈ N) defined

for f ∈ Fn(A), g ∈ Fm(A) and a1, . . . , an+m−1, b, c ∈ A, by the formula5

(an+m−1
1 , c) ∈ f

i
+ g ←→ (∃b)

(
(ai+m−1

i , b) ∈ g ∧ (ai−11 b an+m−1
i+m , c) ∈ f

)
.

5 This formula is valid also for relations.
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If f
i
+ g is the empty transformation, then we put f

i
+ g = Θn+m−1.

We assume that Θn

i
+ Θm = Θn+m−1 for all n,m ∈ N and i � n. We

also assume that f
i
+ Θm = Θn

i
+ g = Θn+m−1. It is clear that the algebraic

system (F(A),
1
+,

2
+, . . .) is a positional algebra. This algebra will be called

the symmetrical positional algebra of multiplace functions, its subalgebras –
positional algebras of multiplace functions.

Let G1 = (G1,
1
+,

2
+, . . .) and G2 = (G2,

1
+,

2
+, . . .) be two positional algebras.

A mapping P : G1 → G2 such that

(1) |P (g)| = |g| for each g ∈ G1,

(2) P (g1
i
+ g2) = P (g1)

i
+ P (g2) for all g1, g2 ∈ G1 and i � |g1|,

will be called a strong homomorphism of G1 into G2. A strong homomorphism
of a positional algebra G into a symmetrical positional algebra of multiplace
functions (operations) will be called a representation of G by multiplace func-
tions (or by operations). A representation which is an isomorphism is called
faithful (or isomorphic).

Let G = (G,
1
+,

2
+, . . .) be a positional algebra, e – an element not belonging

to G, G∗ = G ∪ {e}. We put |e| = 1, e
1
+ e = e, e

1
+ g = g and g

i
+ e = g for

every g ∈ G and i � |g|. It is not difficult to see that G∗ = (G∗,
1
+,

2
+, . . .) is a

positional algebra. It is called a unitary extension of G.

Theorem 6.3.2. Every positional algebra is isomorphic to some positional al-
gebra of operations.

Proof. Let G∗ = (G∗,
1
+,

2
+, . . .) be a unitary extension of a positional algebra

G = (G,
1
+,

2
+, . . .). For every element g ∈ G we define the |g|-ary operation

P (g) on the set G∗ putting

P (g)(x1, . . . , xn) = (. . . ((g
n
+ xn)

n−1
+ xn−1)

n−2
+ . . .)

1
+ x1, (6.3.6)

where x1, . . . , xn ∈ G∗, n = |g|. Furthermore for simplicity’s sake this equation
will be written without brackets

P (g)(x1, . . . , xn) = g
n
+ xn

n−1
+ xn−1

n−2
+ · · ·

1
+ x1

or, in a more abbreviated form, as

P (g)(x1, . . . , xn) = g
1
+
n
x1n.
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Now, let us show that P : g �→ P (g) is a faithful representation of G by full
multiplace functions defined on the set G∗. Indeed, if g1, g2 ∈ G and n = |g1|,
m = |g2|, i � n, then |g1

i
+ g2| = n + m − 1, according to the axiom A3.

Moreover, for arbitrary x1, . . . , xn+m−1 ∈ G∗ and i � |g1| we have

P (g1
i
+ g2)(x

n+m−1
1 ) = (g1

i
+ g2)

1
+

n+m−1
x1n+m−1

A5= (g1
n
+ xn+m−1)

i
+ g2

1
+

n+m−2
x1n+m−2

A5= (g1
n
+ xn+m−1

n−1
+ xn+m−2)

i
+ g2

1
+

n+m−3
xn+m−3

A5= · · · =
(
g1

i+1
+
n

xi+m
n+m−1

) i
+ g2

1
+

i+m−1
x1i+m−1

A4=
(
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

m
+ xi+m−1

) 1
+

i+m−2
x1i+m−2

A4= · · · =
(
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

1
+
m
xii+m−1

) 1
+
i−1

x1i−1

=
(
g1

i+1
+
n

xi+m
n+m−1

) i
+ P (g2)(x

i+m−1
i )

1
+
i−1

x1i−1
= P (g1)(x

i−1
1 , P (g2)(x

i+m−1
i ), xn+m−1

i+m )

=
(
P (g1)

i
+ P (g2)

)
(xn+m−1

1 )

which proves that P is a representation.
To prove that it is faithful, let P (g1) = P (g2), where g1, g2 ∈ G and |g1| =

|g2| = n. Then
P (g1)(x1, . . . , xn) = P (g2)(x1, . . . , xn)

for all x1, . . . , xn ∈ G∗. In particular, for x1 = · · · = xn = e, we get
P (g1)(e, . . . , e) = P (g2)(e, . . . , e), i.e.,

g1
n
+ e

n−1
+ · · ·

1
+ e = g2

n
+ e

n−1
+ · · ·

1
+ e,

whence g1 = g2. This completes the proof.

Corollary 6.3.3. Each positional algebra is isomorphic to some positional al-
gebra of multiplace functions.

Corollary 6.3.4. Each positional algebra is isomorphic to some positional al-
gebra of n-ary relations.

Let G = (G,
1
+,

2
+, . . .) be a positional algebra, A – some set, Ω(A) – the

set of all words over A. If ω1, . . . , ωn ∈ Ω(A), then ω = ω1ω2 . . . ωn is a new
word obtained from ω1, . . . , ωn by juxtaposition. l(ω) denotes the length of the
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word ω. For each word ω ∈ Ω(A) of length l(ω) = n by εω, we denote some
equivalence relation on Gn = {g ∈ G | |g| = n}, which corresponds to ω. So,
εω ⊂ Gl(ω) ×Gl(ω).
Let E = (εω)ω∈B , where B ⊂ Ω(A), be some family of equivalence relations.

Definition 6.3.5. A family E is called permissible for a positional algebra G,
if for all g, x1, . . . , xn, y1, . . . , yn ∈ G and n = |g|

x1 ≡ y1(ε
ω1) ∧ . . . ∧ xn ≡ yn(ε

ωn) −→ g
1
+
n
x1n ≡ g

1
+
n
y1n(ε

ω1···ωn).

Definition 6.3.6. A family W = (W ω)ω∈B, where Wω is a subset of Gl(ω),
is an l-ideal, if for all g, xk ∈ G, k �= i, k, i = 1, . . . , n, where |g| = n and

l(ω1) = l(ω) +
n∑

k=1,k �=i

|xk| the following implication is true:

h ∈Wω −→ ((g
i+1
+
n

xi+1
n )

i
+ h)

1
+
i−1

x1i−1 ∈Wω1 .

Definition 6.3.7. By determining pair of a positional algebra G, we mean the
ordered pair (E ,W), where E is the family of equivalence relations permissible
for a positional algebra G∗, W – an l-ideal of the family of subsets Wω such
that each W ω is either empty or an εω-class.

Let (Hω
a )a∈Iω be the family of all εω-classes disjoint from Wω, uniquely in-

dexed by elements of some fixed set Iω, and satisfying the following implication

(. . . ((g
n
+ Hωn

an )
n−1
+ H

ωn−1
an−1 ) . . .)

1
+ Hω1

a1 ⊂ Hω1...ωn
b

(. . . ((g
n
+ H

ω′n
an )

n−1
+ H

ω′n−1
an−1 ) . . .)

1
+ H

ω′1
a1 ⊂ H

ω′1...ω
′
n

c

⎫⎬⎭ −→ b = c, (6.3.7)

where n = |g|. It is not difficult to see that for Iω ∩ Iω′ = ∅ this condition is
satisfied.
For every g ∈ G, |g| = n, by P(E,W)(g), where (E ,W) is the determining pair

of G, we denote the partial n-place function such that

(an1 , b) ∈ P(E,W)(g)←→ (. . . ((g
n
+ Hωn

an )
n−1
+ Hωn−1

an−1
) . . .)

1
+ Hω1

a1 ⊂ Hω1···ωn
b

for some ω1, . . . , ωn ∈ Ω(A).

Theorem 6.3.8. If (E ,W) is the determining pair of a positional algebra G,
then P(E,W) : g �→ P(E,W)(g), where g ∈ G, is the representation of G by
multiplace functions.
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Proof. Let g1, g2 be arbitrary elements of G such that |g1| = n, |g2| = m. If

(an+m−1
1 , c) ∈ P(E,W)(g1

i
+ g2) for i � n, then, according to the definition of

P(E,W)(g), we obtain

(. . . ((g1
i
+ g2)

n+m−1
+ Hωn+m−1

an+m−1
)
n−1
+ . . .)

1
+ Hω1

a1 ⊂ Hω1...ωn+m−1
c .

If xi ∈ Hωi
ai , i = 1, . . . , n+m− 1, then

(g1
i
+ g2)

1
+

n+m−1
x1n+m−1 ∈ Hω1...ωn+m−1

c ,

which, by the axioms of a positional algebra, gives

(g1
i
+ g2)

1
+

n+m−1
x1n+m−1 =

((
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

1
+
m
xii+m−1

)) 1
+
i−1

x1i−1 .

Therefore((
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

1
+
m
xii+m−1

)) 1
+
i−1

x1i−1 ∈ Hω1...ωn+m−1
c . (6.3.8)

Hence ((
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

1
+
m
xii+m−1

)) 1
+
i−1

x1i−1 �∈Wω1...ωn+m−1 .

Since the family W is an l-ideal, then from the last condition we deduce

g2
1
+
m
xii+m−1 �∈Wωi...ωi+m−1 .

Suppose that

g2
1
+
m
xii+m−1 ∈ H

ωi...ωi+m−1

b . (6.3.9)

This, by the permissibility of E , gives us(
. . .
(
g2

m
+ H

ωi+m−1
ai+m−1

) m−1
+ . . .

) 1
+ Hωi

ai ⊂ H
ωi...ωi+m−1

b ,

which means that
(ai+m−1

i , b) ∈ P(E,W)(g2) . (6.3.10)

Thus (6.3.8) together with (6.3.9) proves that

g1
n
+ Hωn+m−1

an+m−1

n−1
+ · · ·

i+1
+ Hωi+m

ai+m

i
+ H

ωi...ωi+m−1

b

i−1
+ H

ωi−1
ai−1

i−2
+ · · ·

1
+ Hω1

a1

is contained in H
ω1...ωn+m−1
c . Hence

(ai−11 b an+m−1
i+m , c) ∈ P(E,W)(g1) . (6.3.11)
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Now, comparing (6.3.10) and (6.3.11) we obtain

(an+m−1
1 , c) ∈ P(E,W)(g1)

i
+ P(E,W)(g2) .

In this way, we have proved the inclusion

P(E,W)(g1
i
+ g2) ⊂ P(E,W)(g1)

i
+ P(E,W)(g2) .

The converse inclusion can be proved similarly. Thus

P(E,W)(g1
i
+ g2) = P(E,W)(g1)

i
+ P(E,W)(g2)

for all g1, g2 ∈ G and i � n, which means that P(E,W) is a representation of G
by (P(E,W)(g))g∈G.
The fact that each P(E,W)(g) is a function is a consequence of the permissi-

bility of E .

We say that a representation P of a given positional algebra G is induced by
some determining pair if there exists a determining pair (E ,W) of G such that
P = P(E,W).

Theorem 6.3.9. Every representation of a positional algebra by multiplace
functions is induced by some determining pair.

Proof. Let P be a representation of a positional algebra G by multiplace func-
tions on A. For each vector an1 = (a1, . . . , an) ∈ An we define the binary relation
εa

n
1 ⊂ Gn ×Gn and the subset W an1 ⊂ Gn letting

g1 ≡ g2(ε
an1 )←→ P (g1)〈an1 〉 = P (g2)〈an1 〉 ,

g ∈W an1 ←→ P (g)〈an1 〉 = ∅

for g, g1, g2 ∈ Gn. Moreover, if

I(G) = {n ∈ N | (∃g ∈ G)n = |g|} ,
EP = {εan1 | an1 ∈ An, n ∈ I(G)} ,
WP = {W an1 | an1 ∈ An, n ∈ I(G)} ,

then (EP ,WP ) is the determining pair of G and P = P(EP ,WP ). Indeed, each
εa

n
1 is an equivalence relation on Gn. To prove that EP is permissible for G∗,

let g ∈ G, |g| = n and

x1 ≡ y1(ε
a
m1
1 ), x2 ≡ y2(ε

b
m2
1 ) , . . . , xn ≡ yn(ε

cmn
1 ) .
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This, by definition, implies

P (x1)〈am1
1 〉 = P (y1)〈am1

1 〉,
P (x2)〈bm2

1 〉 = P (y2)〈bm2
1 〉,

. . . . . . . . . . . . . . . . . . . . .

P (xn)〈cmn
1 〉 = P (yn)〈cmn

1 〉,

which gives

P (g)
(
P (x1)〈am1

1 〉, P (x2)〈bm2
1 〉, . . . , P (xn)〈cmn

1 〉
)

= P (g)
(
P (y1)〈am1

1 〉, P (y2)〈bm2
1 〉, . . . , P (yn)〈cmn

1 〉
)
.

This last statement is equivalent to(
P (g)

n
+ P (xn)

n−1
+ · · ·

1
+ P (x1)

)
〈am1

1 bm2
1 . . . cmn

1 〉

=
(
P (g)

n
+ P (yn)

n−1
+ · · ·

1
+ P (y1)

)
〈am1

1 bm2
1 . . . cmn

1 〉.

Since P is a homomorphism, we have

P (g
1
+
n
x1n)〈am1

1 . . . cmn
1 〉 = P (g

1
+
n
y1n)〈am1

1 . . . cmn
1 〉,

i.e.,

g
1
+
n
x1n ≡ g

1
+
n
y1n(ε

a
m1
1 ... cmn

1 ).

So, EP is permissible for G∗.
To prove that WP is an l-ideal, consider g, xi ∈ G, |g| = n, |xi| = mi,

i = 1, . . . , n. By definition |g
1
+
n
x1n| =

n∑
i=1

mi = m.

If g
1
+
n
x1n �∈W a

n1
1 , then P (g

1
+
n
x1n)〈am1 〉 �= ∅, whence

(
P (g)

n
+ P (xn)

n−1
+ · · ·

i
+ P (xi)

i−1
+ · · ·

1
+ P (x1)

)
〈am1 〉 �= ∅.

Therefore

P (g)
(
P (x1)〈am1

1 〉, . . . , P (xi)〈asi−1+mi

si−1+1 〉, . . . , P (xn)〈amsn−1
〉
)
�= ∅,

where si−1 =
i−1∑
k=1

mk. Hence P (xi)〈asi−1+mi

si−1+1 〉 �= ∅, i.e., xi �∈ Wω
i+mi
i for each

i = 1, . . . , n. So, WP is an l-ideal and, consequently, (EP ,WP ) is the determin-
ing pair of G.
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Let us show that P = P(EP ,WP ). For this we consider an1 ∈ An, b ∈ A and

H
an1
b = {g ∈ Gn |P (g)〈an1 〉 = {b}}.

Then
g ∈ H

an1
b ←→ (an1 , b) ∈ P (g) .

Obviously e ∈ Ha
a for any a ∈ A. It is clear that {Han1

b | b ∈ A} is the set of
εa

n
1 -classes disjoint from W an1 .
The set of all such classes satisfies (6.3.7). Indeed, if

g
n
+ H

cmn
1

bn

n−1
+ · · ·

1
+ H

a
m1
1

b1
⊂ H

a
m1
1 ... cmn

1
c

and

g
n
+ H

c′m
′
n

1
bn

n−1
+ · · ·

1
+ H

a′
m′1
1

b1
⊂ H

a′
m′1
1 ... c′m

′
n

1
d ,

then

g
1
+
n
x1n ∈ H

a
m1
1 ... cmn

1
c and g

1
+
n
y1n ∈ H

a′
m′1
1 ... c′m

′
n

1
c ,

where xi ∈ H
d
mi
1

bi
, yi ∈ H

d′
m′i
1

bi
, i = 1, . . . , n. Since P is a homomorphism

c = P (g)
(
P (x1)(a

m1
1 ), . . . , P (xn)(c

mn
1 )
)
= P (g)(b1, . . . , bn)

= P (g)
(
P (y1)(a

′m′1
1 ), . . . , P (yn)(c

′m′n
1 )
)
= d,

i.e., c = d. So, condition (6.3.7) is satisfied.
Now let (bn1 , c) ∈ P (g), where |g| = n. Obviously g ∈ H

bn1
c and e ∈ Hbi

bi
for

every i = 1, . . . , n. Thus g = g
1
+
n
e implies

g
n
+ Hbn

bn

n−1
+ H

bn−1

bn−1

n−1
+ · · ·

1
+ Hb1

b1
⊂ H

bn1
c ,

which proves that (bn1 , c) ∈ P(EP ,WP )(g).
Conversely, if (bn1 , c) ∈ P(EP ,WP )(g), then for some a

m1
1 , . . . , cmn

1 we have

g
n
+ H

cmn
1

bn

n−1
+ · · ·

1
+ H

a
m1
1

b1
⊂ H

a
m1
1 ... cmn

1
c .

This means that g
1
+
n
x1n ∈ H

a
m1
1 ... cmn

1
c for x1 ∈ H

a
m1
1

b1
, . . . , xn ∈ H

cmn
1

bn
. Thus

P (x1)(a
m1
1 ) = b1 , . . ., P (xn)(c

mn
1 ) = bn and (am1

1 . . . cmn
1 , c) ∈ P (g

1
+
n
x1n).

But P is a homomorphism, hence

(am1
1 . . . cmn

1 , c) ∈ P (g)
n
+ P (xn)

n−1
+ · · ·

1
+ P (x1).
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Therefore

c = P (g)
(
P (x1)(a

m1
1 ), . . . , P (xn)(c

mn
1 )
)
= P (g)(b1, . . . , bn) = P (g)(bn1 ),

whence (bn1 , c) ∈ P (g).
So, P (g) = P(EP ,WP )(g) for every g ∈ G, i.e., P = P(EP ,WP ).

Theorem 6.3.10. Let G be a positional algebra, ≺ – a binary relation on G.
For the existence of a faithful representation of G by n-ary relations that maps
≺ onto set-theoretic inclusion it is necessary and sufficient that ≺ is an order
satisfying the following three conditions:

x ≺ y −→ |x| = |y|, (6.3.12)

x ≺ y −→ x
i
+ z ≺ y

i
+ z, where i � |x| = |y|, (6.3.13)

x ≺ y −→ u
i
+ x ≺ u

i
+ y, where i � |u|. (6.3.14)

Proof. The necessity of the conditions is clear and may be left to the reader to
verify. To verify their sufficiency, consider a unitary extension G∗ of a positional
algebra G. For every g ∈ G, |g| = n, we define on G∗ an (n + 1)-ary relation
P (g) putting

(xn1 , y) ∈ P (g)←→ y ≺ g
1
+
n
x1n ,

where x1, . . . , xn ∈ G∗, y ∈ G. Then, according to the axiom A3, we have

|y| = |g
1
+
n
x1n| =

n∑
i=1
|xi|.

Let us show that P : g �→ P (g) is a faithful representation of G by (n+1)-ary
relations which transforms ≺ onto ⊂.
Indeed, let g1, g2 ∈ G, n = |g1|, m = |g2|, x1, . . . , xn+m−1 ∈ G∗, y ∈ G and

(xn+m−1
1 , y) ∈ P (g1

i
+ g2), where i � n. The last condition means that

y ≺ (g1
i
+ g2)

1
+

n+m−1
x1n+m−1 .

Transforming this condition in the same way as in the proof of Theorem 6.3.2,
we get

y ≺
(
g1

i+1
+
n

xi+m
n+m−1

) i
+
(
g2

1
+
m
xii+m−1

) 1
+
i−1

x1i−1 ,

whence
(xi−11 g2

1
+
m
xii+m−1 x

n+m−1
i+m , y) ∈ P (g1) .

But
(xi+m−1

i , g2
1
+
m
xii+m−1) ∈ P (g2)
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because g2
1
+
m
xii+m−1 ≺ g2

1
+
m
xii+m−1 by the assumption on ≺. Thus

(xn+m−1
1 , y) ∈ P (g1)

i
+ P (g2) .

So,

P (g1
i
+ g2) ⊂ P (g1)

i
+ P (g2) .

To prove the converse inclusion let (xn+m−1
1 , y) ∈ P (g1)

i
+ P (g2). Then

(xi+m−1
1 , z) ∈ P (g2) and (xi−11 z xn+m−1

i+m , y) ∈ P (g1) for some z ∈ G. Obviously

|z| =
i+m−1∑
k=1

|xk|, |y| =
i−1∑
k=1

|xk|+ |z|+
n+m−1∑
k=i+m

|xk| .

From this, by the definition of P (g), we conclude that

z ≺ g2
1
+
m
xii+m−1 and y ≺ g1

i+1
+
n

xi+m
n+m−1

i
+ z

1
+
i−1

x1i−1,

whence, by (6.3.13) and (6.3.14), we obtain

g1
i−1
+
n

xi+m
n+m−1

i
+ z

1
+
i−1

x1i−1 ≺ g1
i+1
+
n

xi+m
n+m−1

i
+
(
g2

1
+
m
xii+m−1

) 1
+
i−1

x1i−1.

Thus
y ≺ g1

i+1
+
n

xi+m
n+m−1

i
+
(
g1

i
+
m
xii+m−1

) 1
+
i−1

x1i−1,

according to the transitivity of the relation ≺. This (in the same way as in
the proof of Theorem 6.3.2) gives y ≺ (g1

i
+ g2)

1
+

n+m−1
x1n+m−1, which means

that (xn+m−1
1 , y) ∈ P (g1

i
+ g2). So, P (g1)

i
+ P (g2) ⊂ P (g1

i
+ g2). Thus

P (g1
i
+ g2) = P (g1)

i
+ P (g2) for all g1, g2 ∈ G, i.e., P is a representation of G

by (n+ 1)-ary relations.
Now, if g1 ≺ g2, then, according to (6.3.13), for x1, . . . , xn ∈ G∗, where

n = |g1| = |g2|, we have g1
1
+
n
x1n ≺ g2

1
+
n
x1n. If (xn1 , y) ∈ P (g1), then y ≺ g1

1
+
n
x1n,

whence y ≺ g2
1
+
n
x1n, i.e., (xn1 , y) ∈ P (g2). So, P (g1) ⊂ P (g2). This proves that

P maps ≺ into ⊂. In fact, the converse statement is also true. Namely, if
P (g1) ⊂ P (g2) for some g1, g2 ∈ G, then

(∀xn1 )(∀y)
(
(xn1 , y) ∈ P (g1) −→ (xn1 , y) ∈ P (g2)

)
,
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i.e., y ≺ g1
1
+
n
x1n −→ y ≺ g2

1
+
n
x1n for every x1, . . . , xn, y ∈ G∗. In particular, for

x1 = x2 = . . . = xn = e and y = g1, we have

g1 ≺ g1
1
+
n
en −→ g1 ≺ g2

1
+
n
en.

Thus g1 ≺ g1 −→ g1 ≺ g2. So, g1 ≺ g2. Summarizing:

g1 ≺ g2 ←→ P (g1) ⊂ P (g2).

From this equivalence it follows that the representation P is faithful.

6.4 Mal’cev-Post iterative algebras

Following A. I. Mal’cev (cf. [106], [108]) let us consider on the set T (A) of all
full multiplace functions on A four unary operations ζ, τ,Δ,∇ and one binary
operation ∗ defined in the following way:

ζf(an1 ) = f(an2 , a1), (6.4.1)

τf(an1 ) = f(a2, a1, a
n
3 ), (6.4.2)

Δf(an−11 ) = f(a1, a
n−1
1 ), (6.4.3)

∇f(an+1
1 ) = f(an+1

2 ), (6.4.4)

(f ∗ g)(an+m−1
1 ) = f(g(am1 ), an+m−1

m+1 ) (6.4.5)

for all a1, . . . , an+m−1 ∈ A, f ∈ Tn(A), g ∈ Tm(A) and n,m ∈ N. Additionally
we put ζf = τf = Δf = f for every f ∈ T1(A). Since the operation ∗ is
associative, (T (A), ∗) is called the semigroup of multiplace functions or the
semigroup of operations. On the set T (A), we shall consider the countable set
of partial binary operations

i
+, defined by (6.3.5), where i ∈ N. It is clear that

the operations
1
+ and ∗ coincide. Also it is not difficult to see that for any

f ∈ Tn(A), g ∈ T (A) and i = 1, . . . , n, we have

f
i
+ g = ζi−1((ζn−i+1f) ∗ g).

Let Ini be the i-th n-ary projector on A, i.e., Ini (a
n
1 ) = ai for a1, . . . , an ∈ A.

It is evident that I11 = ΔI21 , I22 = τI22 = ∇I11 , Inn = (I22 )
n−1 = ∇n−1I11 ,

Ini = ζiInn = ζi(∇n−1I11 ). If |f | denotes the arity of the operation f , then
|Ini | = n, |ζf | = |τf | = |f |, |Δf | = |f | − 1 for |f | � 2, and |∇f | = |f |+1 for all
f, g ∈ T (A).
An algebra of the form (T (A), ζ, τ,Δ,∇, ∗) is called an iterative Mal’cev-Post

algebras of operations , an algebra of the form (T (A), ζ, τ,Δ, ∗) – a pre-iterative
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Mal’ev-Post algebra of operations . Iterative (pre-iterative) Mal’cev-Post alge-
bras of operations containing the projector I11 (respectively I

2
2 ) in the signature,

are called central iterative (pre-iterative) Mal’cev-Post algebras.6 Each subal-
gebra of an iterative (pre-iterative) Mal’cev-Post algebra of operations will be
called for simplicity’s sake an iterative (pre-iterative) operation algebra.
By Dm

n , we denote the composition H0H1 . . . Hm−1 of unary operations Hk,
where Hk = ζm−1(Δζ(τζ)k)n−1 for 0 � k � m − 1. It is not difficult to verify
that

(Dm
n f)(am1 ) = f(am1 , am1 , . . . , am1︸ ︷︷ ︸

n times

) (6.4.6)

for all a1, a2, . . . , am ∈ A and f ∈ T (A) such that |f | = nm. Indeed, for every
0 � k � m− 1, we have

f(amm−k, a
m
1 , amm−k, . . . , a

m
m−k︸ ︷︷ ︸

n−2

)

= ((τζ)kf)(amm−k, a
m
m−k+1, a

m
1 , amm−k, . . . , a

m
m−k︸ ︷︷ ︸

n−3

, am−k)

= (Δζ(τζ)kf)(amm−k, a
m
m−k+1, a

m
1 , amm−k, . . . , a

m
m−k︸ ︷︷ ︸

n−3

)

= ((Δζ(τζ)k)n−1f)(amm−k, a
m
m−k+1, . . . , a

m
m−k+1︸ ︷︷ ︸

n−1

, am−k+1
1 )

= (ζm−1(Δζ(τζ)k)n−1f)(amm−k+1, a
m
1 , amm−k+1, . . . , a

m
m−k+1︸ ︷︷ ︸

n−2

).

Thus, we have showed that

f(amm−k, a
m
1 , amm−k, . . . , a

m
m−k︸ ︷︷ ︸

n−2

) = (Hkf)(a
m
m−k+1, a

m
1 , amm−k+1, . . . , a

m
m−k+1︸ ︷︷ ︸

n−2

)

for 0 � k � m− 1. Consequently

f(am1 , am1 , . . . , am1 ) = (Hm−1f)(am2 , am1 , am2 , . . . , am2 )

= (Hm−2Hm−1f)(am3 , am1 , am3 , . . . , am3 )

= · · · = (H1 . . . Hm−1f)(am, am1 , am . . . , am)

= (Dm
n f)(am1 ),

which completes the proof of (6.4.6).

6 In fact every such algebra is unitary, i.e., it contains all projectors because for all i =
1, . . . , n− 1, n � 2, we have Inn = (I22 )

n−1, Ini = ζiInn and I11 = ΔI21 , I22 = ∇I11 . But for the
simplicity of proofs and axioms we assume only the existence of one projector.
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Proposition 6.4.1. Let f, g, h ∈ T (A) and n,m ∈ N. Then

(a) Dm
1 f = f , if |f | = m,

(b) Dm
n (ζmf) = Dm

n f , if |f | = nm,

(c) Dm
n (((τf)

2
+ g) ∗ h) = Dm

n ((f
2
+ h) ∗ g), if |f | = (n − 2)m + 2 and

|g| = |h| = m,

(d) Dm
n ((Δf) ∗ g) = Dm

n+1((f
2
+ h) ∗ g), if |f | = (n− 1)m+ 2, |g| = m,

(̊e) Dm
n ((∇f) ∗ g) = Dm

n−1f , if |f | = (n− 1)m, |g| = m,

(f) Dm
l+n−1(f ∗ g) = Dm

l (f ∗Dm
n g), if |g| = nm and |f | = (l − 1)m+ 1.

Proof. We limit ourselves to the proof of (c) and (f). The proof of the other
conditions is very similar.

Let |f | = (n− 2)m+ 2, |g| = |h| = m. Then |((τf)
2
+ g) ∗ h| = nm and

Dm
n (((τf)

2
+ g) ∗ h)(am1 ) = (((τf)

2
+ g) ∗ h)(am1 , am1 , . . . , am1 )

= ((τf)
2
+ g)(h(am1 ), am1 , . . . , am1 )

= (τf)(h(am1 ), g(am1 ), am1 , . . . , am1 )

= f(g(am1 ), h(am1 ), am1 , . . . , am1 )

= Dm
n ((f

2
+ h) ∗ g)(am1 )

for all a1, . . . , am ∈ A, which proves (c).
Now let |g| = nm, |f | = (l − 1)m+ 1. Then |f ∗ g| = (l + n− 1)m and

(Dm
l+n−1(f ∗ g))(am1 ) = (f ∗ g)(am1 , am1 , . . . , am1︸ ︷︷ ︸

l+n−1

)

= f(g(am1 , . . . , am1︸ ︷︷ ︸
n

), am1 , . . . , am1 )

= f(Dm
n g(am1 ), am1 , . . . , am1︸ ︷︷ ︸

l−1

)

= (f ∗Dm
n g)(am1 , . . . , am1︸ ︷︷ ︸

l

) = Dm
l (f ∗Dm

n g)(am1 ),

for any a1, . . . , am ∈ A. This proves (f).

Let (G, ζ, τ,Δ,∇, ∗) be an abstract algebra of type (1, 1, 1, 1, 2). For each
g ∈ G let αg denote the smallest positive integer n such that (∇g) ∗ g = ∇ng.
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The existence and uniqueness of αg is guaranteed by the axioms. By definition
we put

g1
i
+ g2 = ζi−1((ζn−i+1g1) ∗ g2)

for g1, g2 ∈ G, 1 � i � n = αg1 and Dm
n = H0H1 . . . Hm−1, where Hk =

ζm−1(Δζ(τζ)k)n−1 for 0 � k � m− 1, n,m ∈ N.

Theorem 6.4.2. The algebra (G, e, ζ, τ,Δ,∇, ∗) of type (0, 1, 1, 1, 1, 2) is iso-
morphic to a central iterative operation algebra if and only if for g, g1, g2, g3 ∈ G
and i, j, l, n,m ∈ N the following conditions are valid:

1.1. (∇g) ∗ g = ∇kg for some k ∈ N,

1.2. ∇ng = ∇mg implies n = m,

1.3. ∇(g1 ∗ g2) = g1 ∗ ∇g2,

1.4. (∇g1) ∗ g2 = ∇ng1 for n = αg2,

1.5. αζg = ατg = αg and αΔg = αg − 1 for αg � 2,

1.6. g ∗ e = e ∗ g = g,

1.7. ζg = τg = Δg = g for αg = 1,

1.8. ζng = g for n = αg,

1.9. (τg1)
i
+ g2 = τ(g1

i
+ g2) for 3 � i � αg1,

1.10. (Δg1)
i
+ g2 = Δ(g1

i+1
+ g2) for 2 � i � αg1 − 1,

1.11. (∇g1)
i
+ g2 = ∇(g1

i−1
+ g2) for 2 � i � αg1 + 1,

1.12. g1
i
+ (g2

j
+ g3) = (g1

i
+ g2)

i+j−1
+ g3 for i � αg1, j � αg2,

1.13. (g1
i
+ g2)

j
+ g3 = (g1

j
+ g3)

i+n−1
+ g2 for j < i � αg1, n = αg3,

1.14. Dm
n (ζmg) = Dm

n g for αg = nm,

1.15. Dm
n (((τg1)

2
+ g2) ∗ g3) = Dm

n ((g1
2
+ g3) ∗ g2), where αg1 = (n− 2)m+ 2,

αg2 = αg3 = m,

1.16. Dm
n ((Δg1) ∗ g2) = Dm

n+1((g1
2
+ g2) ∗ g2), where αg1 = (n− 1)m+ 2,

αg2 = m,

1.17. Dm
n ((∇g1) ∗ g2) = Dm

n−1g1, where αg1 = (n− 1)m, αg2 = m,

1.18. Dm
l+n−1(g1 ∗ g2) = Dm

l (g1 ∗Dm
n g2), where αg1 = (l − 1)m+ 1 and

αg2 = nm,

1.19. Dn
n(((. . . ((g

n
+ e

(n)
n )

n−1
+ e

(n)
n−1) . . .)

2
+ e

(n)
2 ) ∗ e(n)1 ) = g, where n = αg,

e
(n)
i = ζi∇n−1e for all n ∈ N and 1 � i � n.
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Proof. Necessity. Let (Φ, I11 , ζ, τ,Δ,∇, ∗), where Φ ⊂ T (A), be an iterative
operation algebra with a distinguished projector I11 . From Proposition 6.4.1, it
follows that this algebra satisfies conditions 1.14–1.18. By the results obtained
in the previous sections 1.12 and 1.13 are also satisfied. Conditions 1.5–1.7 are
obvious. The other conditions can be deduced directly from the definition of the
operations ζ, τ,Δ,∇, ∗. For example, to prove 1.9, let f, g ∈ Φ, 3 � i � αf = |f |
and a1, . . . , an ∈ A, where n = |f

i
+ g|, m = |g|. Then

((τf)
i
+ g)(an1 ) = τf(a1, a2, a

i−1
3 , g(ai+m−1

i ), ani+m)

= f(a2, a1, a
i−1
3 , g(ai+m−1

i ), ani+m) = (f
i
+ g)(a2, a1, a

n
3 )

= τ(f
i
+ g)(an1 ).

To prove 1.19, observe that for f ∈ Φ, n = |f |, a1, . . . , an ∈ A we have

Dn
n((. . . ((f

n
+ Inn )

n−1
+ Inn−1) . . .)

2
+ In2 ) ∗ In1 (an1 )

= ((. . . ((f
n
+ Inn )

n−1
+ Inn−1) . . .)

2
+ In2 ) ∗ In1 (an1 , . . . , an1︸ ︷︷ ︸

n

)

= f(In1 (a
n
1 ), I

n
2 (a

n
1 ), . . . , I

n
n−1(an1 ), Inn (an1 )) = f(an1 ),

which completes the proof of 1.19.

Sufficiency. Let the algebra G = (G, e, ζ, τ,Δ,∇, ∗) satisfy all the conditions
of the theorem. Directly from the conditions 1.1 and 1.2, it follows that for
every g ∈ G there exists a uniquely determined positive integer αg such that
(∇g) ∗ g = ∇αgg. Moreover, by 1.3 and 1.4, we obtain

(∇2g) ∗ ∇g = ∇((∇2g) ∗ g) = ∇αg+2g = ∇αg+1(∇g),

which proves α(∇g) = αg + 1. Similarly g1
1
+ g2 = (ζαg1) ∗ g2, by 1.8, gives

g1
1
+ g2 = g1 ∗ g2. Now putting i = j = 1 in 1.12 we obtain the associativity of

the operation ∗. So,

∇(g1 ∗ g2) ∗ g1 ∗ g2 = g1 ∗ (∇g2) ∗ g1 ∗ g2 = g1 ∗ (∇αg1g2)

= g1 ∗ (∇(∇αg1−1g2)) ∗ g2 = g1 ∗ ∇αg2(∇αg1−1g2)

= g1 ∗ ∇αg1+αg2−1g2 = ∇αg1+αg2−1(g1 ∗ g2).

Thus α(g1 ∗ g2) = αg1 + αg2 − 1, whence, according to 1.5, we deduce α(g1
i
+

g2) = αg1 + αg2 − 1 for every 1 � i � αg1. But (∇e) ∗ e = ∇e, by 1.6,
consequently αe = 1. Let us consider the element Dm

n g for some n,m ∈ N and
g ∈ G. Since Dm

n contains the operation Δ precisely (n − 1)m times, 1.5 and
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1.7 imply αDm
n g = αg − (n− 1)m for αg � (n− 1)m+ 1. For αg < (n− 1)m

we have αDm
n g = 1. So, αDm

n g = m for αg = nm.
Let us show that for g1, g2 ∈ G the following conditions are valid:

(ζg1) ∗ g2 = ζm(g1
n
+ g2) for n = αg1, m = αg2, (6.4.7)

(ζg1)
i
+ g2 = ζ(g1

i−1
+ g2) for 2 � i � αg1, (6.4.8)

Dm
1 g = g for m = αg. (6.4.9)

Indeed, ζm(g1
i
+ g2) = ζmζn−1((ζg1) ∗ g2) = ζn+m−1((ζg1) ∗ g2). Since α(ζg1) ∗

g2 = n+m− 1, then, according to 1.8, ζm(g1
n
+ g2) = (ζg1) ∗ g2. This proves

(6.4.7). Furthermore, for 2 � i � αg1, we have

(ζg1)
i
+ g2 = ζi−1((ζαg1−i+2g1) ∗ g2)

= ζ(ζi−2((ζαg1−i+2g1) ∗ g2)) = ζ(g1
i−1
+ g2),

which proves (6.4.8). By definition Dm
1 = (ζm−1)m = (ζm)m−1. This, by 1.8,

implies Dm
1 g = (ζm)m−1g = g for m = αg. So, (6.4.9) is true.

Consider now the family (Gn)n∈N of sets Gn = {g ∈ G |αg = n}. It is
clear that G =

⋃
n∈NGn and Gn ∩ Gm = ∅ for n �= m. Obviously each Gn

is nonempty because e
(n)
i ∈ Gn for all i = 1, . . . , n. Let G be the Cartesian

product of the family (Gn)n∈N and let x̄(k) be a component of x̄ ∈ G which
belongs to Gk. For every g ∈ G, where αg = n, we define an n-ary operation
fg on the set G putting fg(x̄1, . . . , x̄n) = ȳ if and only if

ȳ(k) = Dk
n((...((g

n
+ x̄n(k))

n−1
+ x̄n−1(k))

n−2
+ · · · )

1
+ x̄1(k)) (6.4.10)

for every k ∈ N.
Let us show that P : g �→ fg is an isomorphism of G into the central itera-

tive Mal’cev-Post operation algebra (T (G), I11 , ζ, τ,Δ,∇, ∗) with a distinguished
projector I11 . Since αe = 1, for every x̄ ∈ G and k ∈ N, by 1.6 and (6.4.9), we
have

ȳ(k) = Dk
1(e

1
+ x̄(k)) = Dk

1(e ∗ x̄(k)) = Dk
1(x̄(k)) = x̄(k),

which implies fe(x̄) = x̄ for every x̄ ∈ G. Thus P (e) = I11 .
Now let g ∈ G and n = αg. Then, applying (6.4.7) and (6.4.8), for all

x̄1, . . . , x̄n ∈ G and k ∈ N we get

Dk
n((...((ζg)

n
+ x̄n(k))

n−1
+ · · · )

1
+ x̄1(k))

= Dk
n((...(ζ(g

n−1
+ x̄n(k))

n−1
+ x̄n−1(k))

n+2
+ · · · )

1
+ x̄1(k))

= · · · = Dk
n(ζ(...(g

n−1
+ x̄n(k))

n−2
+ · · · )

1
+ x̄1(k))

= Dk
nζ

k((...(g
n−1
+ x̄n(k))

n−2
+ · · · )

s
+ x̄1(k)),
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where s = (n− 1)k + 1. Applying to this last expression n− 1 times condition
1.13 we obtain

Dk
nζ

k((...((g
n
+ x̄1(k))

n−1
+ x̄n(k))

n−2
+ · · · )

1
+ x̄2(k)),

whence, by 1.14, we conclude

Dk
n((...((g

n
+ x̄1(k))

n−1
+ x̄n(k))

n−2
+ · · · )

1
+ x̄2(k)).

So,

Dk
n((...((ζg)

n
+ x̄n(k))

n−1
+ · · · )

1
+ x̄1(k))

= Dk
n((...((g

n
+ x̄1(k))

n−1
+ x̄n(k))

n−2
+ · · · )

1
+ x̄2(k)),

i.e.,
fζg(x̄1, . . . , x̄n) = fg(x̄2, . . . , x̄n, x̄1) = ζfg(x̄1, . . . , x̄n).

Thus, P (ζg) = ζP (g) for every g ∈ G. Analogously, using respectively 1.9 and
1.15, 1.10 and 1.16, 1.11 and 1.17, we prove that P (τg) = τP (g), P (Δg) =
ΔP (g) and P (∇g) = ∇P (g) for all g ∈ G.
Now let g1, g2 ∈ G, n = αg1, m = αg2, s = n + m − 1. Then for all

x̄1, . . . , x̄s ∈ G, k ∈ N, according to 1.12, 1.13 and 1.18 we get

Dk
s ((...((g1 ∗ g2)

s
+ x̄s(k))...)

1
+ x̄1(k)) =

Dk
s ((...((g1

n
+ x̄s(k)) ∗ g2)...)

1
+ x̄1(k)) = · · · =

Dk
s ((...((((...(g1

n
+ x̄s(k))...)

m+1
+ x̄m+1(k)) ∗ g2)

m
+ x̄m(k)) . . .)

1
+ x̄1(k)) =

Dk
s ((...(((...(g1

n
+ x̄s(k))...)

m+1
+ x̄m+1(k))

∗ (g2
m
+ x̄m(k))

m−1
+ x̄m−1(k))...)

1
+ x̄1(k)) = · · · =

Dk
s (((...(g1

n
+ x̄s(k))...)

m+1
+ x̄m+1(k)) ∗ ((...(g2

m
+ x̄m(k))...)

1
+ x̄1(k))) =

Dk
n(((...(g1

n
+ x̄s(k))...)

m+1
+ x̄m+1(k)) ∗Dk

m((...(g2
m
+ x̄m(k))...)

1
+ x̄1(k))).

This means that

fg1∗g2(x̄1, . . . , x̄s) = fg1(fg2(x̄1, . . . , x̄m), x̄m+1, . . . , x̄s),

i.e.,
fg1∗g2(x̄1, . . . , x̄s) = (fg1 ∗ fg2)(x̄1, . . . , x̄s).

So, P (g1 ∗ g2) = P (g1) ∗ P (g2) for all g1, g2 ∈ G. In this way we have proved
that P is a homomorphism.
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To prove that P is an isomorphism we need the elements ēk ∈ G, k ∈ N,
where

ēk = (e
(1)
1 , e

(2)
2 , . . . , e

(k)
k , e

(k+1)
k , e

(k+2)
k , . . .).

If P (g1) = P (g2) for some g1, g2 ∈ G, then fg1(x̄1, . . . , x̄n) = fg2(x̄1, . . . , x̄n)
for all x̄1, . . . , x̄n ∈ G, where n = αg1 = αg2. In particular, fg1(ē1, . . . , ēn) =
fg2(ē1, . . . , ēn), whence we obtain

Dn
n((...(g1

n
+ ēn(n))

n−1
+ ...)

1
+ ē1(n)) = Dn

n((...(g2
n
+ ēn(n))

n−1
+ ...)

1
+ ē1(n)),

i.e.,

Dn
n((...(g1

n
+ e(n)n )

n−1
+ ...)

1
+ e

(n)
1 ) = Dn

n((...(g2
n
+ e(n)n )

n−1
+ ...)

1
+ e

(n)
1 ).

This, by 1.19, implies g1 = g2. So, P is an isomorphism.

Let G = (G, ζ, τ,Δ,∇, ∗) be an algebra of type (1, 1, 1, 1, 2). For all g ∈ G,
n,m, i, k ∈ N, where 1 � i � m, 1 � k � n, n = αg, we will use the following
abbreviated notions

g
k
+ ε

(m)
i := ζk−1∇i−1ζ∇m−iζn−kg and ε

(m)
i

i
+ g := ∇i−1ζn∇m−ig,

where ε(m)
i do not belongs to G, and ε

(m)
i �= ε

(t)
j for m �= t or i �= j.

Theorem 6.4.3. An algebra (G, ζ, τ,Δ,∇, ∗) of type (1, 1, 1, 1, 2) is isomorphic
to an iterative operation algebra if and only if for all elements g, g1, g2, g3 ∈ G
and i, j, k, l, n,m, r ∈ N the following conditions are valid:

2.1. (∇g) ∗ g = ∇sg for some s ∈ N,

2.2. ∇ng = ∇mg implies n = m,

2.3. ∇(g1
1
+ g2) = g1

1
+ ∇g2, where g1 ∈ G ∪ {ε(m)

1 },

2.4. (∇g1)
1
+ g2 = ∇mg1 for m = αg2, g2 ∈ G ∪ {ε(m)

i }, i � m,

2.5. αζg = ατg = αg,

2.6. αΔg = αg − 1 for αg � 2,

2.7. ζg = τg = Δg = g for αg = 1,

2.8. (a) ζng = g for n = αg,
(b) ζn+m∇r+mg = ∇mζn∇rg for n = αg,

2.9. (a) (τg1)
k
+ g2 = τ(g1

k
+ g2) for 3 � k � αg1, g2 ∈ G ∪ {ε(m)

i }, i � m,
(b) τ∇kg = ∇kg for k � 2



Section 6.4 Mal’cev-Post iterative algebras 329

2.10. (a) (Δg1)
k
+ g2 = Δ(g1

k+1
+ g2) for 2 � k � αg1 − 1, g2 ∈ G ∪ {ε(m)

i },
i � m,

(b) Δ∇g = g,

2.11. (∇g1)
k
+ g2 = ∇(g1

k−1
+ g2) for 2 � k � αg1 + 1, g2 ∈ G ∪ {ε(m)

i },
i � m,

2.12. (a) g1
k
+ (g2

l
+ g3) = (g1

k
+ g2)

k+l−1
+ g3 for k � αg1, l � αg2 and

g1 ∈ G ∪ {ε(m)
k }, g3 ∈ G ∪ {ε(r)j }, k � m, j � r,

(b) if l � k, then

(g
k
+ ε

(m)
i )

l
+ ε

(r)
j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g

k
+ ε

(m+r−1)
i for i < l − k + 1,

g
k
+ ε

(m+r−1)
i+j−1 for i = l − k + 1,

g
k
+ ε

(m+r−1)
m+i−1 for i > l − k + 1,

where k � αg, i � m, j � r, l − k + 1 � m,
(c) if k � αg1, i � m, r = αg2, then

(g1
k
+ ε

(m)
i )

k+j−1
+ g2 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g1

k
+ ε

(m+r−1)
i for i < j,

g1
k
+ (ε

(m)
j

j
+ g2) for i = j,

g1
k
+ ε

(m+r−1)
i+r−1 for i > j,

2.13. (a) (g1
k
+ g2)

l
+ g3 = (g1

l
+ g3)

k+r−1
+ g2 for l < k � n = αg1,

r = αg3, where g1 ∈ G, g2 ∈ G ∪ {ε(m)
i }, g3 ∈ G ∪ {ε(r)j } or

g1 ∈ {ε(n)k , ε
(n)
l }, g2, g3 ∈ G, for i � m, j � r,

(b) ε
(n+n−1)
l

l
+ g = (ε

(n)
l

l
+ g)

k+r−1
+ ε

(m)
i , where l < k � n, r = αg,

i � m,

(c) (ε
(n)
k

k
+ g)

l
+ ε

(m)
i = ∇m−1(ε(n)k

k
+ g), where l < k � n, i � m,

2.14. Dm
n (ζmg) = Dm

n g, where αg = nm,

2.15. (a) Dm
n (((τg1)

2
+ g2)

1
+ g3) = Dm

n ((g1
2
+ g3)

1
+ g2), where m = αg2 =

αg3, αg1 = (n− 2)m+ 2, g2 ∈ G ∪ {ε(m)
i }, g3 ∈ G ∪ {ε(m)

j },
i, j � m,

(b) Dm
n (ζm∇(n−1)mg) = Dm

n (∇mζm∇(n−2)mg), where m = αg,

2.16. (a) Dm
n ((Δg1)

1
+ g2) = Dm

n+1((g1
2
+ g2)

1
+ g2) for αg1 = (n− 1)m+ 2,

αg2 = m, g2 ∈ G ∪ {ε(m)
i },
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(b) Dm
n g = Dm

n+1∇mg, where αg = mn, (c) Dm
n ∇mg = Dm

n ζm∇mg,
where αg = m(n− 1),

2.17. Dm
n ((∇g1)

1
+ g2) = Dm

n−1g1, where αg1 = (n− 1)m, αg2 = m,
g2 ∈ G ∪ {ε(m)

i }, i � m,

2.18. (a) Dm
l+n−1(g1

1
+ g2) = Dm

l (g1
1
+ Dm

n g2), where αg1 = (l − 1)m+ 1,
αg2 = nm,

(b) Dm
l+n−1(ζ

mn∇(l−1)mg) = Dm
l (ζn∇(l−1)mDm

n g), where αg = mn,

2.19. Dn
n

(( n∏
i=1

ζi−1∇i−1ζ∇n−iζ(n−i)n
)
g
)
= g, where n = αg.

Proof. Necessity. Let (T (A), ζ, τ,Δ,∇, ∗) be an iterative Mal’cev-Post opera-
tion algebra with n-place projectors Ini , n ∈ N, 1 � i � n. In the beginning,
we shall verify that for each f ∈ Tn(A) the equalities

f
k
+ Imi = f

k
+ ε

(m)
i and Imi

i
+ f = ε

(m)
i

i
+ f,

where 1 � k � n, 1 � i � m, are true. Indeed, since |f
k
+ Imi | = n + m − 1,

then for all a1, a2, . . . , an+m−1 ∈ A we have

(f
k
+ Imi )(an+m−1

1 ) = f(ak−11 , Imi (ak+m−1
k ), an+m−1

k+m )

= f(ak−11 , ak+i−1, an+m−1
k+m )

= ζn−kf(an+m−1
k+m , ak−11 , ak+i−1)

= ∇m−iζn−kf(an+m−1
k+i , ak11 , ak+i−1)

= ζ∇m−iζn−kf(an+m−1
k+i−1 , ak−11 )

= ∇i−1ζ∇m−iζn−kf(an+m−1
k , ak−11 )

= ζk−1∇i−1ζ∇m−iζn−kf(an+m−1
1 )

= (f
k
+ εmi )(an+m−1

1 ),

which proves the first equality. The proof of the second equality is similar.
Replacing in the conditions 2.1–2.19 the elements g, g1, g2, g3 by operations
from T (A) and ε

(m)
i by projectors Imi , we can verify that these conditions are

valid. For example, to verify that condition 2.12 b is true in the case i < l−k+1,
observe that for s = l − k + 1, we have i < s and Imi

s
+ Irj = Im+r−1

i , whence

g
k
+ (Imi

s
+ Irj ) = (g

k
+ Imi )

k+s−1
+ Irj .

The last equality is valid for all operations g ∈ T (A) and k � αg.
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Sufficiency. Let all the conditions of the theorem be satisfied by an algebra G =
(G, ζ, τ,Δ,∇, ∗). Let us show that G is isomorphic to some iterative operation
algebra. For this, we consider the set G′ = G∪E, where E = {e(m)

i |m ∈ N, 1 �
i � m} is the set of pairwise distinct elements not belonging to G, and define
on G′ the operations ζ, τ,Δ,∇, ∗ putting

(a) ζe
(m)
i = e

(m)
i+1 for 1 � i < m and ζe

(m)
m = e

(m)
1 ,

(b) τe
(m)
i = e

(m)
i for 2 < i � m or i = m = 1, as well τe(m)

1 = e
(m)
2 ,

τe
(m)
2 = e

(m)
1 , m �= 1,

(c) Δe(m)
i = e

(m−1)
i−1 for 2 � i � m, Δe(m)

1 = e
(m−1)
1 for m � 2 and

Δe(1)1 = e
(1)
1 ,

(d) ∇e(m)
i = e

(m+1)
i+1 ,

(e) e
(m)
1 ∗ g = ζn∇m−1g, e(m)

i ∗ g = e
(n+m−1)
n+i−1 for i � 2,

g ∗ e(m)
i = ∇i−1ζ∇m−iζn−1g for every g ∈ G, where n = αg, and also

e
(n)
1 ∗ e(m)

i = e
(n+m−1)
i , e(n)j ∗ e(m)

i = e
(n+m−1)
m+j−1 for j � 2.

From (a), it follows that e
(m)
i = ζi∇m−1e(1)1 for all m ∈ N, 1 � i � m.

Applying 2.8 (a) to (e) we obtain e
(1)
1 ∗ g = g ∗ e(1)1 = g for any g ∈ G and

e
(1)
1 ∗ e(m)

i = e
(m)
i ∗ e(1)1 = e

(m)
i for all m ∈ N, 1 � i � m. Thus, e(1)1 is a neutral

element of the groupoid (G′, ∗). From (d) it follows that

(∇e(m)
i ) ∗ e(m)

i = e
(m+1)
i+1 ∗ e(m)

i = e
(2m)
m+i = ∇

me
(m)
i ,

which implies αe(m)
i = m for any m ∈ N, 1 � i � m.

Using the formula

g1
k
+ g2 = ζk−1((ζn−k+1g1) ∗ g2),

where n = αg1, we can extend the operation
k
+ to the whole set G′. At first

we show that

e
(n)
j

k
+ e

(m)
i =

⎧⎪⎪⎨⎪⎪⎩
e
(n+m−1)
j for j < k,

e
(n+m−1)
k+i−1 for j = k,

e
(n+m−1)
m+j−1 for j > k.

Indeed, if j < k, then from 1 � j < k � n, we get 0 � k − j − 1 � n − 2,
whence n− (k − j − 1) � 2. Thus

e
(n)
j

k
+ e

(m)
i = ζk−1((ζn−k+1e

(n)
j ) ∗ e(m)

i ) = ζk−1(e(k)n−(k−j−1) ∗ e
(m)
i )

= ζk−1e(n+m−1)
m+n−(kj−1)−1 = e

(n+m−1)
(n+m−1)+j(mod (n+m−1)) = e

(n+m−1)
j .
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The other two cases can be verified in a similar way.

Further, for each g ∈ G we have g
k
+ e

(m)
i = g

k
+ ε

(m)
i , where 1 � k � αg,

1 � i � m, and e
(m)
k

k
+ g = ε

(m)
k

k
+ g, where 1 � k � n. Let us show the second

equality. The proof of the first is very similar. According to the definition we
have

e
(m)
k

k
+ g = ζk−1((ζm−k+1e

(m)
k ) ∗ g) = ζk−1(e(m)

m+1(modm) ∗ g)

= ζk−1(e(m)
1 ∗ g) = ζk−1(ζn∇m−1g) = ζn+k−1∇m−1g,

where n = αg. Now, using the condition 2.8 b, we get

ζn+k−1∇m−1g = ζn+k−1∇m−k+(k−1)g = ∇k−1ζn∇m−kg = ε
(m)
k

k
+ g,

which was to be proved.

Using the same method we can show that e(m)
i

k
+ g = e

(n+m−1)
i for i < k and

e
(m)
i

k
+ g = e

(n+m−1)
n+i−1 for i > k, where n = αg.

Further on we will use the equality

Dm
n e

(mn)
i = e

(m)
i−km (6.4.11)

which holds for all m,n ∈ N, 1 � i � mn and some k ∈ {0, 1, 2, . . . , n−1} such
that km < i � (k + 1)m. Let us prove it.
It is clear that the set E is closed under the operations ζ, τ,Δ. So, E =

(E, ζ, τ,Δ) is an algebra. Let I = {Imi |m ∈ N, 1 � i � m} be the set of all
n-place projectors defined on the set of all natural numbers. It is not difficult
to see that I is closed under the operations ζ∗, τ∗, Δ∗, which are defined by
formulas (6.4.1), (6.4.2) and (6.4.3). Moreover, the mapping P : Imi �→ e

(m)
i

from the set I onto E is an isomorphism between algebras E∗ = (I, ζ∗, τ ∗,Δ∗)
and E . Put D∗mn = H∗

0H
∗
1 . . . H

∗
m−1, where H∗

k = (ζ∗)m−1(Δ∗ζ∗(τ ∗ζ∗)k)n−1 for
every 0 � k � m− 1. Now let n,m ∈ N, 1 � i � nm and km < i � (k + 1)m
for some k ∈ {0, 1, 2, . . . , n − 1}. Then, according to the formula (6.4.6) we
have

(D∗mn Inmi )(nm
1 ) = Inmi ( nm

1︸︷︷︸
1

, . . . , nm
1︸︷︷︸

k+1

, . . . , nm
1︸︷︷︸
n

) = ni−km = Imi−km(nm
1 )

for all n1, . . . , nm ∈ N. Thus D∗mn Inmi = Imi−km. Since P is an isomorphism,
P (D∗mn Inmi ) = P (Imi−km) = e

(m)
i−km. But P (D∗mn Inmi ) = Dm

n e
(nm)
i , so, Dm

n enmi =

e
(m)
i−km, which was to be proved.

Now let us consider the algebra G′ = (G′, e(1)1 , ζ, τ,Δ,∇, ∗). We will show
that it satisfies all the conditions of Theorem 6.4.2. If the elements g, g1, g2, g3
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belong to G, then, obviously, all the conditions 1.1 − 1.19 are satisfied. So,
it is necessary to consider the case when at least one of these elements is in
E = G′ \G. If g = e

(m)
i in condition 2.1, then we have (∇e(m)

i )∗e(m)
i = e

(m+1)
i+1 ∗

e
(m)
i = e

(2m)
m+i = ∇me

(m)
i , that is G′ satisfies 1.1. Further, if ∇ne

(r)
i = ∇me

(r)
i ,

then e
(r+n)
i+n = e

(r+m)
i+m , whence r + n = r + m, consequently n = m, i.e., G′

satisfies 1.2. Now let us consider condition 2.3. Here the following three cases
are possible:

(i) g1, g2 ∈ E, (ii) g1 ∈ E, g2 ∈ G, (iii) g1 ∈ G, g2 ∈ E.

Let g1, g2 ∈ E, i.e., let g1 = e
(m)
i , g2 = e

(r)
j . Then for i = 1 we have

∇(e(m)
i ∗ e(r)j ) = ∇e(m+r−1)

j = e
(m+r)
j+1 = e

(m)
1 ∗ e(r+1)

j+1 = e
(m)
1 ∗ ∇e

(r)
j .

For i � 2 we get ∇(e(m)
i ∗ e(r)j ) = e

(m)
i ∗ e(r+1)

j+1 = e
(m)
i ∗ ∇e(r)j . Thus, in the case

(i) the condition 1.3 is satisfied. Let now g1 = e
(m)
i , g2 ∈ G. Then, according

to 2.3, for i = 1 we have

∇(e(m)
1 ∗ g2) = ∇(ζn∇m−1g2) = ∇(ε(m)

1

1
+ g2) = ε

(m)
1

1
+ ∇g2

= ζn∇mg2 = ζn∇m−1(∇g2) = e
(m)
1 ∗ ∇g2.

Similarly ∇(e(m)
i ∗ g2) = ∇e(n+m−1)

n+i−1 = e
(n+m)
n+i = e

(m)
i ∗ ∇g2 for i � 2, where

n = αg2. This proves 1.3 in the case (ii). Now let g1 ∈ G, g2 = e
(m)
i . Then

∇(g1 ∗ e(m)
i ) = ∇(∇i−1ζ∇m−iζn−1g1)

= ∇iζ∇m−iζn−1g1 = g1 ∗ e(m+1)
i+1 = g1 ∗ ∇e

(m)
i ,

where n = αg1, which proves 1.3 in the third case. So, 1.3 holds in G′ in any
case.
To verify 1.4 let g1 = e

(m)
i , g2 = e

(r)
j . Then (∇e(m)

i ) ∗ e(r)j = e
(m+1)
i+1 ∗ e(r)j

= e
(r+m)
r+i = ∇re

(m)
i . In the same manner, for g1 = e

(m)
i , g2 ∈ G, n = αg2, we

have (∇e(m)
i ) ∗ g2 = e

(m+1)
i+1 ∗ g2 = e

(n+m)
n+i = ∇ne

(m)
i . For g1 ∈ G, n = αg1 and

g2 = e
(m)
i , according to 2.4, we obtain

(∇g1) ∗ e(m)
i = ∇i−1ζ∇m−iζn(∇g1) = (∇g1)

1
+ ε

(m)
i = ∇mg1.

In this way we have showed that 1.4 holds in G ′. G′ satisfies also 1.5 because
αe

(m)
i = m. Since e(1)1 is the identity of (G′, ∗), G′, 1.6 is also satisfied. Condition

1.7 is a consequence of the definitions of the operations ζ, τ , Δ on E; 1.8 follows
directly from 2.8 a.
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In each of the conditions 1.9−1.11, it is necessary to consider following three
cases:

(a) g1 = e
(m)
j , g2 = e

(r)
k , (b) g1 ∈ G, g2 = e

(m)
j , (c) g1 = e

(m)
j , g2 ∈ G.

At first, we verify 1.9. Let 3 � i � αg1. In the case (a) for j � 3 we have

(τe
(m)
j )

i
+ e

(r)
k = e

(m)
j

i
+ e

(r)
k . Whence for j < i we obtain

e
(m)
j

i
+ e

(r)
k = e

(m+r−1)
j = τ(e

(m+r−1)
j ) = τ(e

(m)
j

i
+ e

(r)
k ).

For j = i, we have

e
(m)
j

i
+ e

(r)
k = e

(m+r−1)
i+k−1 = τ(e

(m+r−1)
i+k−1 ) = τ(e

(m)
i

i
+ e

(r)
k ).

Analogously

e
(m)
k

i
+ e

(r)
k = e

(m+r−1)
r+k−1 = τ(e

(m+r−1)
r+j−1 ) = τ(e

(m)
j

i
+ e

(r)
k )

for j > i. In a similar way we can verify this condition for j = 1 and j = 2.
This completes the verification of 1.9 in the case (a). In the case (b), n = αg1
and

(τg1)
i
+ e

(m)
j = (τg1)

i
+ ε

(m)
j = τ(g1

i
+ ε

(m)
j ) = τ(g1

i
+ ε

(m)
j ) = τ(g1

i
+ e

(m)
j ),

according to 2.9 a. In the case (c) subcases j = 1, j = 2, and j � 3 can be
checked by simple transformations. For j = i � 3, according to 2.9 b, we have:

(τe
(m)
i )

i
+ g2 = e

(m)
i

i
+ g2 = ε

(m)
i

i
+ g2 = ∇i−1(ζn∇m−ig2)

= τ∇i−1(ζn∇m−ig2) = τ(ε
(m)
i

i
+ g2) = τ(e

(m)
i

i
+ g2),

where n = αg2. So, 1.9 is valid in any case. Condition 1.10 in the case (a) is
obvious, in the case (b) it follows from 2.10 a, in the case (c) — from 2.10 b.
Condition 1.11 can be deduced from 2.11.
To prove 1.12 and 1.13, we must separately consider the following cases:

(a) g1 ∈ E, g2, g3 ∈ G, (b) g2 ∈ E, g1, g3 ∈ G, (c) g3 ∈ E, g1, g2 ∈ G,
(d) g1, g2 ∈ E, g3 ∈ G, (e) g1, g3 ∈ E, g2 ∈ G, (f) g2, g3 ∈ E, g1 ∈ G,
(g) g1, g2, g3 ∈ E .
We prove 1.12 in the case (d). In the other cases the proof is similar.
Let g1 = e

(n)
j , g2 = e

(m)
k . Then the left side of equation 1.12 has the form

h = e
(n)
j

i
+ (e

(m)
k

l
+ g3), where 1 � i � n, 1 � l � m. The proof that the right

side of 1.12 is equal to h can be reduced to the consideration of the following
eight subcases: (1) i = k, j = l, (2) i = k, j < l, (3) i = k, j > l, (4) i < k,
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j = l, (5) i < k, j < l, (6) i < k, j > l, (7) i > k, j = l, (8) i > k, j < l, (9)
i > k, j > l. In all these cases the proof is similar. As an example we prove (1)
and (6). In the case (1), we have

h = e
(n)
k

k
+ (e

(m)
l

l
+ g3) = ε

(n)
k

k
+ (ε

(m)
l

l
+ g3),

whence, according to 2.12 d, we get

h = ε
(n+m−1)
k+l−1

k+l−1
+ g3 = e

(n+m−1)
k+l−1

k+l−1
+ g3 = (e

(n)
k

k
+ e

(m)
l )

k+l−1
+ g3.

In the case (6), h = e
(n)
i

k
+ (e

(m)
j

l
+ g3) = e

(n)
i

k
+ e

(r+m−1)
r+j−1 , where r = αg3. But

i < k, so, h = e
(n+r+m−2)
i . On the other hand

(e
(n)
i

k
+ e

(m)
j )

k+l−1
+ g3 = e

(n+m−1)
i

k+l−1
+ g3 = e

(r+n+m−2)
i .

Therefore h = (e
(n)
i

k
+ e

(m)
j )

k+l−1
+ g3, which completes the proof of (6).

The proof of 1.13 is analogous. Also in the proof of the conditions 1.14–
1.19 we must consider several cases. The proof in each of these cases is similar.
For this reason we prove only 1.16. We select three cases: (a) g1, g2 ∈ E, (b)
g1 ∈ E, g2 ∈ G, (c) g1 ∈ G, g2 ∈ E.
According to the assumption in the case (a) we have g1 = e

((n−1)m+2)
i , g2 =

e
(m)
j . Let h = Dm

n ((Δe((n−1)m+2)
i )

1
+ e

(m)
j ). If i > 2, then h = Dm

n (e
((n−1)m+1)
i−1 ∗

e
(m)
j ) = Dm

n e
(nm)
m+i−2. But km < m+ i−2 � (k+1)m for some k ∈ {1, 2, . . . , n−

1}, so, applying (6.4.11), we obtain h = e
(m)
m+i−2−km. On the other hand

Dm
n+1((e

((n−1)m+2)
i

2
+ e

(m)
j )

1
+ e

(m)
j ) = Dm

n (e
(nm+1)
m+i−1 ∗ e

(m)
j ) = Dm

n+1e
((n+1)m)
2m+i−2 ,

where (k + 1)m < 2m+ i− 2 � (k + 2)m. Thus, by (6.4.11), we have

Dm
n+1e

((n+1)m)
2m+i−2 = e

(m)
2m+i−2−(k+1)m = e

(m)
m+i−2−km.

This completes the proof of 1.16 in the case i > 2. For i = 1 and i = 2 the
proof is analogous.
Now let us consider the case (b). Then g1 = e

((n−1)m+2)
i , where m = αg2 and

g2 ∈ G. Let h = Dm
n ((Δe((n−1)m+2)

i )
1
+ g2). In the same way as in (a), for i > 2

we obtain h = Dm
n+1((e

((n−1)m+2)
i

2
+ g2)

1
+ g2), which means that in this case

the condition 1.16 is satisfied.
For i = 1 we have h = Dm

n (e
((n−1)m+1)
1 ∗ g2) = D

(m)
n (ζm∇(n−1)mg2). But on

the other hand

Dm
n+1((e

((n−1)m+2)
1

2
+ g2)

1
+ g2) = Dm

n+1(e
(nm+1)
1 ∗ g2) = Dm

n+1(ζ
m∇nmg2)

= Dm
n+1(ζ

m∇m(∇(n−1)mg2)) = h1,
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whence, by 2.16, we obtain

h1 = Dm
n+1(∇m(∇(n−1)mg2)) = Dm

n (∇(n−1)mg2) = Dm
n (ζm∇(n−1)mg2).

Thus h = h1.
For i = 2, similarly as for i = 1, the left side of 1.16 can be written as

h = Dm
n (ζm∇(n−1)mg2). The right side has the form

Dm
n ((e

((n−1)m+2)
2

2
+ g2)

1
+ g2) = Dm

n+1((∇ζm∇(n−1)mg2) ∗ g2) = h2.

But ∇(ζm∇(n−1)mg2) ∗ g2 = ∇mζm∇(n−1)mg2, by 2.4, so, according to 2.16 b

h2 = Dm
n+1(∇mζm∇(n−1)mg2) = Dm

n (ζm∇(n−1)mg2) = h.

This completes the proof of (b). The proof of (c) is analogous.
In this way we have proved that G′ satisfies 1.16.
The proof of 1.19 is obvious if we rewrite 2.19 in an equivalent form as

Dn
n((...((g

n
+ ε(n)n )

n−1
+ ε

(n)
n−1) . . .)

1
+ ε

(n)
1 ) = g.

So, we have shown that the algebra G′ = (G′, e(1)1 , ζ, τ,Δ,∇, ∗) satisfies all the
conditions of Theorem 6.4.2, that is, it is isomorphic to some central iterative
operation algebra, which completes the proof of Theorem 6.4.3.

Denote byM the class of all algebras G = (G, ζ, τ,Δ,∇, ∗) of type (1, 1, 1, 1, 2)
satisfying the conditions 1.1 − 1.5 and 1.7 − 1.13 from Theorem 6.4.2, as well
as the identities:

Δn−1(ζg) = Δn−1g, (6.4.12)

Δ(g1 ∗ g2) = g1 ∗ Δg2, (6.4.13)

where n = αg is the smallest positive integer n such that (∇g) ∗ g = ∇ng. We
shall say that the subset H of G is a v-subsystem of an algebra G ∈ M if and
only if for any h, h1, . . . , hn ∈ H, g ∈ G, where n = αg, the following conditions
are satisfied:

αh = 1, (6.4.14)

h ∗ h1 = h, (6.4.15)

Δn−1((...((g
n
+ hn)

n−1
+ hn−1) . . .)

1
+ h1) ∈ H, (6.4.16)

Δn−1(((τg)
2
+ h2)

1
+ h1) = Δn−1((g

2
+ h1)

1
+ h2), (6.4.17)

Δn−2((Δg) ∗ h) = Δn−1((g
2
+ h)

1
+ h), (6.4.18)

Δn((∇g) ∗ h) = Δn−1g. (6.4.19)

A v-subsystem H of G is called a dense v-subsystem of G in the class M, if:
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(a) any homomorphism from G onto another algebra G′ ∈ M which is not an
isomorphism, induces on H a homomorphism but not an isomorphism,

(b) if an algebra G′ ∈ M contains G as a subalgebra, G �= G′ and H is a
v-subsystem of G′, then there exists a homomorphism from G′ onto some
algebra fromM which is not an isomorphism, but induces an isomorphism
on H.
Let H be a v-subsystem of G ∈M. For every g ∈ G we define on H an n-ary

operation λg, where n = αg, putting

λg(h
n
1 ) = Δn−1((...((g

n
+ hn)

n−1
+ hn−1) . . .)

1
+ h1). (6.4.20)

Proposition 6.4.4. The mapping P : g �→ λg is a homomorphism of G into
an iterative Mal’cev-Post operation algebra (T (H), ζ, τ,Δ,∇, ∗).

Proof. Let g ∈ G, n = αg. Then, according to (6.4.7) and (6.4.8), for all
h1, . . . , hn ∈ H we have

λζg(h
n
1 ) = Δn−1((...(((ζg)

n
+ hn)

n−1
+ hn−1) . . .)

1
+ h1)

= Δn−1((...(ζ(g
n−1
+ hn)

n−1
+ hn−1) . . .)

1
+ h1)

= Δn−1ζ((...(g
n−1
+ hn) . . .)

n
+ h1).

Applying n − 1 times condition 1.13 to the last expression and using (6.4.12),
we obtain

Δn−1ζ((...(g
n−1
+ hn) . . .)

n
+ h1) = Δn−1ζ((...((g

n
+ h1)

n−1
+ hn) . . .)

1
+ h2)

= Δn−1((...((g
n
+ h1)

n−1
+ hn) . . .)

1
+ h2)

= λg(h
n
2 , h1).

So, λζg(h1, h
n
2 ) = λg(h

n
2 , h1) = ζλg(h1, h

n
2 ), i.e., P (ζg) = ζP (g).

In the same manner using 1.9 and (6.4.17), 1.10 and (6.4.18), 1.11 and
(6.4.19), we prove that P (τg) = τP (g), P (Δg) = ΔP (g) and P (∇g) = ∇P (g)
for every g ∈ G.
Similarly for g1, g2 ∈ G, n = αg1, m = αg2 and s = n +m − 1, using 1.12,

1.13 and (6.4.13), we have

λg1∗g2 = Δs−1((...(((g1 ∗ g2)
s
+ hs)

s−1
+ hs−1) . . .)

1
+ h1)

= Δs−1(((...(g1
n
+ hs) . . .)

m+1
+ hm+1) ∗ ((...(g2

m
+ hm) . . .)

1
+ h1))

= Δn−1(((...(g1
n
+ hs) · · · )

m+1
+ hm+1)

1
+ Δm−1((...(g1

m
+ hm) . . .)

1
+ h1))

= λg1(λg2(h
m
1 ), hsm+1) = (λg1 ∗ λg2)(h

s
1),
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which proves P (g1 ∗ g2) = P (g1) ∗ P (g2). So, P is a homomorphism of G into
(T (H), ζ, τ,Δ,∇, ∗).

Now let us consider the iterative Mal’cev-Post operation algebraT = (T (A), ζ,
τ,Δ,∇, ∗) and the set of all constant one-place functions defined on A, i.e., the
set

CA = {fa | fa(x) = a ∈ A for all x ∈ A}.

Proposition 6.4.5. T ∈M and CA is a dense v-subsystem of T in M.

Proof. The fact that the algebra T satisfies the conditions 1.1–1.5 and 1.7
–1.13 follows from Theorem 6.4.2. Let f ∈ T (A), n = |f | = αf. Then
Δn−1(ζf)(a) = ζf(a, . . . , a) = f(a, . . . , a) = Δn−1f(a) for every a ∈ A. This
proves (6.4.12). Analogously we can prove (6.4.13)–(6.4.19). So, T ∈ M and
CA is a v-subsystem of T.
Let P be a homomorphism of T onto some algebra from M, which is not an

isomorphism. Then there are f, g ∈ T (A) such that P (f) = P (g) and f �= g.
Obviously (∇f) ∗ f = ∇nf , (∇g) ∗ g = ∇mg, where n = |f |, m = |g|. But
P is a homomorphism and P (f) = P (g), therefore ∇nP (f) = ∇mP (g), which
implies n = m, i.e., |f | = |g|. Since f �= g, we have f(an1 ) �= g(an1 ) for some
a1, . . . , an ∈ A. Thus, fb1 �= fb2 for b1 = f(an1 ), b2 = g(an1 ), and

fb1 = Δn−1((. . . ((f
n
+ fan)

n−1
+ fan−1) . . .)

1
+ fa1),

fb2 = Δn−1((. . . ((g
n
+ fan)

n−1
+ fan−1) . . .)

1
+ fa1),

whence, applying P and using the fact that P (f) = P (g), we get P (fb1) =
P (fb2). So, P induces on CA a homomorphism which is not an isomorphism.
Now, let (G, ζ, τ,Δ,∇, ∗) be an arbitrary algebra from M for which T is a

proper subalgebra and CA is its v-subsystem. From Proposition 6.4.4 it follows
that the mapping P : G �→ T (A) defined for every g ∈ G in the following way:

P (g)(an1 ) = b←→ Δn−1((. . . ((g
n
+ fan)

n−1
+ fan−1) . . .)

1
+ fa1) = fb,

where a1, . . . , an, b ∈ A, n = αg, is a homomorphism from G to T. For all
f ∈ T (A), n = |f | and a1, . . . , an, b ∈ A we also have

f(an1 ) = b←→ Δn−1((. . . ((f
n
+ fan)

n−1
+ fan−1) . . .)

1
+ fa1) = fb.

Thus P (f)(an1 ) = b, i.e., P (f) = f . This means that P restricted to T is
the identity isomorphism. Obviously, P (g) ∈ T (A) for every g ∈ G, whence,
for g ∈ G \ T (A) we have P (g) �= g and P (P (g)) = P (g). So, P is not an
isomorphism. Therefore CA is a dense v-subsystem of T.
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Theorem 6.4.6. An algebra (G, ζ, τ,Δ,∇, ∗) of type (1, 1, 1, 1, 2) is isomorphic
to some iterative Mal’cev-Post operation algebra if and only if it belongs to the
class M and contains a dense v-subsystem in the class M.

Proof. The necessity of these conditions follows from Proposition 6.4.5, there-
fore we shall only prove their sufficiency. Assume that (G, ζ, τ,Δ,∇, ∗) belongs
to M and H is its dense v-subsystem. Clearly, (H, ∗) is a left zero semigroup.
By (6.4.15), it is isomorphic to a semigroup (CH , ∗) of all constant one-place
functions on H. Let λg be an n-ary operation defined by (6.4.20). Then,
according to Proposition 6.4.4, P : g �→ λg is a homomorphism from G into
an iterative Mal’cev-Post operation algebra T = (T (A), ζ, τ,Δ,∇, ∗) and, as
it is easy to see, P (h) = fh for every h ∈ H. So, P restricted to H is an
isomorphism. Comparing this fact with condition (a) of the definition of a
dense v-subsystem we deduce that P is an isomorphism. Since H is a dense v-
subsystem of G and (H, ∗) isomorphic to (CH , ∗), CH is a dense v-subsystem of
(P (G), ζ, τ,Δ,∇, ∗) ∈M. By Proposition 6.4.5, CH is also a dense v-subsystem
of T, which together with P (G) ⊂ T (H) and the condition (b) of the defi-
nition of a dense v-subsystem imply P (G) = T (H). Therefore G and T are
isomorphic.

Corollary 6.4.7. An algebra (G, e, ζ, τ,Δ,∇, ∗) of type (0, 1, 1, 1, 1, 2) is iso-
morphic to some central iterative Mal’cev-Post algebra if and only if e is the
neutral element of a semigroup (G, ∗) and (G, ζ, τ,Δ,∇, ∗) satisfies all the con-
ditions of the previous theorem.

Now, we shall characterize central pre-iterative operation algebras.

Theorem 6.4.8. An algebra (G, e, ζ, τ,Δ, ∗) of type (0, 1, 1, 1, 2) is isomorphic
to some central pre-iterative operation algebra if and only if it satisfies the
conditions 1.7 − 1.10, 1.12 − 1.16, 1.18, 1.19, where e

(1)
1 = Δe, e

(2)
1 = τe,

e
(2)
2 = e, e

(n)
n = en−1 and e

(n)
i = ζie

(n)
n for i = 1, 2, . . . , n − 1,7 and for all

g, g1, g2 ∈ G we have
(i) e ∗ g = en for some natural n ∈ N,
(ii) en = em implies n = m,
(iii) e ∗ g = e ∗ ζg = e ∗ τg = e2 ∗ Δg,
(iv) (Δe) ∗ g = g ∗ Δe = g,

(v) g ∗ e = e
2
+ g,

(vi) g1 ∗ e = g2 ∗ e implies g1 = g2,

(vii) Dm
n [(e

2
+ g2) ∗ g1] = Dm

n−1g2 for m = αg1, αg2 = (n− 1)m, where
αg denotes a positive integer satisfying the equality e ∗ g = eαg.

7 Note that en−1 is the power of e in a semigroup (G, ∗).
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Proof. The necessity of these conditions can be checked without any difficulties,
therefore we shall prove only their sufficiency. First of all, let us notice that from
(i) and (ii) follows the existence of a uniquely determined natural number αg,
where g ∈ G, such that e ∗ g = eαg. In particular, we have αe = 2. Moreover,
as it is easy to see, α(g1 ∗ g2) = αg1 + αg2 − 1 for all g1, g2 ∈ G.
We shall consider a new unary operation ∇ on G putting ∇g = g∗e for every

g ∈ G. We shall prove that the algebra G with this newly added operation and
a distinguished element Δe satisfies all the conditions of Theorem 6.4.2. For
this it is enough to check conditions 1.1–1.5, 1.11, and 1.17. We have

(∇g) ∗ g = (g ∗ e) ∗ g = g ∗ (e ∗ g) = g ∗ eαg = ∇αgg,

i.e., condition 1.1 is satisfied. Now let ∇ng = ∇mg, i.e., g ∗ en = g ∗ em. For
n < m, according to (vi), from the last equality we get g = g ∗ em−n. Thus
αg = αg +m− n+ 1, which is impossible. The case n > m also is impossible.
Therefore n = m. This proves 1.2. Furthermore,

∇(g1 ∗ g2) = (g1 ∗ g2) ∗ e = g1 ∗ (g2 ∗ e) = g1 ∗ ∇g2,

which proves 1.3. Similarly

(∇g1) ∗ g2 = (g1 ∗ e) ∗ g2 = g1 ∗ (e ∗ g2) = g1 ∗ eαg2 = ∇αg2g1

proves 1.4. The condition 1.5 is a consequence of (iii). For all i = 2, 3, . . . , αg1+
1 we also have

∇(g1
i−1
+ g2) = (g1

i−1
+ g2) ∗ e = (g1 ∗ e)

i
+ g2 = (∇g1)

i
+ g2.

This implies 1.11. Now let m = αg2 and αg1 = (n− 1)m. Then, according to
(v) and (vii), we get

Dm
n ((∇g1) ∗ g2) = Dm

n ((g1 ∗ e) ∗ g2) = Dm
n ((e

2
+ g1) ∗ g2) = Dm

n−1g1,

i.e., 1.17 is valid too.
So, the algebra (G,Δe, ζ, τ,Δ,∇, ∗) satisfies all the conditions of

Theorem 6.4.2, hence it is isomorphic to some central iterative operation al-
gebra. Consequently, the algebra G is isomorphic to some central pre-iterative
operation algebra.

Let us consider the class N of all algebras G = (G, e, ζ, τ,Δ, ∗) of type
(0, 1, 1, 1, 2) satisfying conditions 1.7–1.10, 1.12 and 1.13 of Theorem 6.4.2,
the conditions (i)–(vi) of Theorem 6.4.8, as well the identities (6.4.12) and
(6.4.13), where the arity αg of g ∈ G is defined as a positive integer such that
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e ∗ g = eαg. A nonempty subset H of G is called a v ′-subsystem of G ∈ N if
the conditions (6.4.14)–(6.4.18) and

Δ((e
2
+ h2) ∗ h1) = h2

are valid for all h, h1, h2 ∈ H and g ∈ G.

Theorem 6.4.9. An algebra (G, e, ζ, τ,Δ, ∗) of type (0, 1, 1, 1, 2) is isomorphic
to some central pre-iterative Mal’cev-Post algebra of operations if and only if it
belongs to the class N and contains a v ′-subsystem which is dense in this class.

Proof. Let (G, e, ζ, τ,Δ, ∗) be an algebra satisfying all the conditions of the
theorem and let H be its dense v′-subsystem. Putting ∇g = g ∗ e for all g ∈ G
we define the new unary operation ∇ on G. For all g ∈ G, n = αg, and h ∈ H
we have

Δn((∇g) ∗ h) = Δn((g ∗ e) ∗ h) = Δn−1Δ((e
2
+ g) ∗ h) = Δn−1g,

which means that H is a v-subsystem of (G, ζ, τ,Δ,∇, ∗). Now, using the same
argumentation as in the proof of Theorem 6.4.8, we can see that (G,Δe, ζ, τ,Δ,
∇, ∗) satisfies all the conditions of Corollary 6.4.7, i.e., it is isomorphic to some
central iterative operation algebra. Consequently (G, e, ζ, τ,Δ, ∗) is isomorphic
to some central pre-iterative operation algebra on the set H.

Corollary 6.4.10. An algebra (G, ζ, τ,Δ, ∗) of type (1, 1, 1, 2) is isomorphic to
some pre-iterative Mal’cev-Post algebra of operations if and only if it contains
an element e ∈ G such that the algebra (G, e, ζ, τ,Δ, ∗) satisfies all the conditions
of Theorem 6.4.9.

6.5 Semigroups of functions

Let A be some set. By T (A) =
⋃

n∈N T (An, A) we denote the set of all op-
erations on A, by F(A) =

⋃
n∈N F(An, A) the set of all partial multiplace

functions and by Rel(A) =
⋃

n∈NP(An×A) the set of all relations. |ρ| denotes
the arity of ρ. Obviously T (A) ⊂ F(A) ⊂ Rel(A).
For any ρ ∈ P(An ×A) and σ ∈ P(Am ×A) we define a binary composition

∗ putting:
(ρ ∗ σ)〈an+m−1

1 〉 = ρ(σ〈am1 〉, an+m−1
m+1 ).

A composition defined in such a way is an associative operation which coincides

with the operation
1
+ considered in the previous sections. If Φ is closed under

this operation, then we say that (Φ, ∗) is a semigroup of operations, ifΦ ⊂ T (A);
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a semigroup of partial multiplace functions, if Φ ⊂ F(A) and a semigroup of
relations, if Φ ⊂ Rel(A). The set

IΦ = {n ∈ N | (∃ρ) (ρ ∈ Φ ∧ n = |ρ|)}

is called the range of a semigroup (Φ, ∗).
The set N of all natural numbers with the operation ⊕ defined by the formula:

n⊕m = n+m− 1

is a semigroup. Any subsemigroup of (N,⊕) is called a ⊕-semigroup of natural
numbers. The semigroup ({1},⊕) is called trivial. It is not difficult to see that
if (Φ, ∗) is a semigroup of relations, then (IΦ,⊕) is a ⊕-semigroup of natural
numbers.

Theorem 6.5.1. A semigroup (G, ·) is isomorphic to some semigroup of op-
erations if and only if it is homomorphic to a ⊕-semigroup of natural numbers
(I,⊕).

Proof. Let a semigroup (G, ·) be isomorphic to a semigroup of operations (Φ, ∗).
Then the mapping ϕ : Φ → IΦ defined by

ϕ(f) = n←→ |f | = n

is an epimorphism from (Φ, ∗) onto (IΦ,⊕). Indeed, for any f, g ∈ Φ we have
|f ∗ g| = |f |+ |g| − 1, i.e., |f ∗ g| = |f | ⊕ |g|, whence,

ϕ(f ∗ g) = ϕ(f)⊕ ϕ(g).

The latest equality means that (IΦ,⊕) is a homomorphic image of (G, ·).
Conversely, let ψ : G → I be an epimorphism from (G, ·) onto (I,⊕). Let

(G ∪ {e}, ·) be a semigroup with joined unit e �∈ G. For every g ∈ G we define
on G ∪ {e} the operation fg of arity ψ(g) by putting:

fg(x1, . . . , xψ(g)) = gx1.

The mapping P : g → fg is an isomorphism of (G, ·) onto (Φ, ∗), where Φ =
{fg | g ∈ G}. Indeed, if g1, g2 ∈ G and n = ψ(g1), m = ψ(g2), then ψ(g1g2) =
ψ(g1)⊕ ψ(g2) = n⊕m = n+m− 1. Moreover,

fg1g2(x
n+m−1
1 ) = (g1g2)x1 = g1(g2x1) = g1 · fg2(xm1 )

= fg1(fg2(x
m
1 ), xn+m−1

m+1 ) = fg1 ∗ fg2(xn+m−1
1 )

for all x1, . . . , xn+m−1 ∈ G∗. Thus, fg1g2 = fg1 ∗ fg2 , i.e., P is a homomor-
phism. This homomorphism is one-to-one because fg1 = fg2 implies g1e =
fg1(e, . . . , e) = fg2(e, . . . , e) = g2e, whence we deduce g1 = g2. So, P is an
isomorphism.
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Corollary 6.5.2. A semigroup (G, ·) is isomorphic to some semigroup of par-
tial multiplace functions (relations) of rank I if and only if it is homomorphic
to a ⊕-semigroup (I,⊕).

Corollary 6.5.3. Each semigroup is isomorphic to some semigroup of trans-
formations (partial transformations, binary relations) on some set.

In fact, the first corollary is a consequence of the following inclusions T (A) ⊂
F(A) ⊂ Rel(A); the second is explained by the fact that any semigroup is
isomorphic to trivial ⊕-semigroup.
A system (G, ·, ψ), where ψ : G→ N is a homomorphism of a semigroup (G, ·)

into a semigroup (N,⊕), is called the normed semigroup, the set I = ψ(G) –
the range of this semigroup, the number ψ(g) – the norm of g ∈ G.
By a homomorphism of normed semigroups (G1, ·, ψ1) and (G2, ◦, ψ2), we

mean a mapping P : G1 −→ G2 satisfying the following two identities:

P (g1 · g2) = P (g1) ◦ P (g2) and ψ1(g) = ψ2(P (g)).

A one-to-one homomorphism is called an isomorphism. Since homomorphic
normed semigroups have the same rank each normed semigroup will be iden-
tified with the corresponding semigroups of rank I, where I denotes the set
of norms of all elements of a given semigroup. From Theorem 6.5.1 it follows
that each semigroup of rank I is isomorphic to some semigroup of operations
(relations, partial multiplace functions) of the same rank.

Theorem 6.5.4. A semigroup (G, ·) of rank I with a binary relation ≺ defined
on G is isomorphic to a semigroup of relations of the same rank I in this way
that ≺ corresponds to the set-theoretic inclusion if and only if ≺ is a stable
order on (G, ·) and

g1 ≺ g2 −→ |g1| = |g2| (6.5.1)

holds for all g1, g2 ∈ G.

Proof. The necessity of these conditions is obvious, so we shall just prove their
sufficiency. To do this, for each element g ∈ G we define on a semigroup
(G ∪ {e}, ·) with joined unit e �∈ G, a relation ρg of arity |g|+ 1 putting:

(x1, . . . , xn, y) ∈ ρg ←→ y ≺ gx1 (6.5.2)

for all y ∈ G and x1, . . . , xn ∈ G ∪ {e}, where n = |g|.
Let us show that P : g �→ ρg is a faithful representation of a semigroup (G, ·)

by the above relations. Since for g1, g2 ∈ G we have

|ρg1g2 | = |g1g2| = |g1| ⊕ |g2| = |g1|+ |g2| − 1,
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there are y ∈ G and x1, . . . , xn+m−1 ∈ G ∪ {e}, where n = |g1| , m = |g2|, such
that

(x1, . . . , xn+m−1, y) ∈ ρg1g2 .

Thus y ≺ (g1g2)x1 = g1(g2x1). But g2x1 ≺ g2x1, so

(x1, . . . , xm, g2x1) ∈ ρg2 . (6.5.3)

Analogously, y ≺ g1(g2x1) implies

(g2x1, xm+1, . . . , xn+m−1, y) ∈ ρg1 . (6.5.4)

From (6.5.3) and (6.5.4) we get

(x1, . . . , xn+m−1, y) ∈ ρg1 ∗ ρg2 , (6.5.5)

which proves the inclusion ρg1g2 ⊂ ρg1 ∗ ρg2 .
To prove the converse inclusion assume that (6.5.5) is satisfied. Then there

exists z ∈ G such that

(x1, . . . , xm, z) ∈ ρg2 and (z, xm+1, . . . , xn+m−1, y) ∈ ρg1 ,

i.e., z ≺ g2x1 and y ≺ g1z. By the stability of ≺ from z ≺ g2x1 we obtain
g1z ≺ g1(g2x). Therefore

y ≺ g1(g2x1) = (g1g2)x1,

i.e., (x1, . . . , xn+m−1, y) ∈ ρg1g2 . So, ρg1 ∗ ρg2 ⊂ ρg1g2 . Thus ρg1g2 = ρg1 ∗ ρg2 ,
which gives P (g1 · g2) = P (g1) ∗ P (g2) for all g1, g2 ∈ G. This means that P is
a representation of a semigroup (G, ·) by relations.
Now let g1 ≺ g2 and (x1, . . . , xn, y) ∈ ρg1 , where n = |g1|. Then |g1| = |g2|

and y ≺ g1x1 ≺ g2x1. Consequently, (x1, . . . , xn, y) ∈ ρg2 , i.e., ρg1 ⊂ ρg2 .
Conversely, if the last inclusion is true, then

y ≺ g1x1 −→ y ≺ g2x1,

for every x1 ∈ G ∪ {e} and y ∈ G. Whence, for x1 = e and y = g1 we obtain
g1 ≺ g2. This completes the proof that

g1 ≺ g2 ←→ P (g1) ⊂ P (g2)

for all g1, g2 ∈ G. So, ≺ corresponds to ⊂.
The representation P is faithful because P (g1) = P (g2) means that P (g1) ⊂

P (g2) and P (g2) ⊂ P (g1), that is, g1 ≺ g2 and g2 ≺ g1, which according to the
assumption on ≺ implies g1 = g2.
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Theorem 6.5.5. A semigroup (G, ·) of rank I with a binary relation ≺ defined
on G is isomorphic to a semigroup of partial multiplace functions of the same
rank I in such a way that ≺ corresponds to the set-theoretic inclusion if and
only if ≺ is a stable order on (G, ·) such that (6.5.1) and

g1 ≺ g2 ∧ g ≺ xg1 ∧ g ≺ yg2 −→ g ≺ yg1 (6.5.6)

are satisfied for all g, g1, g2, x, y ∈ G, where x, y may be empty symbols.

Proof. Necessity. Let (G, ·,≺) be isomorphic to some semigroup (Φ, ∗,⊂) of
partial multiplace functions of rank I. In view of Theorem 6.5.4 we can restrict
our proof to the proof of (6.5.6). For this assume that

f1 ⊂ f2, f ⊂ h ∗ f1, f ⊂ p ∗ f2

for some functions f, f1, f2, h, p ∈ Φ. Then |f1| = |f2|, |f | = |h| + |f1| − 1,
|f | = |p| + |f2| − 1. Consequently |h| = |p|. If (xn+m−1

1 , y) ∈ f for some
x1, . . . , xn+m−1, where n = |f1| = |f2|, m = |h| = |p|, then (xn+m−1

1 , y) ∈ h∗f1,
i.e., y = h(f1(x

n
1 ), x

n+m−1
n+1 ). Since for z = f1(x

n
1 ), from f1 ⊂ f2, it follows

z = f2(x
n
1 ), from (xn+m−1

1 , y) ∈ f we deduce (xn+m−1
1 , y) ∈ p ∗ f2. Thus

y = p ∗ f2(xn+m−1
1 ) = p(f2(x

n
1 ), x

n+m−1
n+1 ) = p(z, xn+m−1

n+1 )

= p(f1(x
n
1 ), x

n+m−1
n+1 ) = p ∗ f1(xn+m−1

1 ),

i.e., (xn+m−1
1 , y) ∈ p ∗ f1. So, f ⊂ p ∗ f1. This completes the proof of (6.5.6).

Sufficiency. Assume that a partially ordered semigroup (G, ·,≺) satisfies all
the conditions of the theorem. For n = 1 from Theorem 3.2.3 it follows that
(G, ·,≺) is isomorphic to some semigroup (F, ◦,⊂) of partial transformations
of some set A. Let ϕ : G → F be this isomorphism. Using this isomorphism,
we define on A the partial n-place function P (g) putting

P (g)(a1, a2, . . . , an) = ϕ(g)(a1),

where g ∈ G, |g| = n.
Let us show that the mapping P : G → Φ, where Φ = {P (g) | g ∈ G}, is

an isomorphism between semigroups (G, ·) and (Φ, ∗) and ≺ corresponds to ⊂.
Indeed, for all g1, g2 ∈ G, |g1| = n, |g2| = m and a1, . . . , an+m1 ∈ A we have

P (g1g2)(a
n+m−1
1 ) = ϕ(g1g2)(a1) = (ϕ(g1) ◦ ϕ(g2))(a1)

= ϕ(g1)(ϕ(g2)(a1)) = ϕ(g1)(P (g2)(a
m
1 ))

= P (g1)(P (g2)(a
m
1 ), an+m−1

m+1 ) = P (g1) ∗ P (g2)(a
n+m−1
1 ).

This means that P is a homomorphism.



346 Chapter 6 Systems of multiplace functions

If P (g1) = P (g2), then P (g1)(a
n
1 ) = P (g2)(a

n
1 ) for all a1, . . . , an ∈ A, where

n = |g1| = |g2|. Whence, according to the definition of P (g), we obtain
ϕ(g1)(a1) = ϕ(g2)(a1) for every a1 ∈ A. Thus ϕ(g1) = ϕ(g2), and consequently
g1 = g2. So, P is an isomorphism.
Now let g1 ≺ g2. Then |g1| = |g2| = n and ϕ(g1) ⊂ ϕ(g2), i.e.,

(a1, b) ∈ ϕ(g1) −→ (a1, b) ∈ ϕ(g2),

for every a1 ∈ A and b = ϕ(g1)(a1) = ϕ(g2)(a1).
Since ϕ(gi)(a1) = P (gi)(a

n
1 ), i = 1, 2, the above implication means also that

(an1 , b) ∈ P (g1) −→ (an1 , b) ∈ P (g2)

for all a1, . . . , an ∈ A. Thus P (g1) ⊂ P (g2). Therefore,

g1 ≺ g2 ←→ P (g1) ⊂ P (g2),

which completes the proof of this theorem.

Besides the relation of inclusion on a semigroup (Φ, ∗) of partial multiplace
functions (or relations), we can also consider other relations such as, for exam-
ple, the relation of inclusion of domains of functions of different arity. The last
relation, denoted by XΦ, is defined in the following way:

(f, g) ∈ XΦ ←→ |f | � |g| ∧ (∀xn1 ) (f〈xn1 〉 �= ∅ −→ g〈xm1 〉 �= ∅) ,

where f, g ∈ Φ, |f | = n, |g| = m. It is clear that XΦ is a quasi-order such that
ζΦ ⊂ XΦ, where

ζΦ = {(f, g) ∈ Φ×Φ | f ⊂ g},
and satisfies the following two conditions:

f �Φ g −→ f ∗ h �Φ g ∗ h, (6.5.7)

f ∗ g �Φ g , (6.5.8)

where f �Φ g means (f, g) ∈ XΦ. Each algebraic system of the form (Φ, ∗, ζΦ,
XΦ) is called a fundamentally ordered projection semigroup of multiplace func-
tions (relations).

Theorem 6.5.6. An algebraic system (G, ·, ζ,X ), where (G, ·) is a semigroup
of rank I, ζ and X are binary relations, is isomorphic to some fundamentally
ordered projection semigroup of relations of the same rank as (G, ·), if and only
if ζ is a stable order such that ζ ⊂ X and

x ≺ y −→ |x| = |y|, (6.5.9)

x � y −→ |x| � |y|, (6.5.10)

x � y −→ xz � yz, (6.5.11)

xy � y (6.5.12)
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for all x, y, z ∈ G, where x ≺ y ←→ (x, y) ∈ ζ and x � y ←→ (x, y) ∈ X .

Proof. The necessity of the above conditions is obvious. To prove their suf-
ficiency we select some element a ∈ G and consider a one-element extension
(G∗, ·) of a semigroup (G, ·) such that this additional element e �∈ G is the unity
of the semigroup (G∗, ·). Next, for every g ∈ G, where |g| = n, we define the
relation Pa(g) ⊂ (G∗)n ×G putting

(xn1 , y) ∈ Pa(g)←→ a � y ≺ gx1.

Let us show that Pa is a homomorphism. Indeed, if (xn+m−1
1 , y) ∈ Pa(g1g2),

where n = |g1|, m = |g2|, then

a � y ≺ (g1g2)x1 = g1(g2x1), (6.5.13)

whence, in view of ζ ⊂ X and (6.5.12), we have a � g1(g2x1) � g2x1. But
g2x1 ≺ g2x1, so, a � g2x1 ≺ g2x1, which gives us

(xm1 , g2x1) ∈ Pa(g2). (6.5.14)

From (6.5.13) we also obtain (g2x1, x
n+m−1
m+1 , y) ∈ Pa(g1). Therefore

(xn+m−1
1 , y) ∈ Pa(g1) ∗ Pa(g2).

This proves the inclusion

Pa(g1g2) ⊂ Pa(g1) ∗ Pa(g2).

Conversely, if (xn+m−1
1 , y) ∈ Pa(g1) ∗ Pa(g2), then

(xm1 , z) ∈ Pa(g2) and (zxn+m−1
m+1 , y) ∈ Pa(g1)

for some z ∈ G. Thus

a � z ≺ g2x1 and a � y ≺ g1z.

Whence, applying (6.5.9) and (6.5.10), we obtain

|a| � |z| = |g2|+ |x1| − 1, |a| � |y| = |g1|+ |z| − 1,

which implies

|a| � |y| = |g1|+ |g2|+ |x1| − 2 = |(g1g2)x1|.

Further, applying the stability of the relation ≺ to z ≺ g2x1, we get

g1z ≺ g1(g2x1) = (g1g2)x1.
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Thus a � y ≺ (g1g2)x1, i.e., (xn+m−1
1 , y) ∈ Pa(g1g2). So, Pa(g1) ∗ Pa(g2) ⊂

Pa(g1g2). Thus,
Pa(g1g2) = Pa(g1) ∗ Pa(g2)

for any g1, g2 ∈ G. This proves that Pa is a representation of (G, ·) by relations.
Clearly the sum P =

∑
Pa of all representations (Pa)a∈G is also a representation

of (G, ·) by relations.
Let us show that P satisfies the relations ζ and X , i.e.,

g1 ≺ g2 ←→ P (g1) ⊂ P (g2) (6.5.15)

g1 � g2 ←→ P (g1) �Φ P (g2) (6.5.16)

for all g1, g2 ∈ G, where Φ = P (G).
If g1 ≺ g2 for some g1, g2 ∈ G then |g1| = |g2| = n. For every (xn1 , y) ∈ P (g1)

there exists such a ∈ G for which (xn1 , y) ∈ Pa(g1), i.e., a � y ≺ g1x1. Since
g1 ≺ g2, by the stability of ≺, implies g1x1 ≺ g2x1, we also have a � y ≺ g2x1.
Thus (xn1 , y) ∈ Pa(g2) ⊂ P (g2). So, P (g1) ⊂ P (g2).
Conversely, P (g1) ⊂ P (g2) means that |g1| = |g2| = n and

(∀xn1 ∈ G∗)(∀y ∈ G)(∀a ∈ G)(a � y ≺ g1x1 −→ a � y ≺ g2x1).

In view of |a| � |y| = |g1x1| = |g2x1|, the last condition is also true for a = y =
g1x1. In this case it has the form

(∀x1 ∈ G∗)(g1x1 � g1x1 ≺ g1x1 −→ g1x1 � g1x1 ≺ g2x1),

which, in fact, means that g1x1 ≺ g2x1 for every x1 ∈ G∗. Whence, for x1 = e,
we get g1 ≺ g2. This completes the proof of (6.5.15).
Now let g1 � g2. Then n = |g1| � |g2| = m. For any P (g1)〈xn1 〉 �= ∅,

there are a, y ∈ G such that (xn1 , y) ∈ Pa(g1), i.e., a � y ≺ g1x1. Since
ζ ⊂ X , the last condition gives a � y � g1x1 and a � y � g2x1, because
g1 � g2, according to (6.5.11), implies g1x1 � g2x1. So, a � g2x1 ≺ g2x1. Thus
(xm1 , g2x1) ∈ Pa(g2) ⊂ P (g2). Therefore P (g2)〈xm1 〉 �= ∅. This proves that
g1 � g2 implies P (g1) �Φ P (g2) for Φ = P (G).
Conversely, if P (g1) �Φ P (g2) holds for Φ = P (G) and g1, g2 ∈ G, then

(∀a ∈ G)(∀xn1 ∈ G∗) ((∃y ∈ G)a � y ≺ g1x1 −→ (∃z ∈ G)a � z ≺ g2x1) .

This condition means that

(∀a ∈ G)(∀xn1 ∈ G∗)(∀y ∈ G) (a � y ≺ g1x1 −→ (∃z ∈ G)a � z ≺ g2x1) .

Putting a = y = g1x1, we see that for every x1 ∈ G∗ there exists z ∈ G such
that g1x1 � z � g2x1. In particular, for every x1 ∈ G∗ we have g1x1 � g2x1.
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Whence, for x1 = e, we obtain g1 � g2. So, P (g1) �Φ P (g2) implies g1 � g2.
This proves (6.5.16).
Now, in a similar way as in the proof of Theorem 6.5.4, we can verify that

the representation P is faithful using (6.5.15).

Corollary 6.5.7. An algebraic system (G, ·,X ), where (G, ·) is a semigroup of
range I and X is a quasi-order, is isomorphic to some semigroup of relations
of the form (Φ, ∗,XΦ) on the same rank as (G, ·), if and only if the conditions
(6.5.10), (6.5.11), (6.5.12) are satisfied.

Theorem 6.5.8. An algebraic system (G, ·, ζ,X ), where (G, ·) is a semigroup
of rank I, ζ and X are binary relations, is isomorphic to some fundamentally
ordered projection semigroup of partial functions of the same rank as (G, ·) if
and only if all the conditions of Theorem 6.5.6 are satisfied and

g1 ≺ g ∧ g2 ≺ g ∧ g1 � g2 −→ g1 ≺ g2, (6.5.17)

g1 ≺ g2 ∧ g � g1 ∧ g � ug2 −→ g � ug1 (6.5.18)

for all g, g1, g2, u ∈ G.

Proof. The proof is analogous to the proof of Theorem 6.5.5 and follows from
Theorem 3.2.1.

6.6 Central semigroups of operations

An algebra (T (A), ∗), where T (A) is the set of all operations of arbitrary arity
defined on the set A, is called the semigroup of operations. The semigroup of
operation with a distinguished projector I22 , i.e., the algebra (T (A), ∗, I22 ) is
called the central semigroup of operations.
The projector I22 plays an important role in these semigroups. For example,

the arity of f ∈ T (A) can be characterized by I22 . Namely, f ∈ T (A) is an n-ary
operation if and only if I22 ∗f = (I22 )

n. Indeed, if n = |f |, then |I22 ∗f | = n+1 and
(I22 ∗ f)(an+1

1 ) = I22 (f(a
n
1 ), an+1) = an+1 for arbitrary a1, . . . , an+1 ∈ A. On the

other hand (I22 )
n(an+1

1 ) = I22 ((I
2
2 )

n−1(an1 ), an+1) = an+1. Thus, (I22 )
n(an+1

1 ) =
(I22 ∗ f)(an+1

1 ), i.e., I22 ∗ f = (I22 )
n. The reverse statement is obvious.

Let CA be the set of all unary operations ϕa ∈ T (A,A), a ∈ A, such that
ϕa(x) = a. Since ϕa1 ∗ ϕa2 = ϕa1 , (CA, ∗) is a left zero semigroup.
For every a ∈ A and every n-ary operation f ∈ T (A) we define a new (n−1)-

ary operation fa putting

fa(x1, x2, . . . , xn−1) = f(a, x1, x2, . . . , xn−1)

for all x1, . . . , xn ∈ A. It is not difficult to see that

f ∗ ϕa = fa ∗ I22 .
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LetM(H), where H is a nonempty set, be the class of all central semigroups
(G, ·, e), i.e., abstract semigroups (G, ·) with distinguished element e ∈ G, such
that H ⊂ G, e �∈ H, in which the following conditions are satisfied:

(∀g ∈ G)(∃n ∈ N) (eg = en), (6.6.1)

(∀h ∈ H) (eh = e), (6.6.2)

(∀n ∈ N)(∀m ∈ N) (en = em −→ n = m), (6.6.3)

(∀g ∈ G)(∀h ∈ H) (eg = e −→ gh ∈ H), (6.6.4)

(∀g ∈ G)(∀h ∈ H)(∃x ∈ G) (eg �= e −→ gh = xe), (6.6.5)

(∀g1 ∈ G)(∀g2 ∈ G) (g1e = g2e −→ g1 = g2), (6.6.6)

(∃x ∈ G)(∀g ∈ G) (gx = xg = g). (6.6.7)

It is clear that (T (A), ∗, I22 ) ∈M(CA).

Let (G, ·, e) ∈ M(H). From (6.6.1) and (6.6.3), it follows that for every
g ∈ G there exists a uniquely determined natural number n such that eg = en.
This number is denoted by αg. We have αe = 2 and αh = 1 for every h ∈ H.
Note that the element x, whose existence is postulated in (6.6.5), is uniquely
determined. Indeed, if gh = x1e and hg = x2e, then x1e = x2e, whence,
according to (6.6.6), we have x1 = x2. Moreover, if α(g1g2) = n, αg1 = m1,
αg2 = m2 for some g1, g2 ∈ G, then eg1g2 = en, eg1 = em1 , eg2 = em2 .
Whence en = eg1g2 = em1g2 = em1−1 · eg2 = em1−1 · em2 = em1+m2−1. So,
α(g1g2) = αg1+αg2−1. In particular, h ∈ H and gh = ex imply αx = αg−1.
Now let us consider the mapping P : G −→ T (H) defined in the following

way:
(a) |P (g)| = n←→ αg = n,
(b) P (g)(hn1 ) = h for h1, . . . , hn, h ∈ H, where n = αg, if and only if there

exist x1, x2, . . . , xn−1 ∈ G such that

gh1 = x1e ∧
n−2∧
i=1

(xihi+1 = xi+1e) ∧ xn−1hn = h. (6.6.8)

Proposition 6.6.1. P is a homomorphism of (G, ·, e) into (T (H), ∗, I22 ).

Proof. From (6.6.7), follows that any semigroup (G, ·, e) ∈ M(H) has a unit.
Denote this unit by e′. According to (6.6.2), for all h1, h2 ∈ H we have eh1 =
e = e′e and e′h2 = h2, whence, by (6.6.8), we get P (e)(h1, h2) = h2. So,
P (e) = I22 . Now let P (g1g2)(h

n
1 ) = h, where n = n1 + n2 − 1, n1 = αg1,

n2 = αg2, n = α(g1g2). Then, one can find x1, x2, . . . , xn−1 ∈ G such that

g1g2h = x1e ∧
n−2∧
i=1

(xihi+1 = xi+1e) ∧ xn−1hn = h. (6.6.9)
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Further, (6.6.4) and (6.6.5) guarantee the existence of y1, y2, . . . , yn2−1 ∈ G
such that

g2h1 = y1e ∧
n2−2∧
i=1

(yihi+1 = yi+1e). (6.6.10)

Thus αyn2−1 = 1, which, by (6.6.4), implies yn2−1hn2 ∈ H. This, according to
the definition of P (g), means P (g2)(h

n2
1 ) = h′ for h′ = yn1−1hn2 .

Now, multiplying all equalities of (6.6.10) by g1, we get

g1g2h1 = g1y1e ∧
n2−2∧
i=1

(g1yihi+1 = g1yi+1e). (6.6.11)

Comparing (6.6.10) and (6.6.11), we obtain x1e = g1y1e. So, x1 = g1y1 and
x1h2 = g1y1h2. Thus x2e = g1y2e, whence x2 = g1y2. Continuing this proce-
dure we get xn2−1 = g1yn2−1. Consequently, xn2−1hn2 = g1yn2−1hn2 = g1h

′.
But xn2−1hn2 = xn2e, so, g1h = x1e. Therefore,

g1h
′ = xn2e ∧

n1−3∧
i=0

(xn2+ihn2+i+1 = xn2+i+1e) ∧ xn−1hn = h,

whence we obtain P (g1)(h
′, hnn2+1) = h, i.e., P (g1)(P (g2)(h

n2
1 ), hnn2+1) = h.

This gives P (g1)∗P (g2)(h
n
1 ) = h. In this way we have proved that P (g1g2)(h

n
1 ) =

h implies P (g1) ∗ P (g2)(h
n
1 ) = h. The converse implication can be proved sim-

ilarly. So, P (g1g2) = P (g1) ∗ P (g2).

Theorem 6.6.2. In the class M(CA) (CA, ∗) is a dense subsemigroup of
(T (A), ∗, I22 ).

Proof. Let P be a homomorphism, which is not an isomorphism, from (T (A), ∗,
I22 ) onto some central semigroup (G, ·, e) ∈M(CA). Then P (I22 ) = e. Since P
is not an isomorphism there are f1, f2 ∈ T (A) such that f1 �= f2 and P (f1) =
P (f2). Thus P (I22 )P (f1) = P (I22 )P (f2), i.e., P (I22 ∗ f1) = P (I22 ∗ f2), whence
P ((I22 )

|f1|) = P ((I22 )
|f2|). Consequently, e|f1| = e|f2|. So, |f1| = |f2|. Thus

b1 = f1(a
n
1 ) �= f2(a

n
1 ) = b2 for some a1, . . . , an ∈ A, where n = |f1| = |f2|.

Therefore

fi ∗ ϕa1 = fa1
i ∗ I

2
2 ∧

2∧
k=n−1

(
f
an−k
1

i ∗ ϕan−k+1
= f

an−k+1
1

i ∗ I22
)
∧ f

an−1
1

i ∗ ϕan = ϕbi

for i = 1, 2. This implies P (fi)P (ϕa1) = P (fa1
i )e, P (f

an−k
1

i )P (ϕan−k+1
) =

P (f
an−k+1
1

i )e for k = 2, . . . , n−2, and P (f
an−1
1

i )P (ϕan) = P (ϕbi). Since P (f1) =
P (f2), we have P (f1)P (ϕa1) = P (f2)P (ϕa1). Thus P (fa1

1 )e = P (fa1
2 )e and
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P (fa1
1 ) = P (fa1

2 ), by (6.6.6). Repeating this argumentation we obtain P (ϕb1) =
P (ϕb2), but ϕb1 �= ϕb2 , so, P induces on (CA, ∗) a homomorphism which is not
an isomorphism.
Let (G, ∗, I22 ) ∈ M(CA) be a central semigroup containing (T (A), ∗, I22 ) as

a proper subsemigroup. Let us consider the mapping P : G −→ T (A) which
for every g ∈ G defines on A the operation P (g) of arity n = αg such that
P (g)(an1 ) = b if and only if there exist elements x1, . . . , xn−1 ∈ G for which we
have

g ∗ ϕa1 = x1 ∗ I22 ∧
n−2∧
i=1

(xi ∗ ϕai+1 = xi+1 ∗ I22 ) ∧ xn−1 ∗ ϕan = ϕb.

By Proposition 6.6.1, P defined in such a way is a homomorphism. Directly
from the definition of P it follows that P (f) = f for f ∈ T (A) and P (g) �= g for
g ∈ G \ T (A). Thus P is not an isomorphism, but on T (A), and consequently
on CA, it is an isomorphism.

Theorem 6.6.3. A central semigroup (G, ·, e) is isomorphic to some central
semigroup of operations if and only if there exists a left zero semigroup (H, ·)
such that (G, ·, e) ∈M(H) and (H, ·) is a dense subsemigroup of (G, ·, e).

Proof. The necessity of these conditions follows form the previous theorem. To
prove their sufficiency assume that a central semigroup (G, ·, e) satisfies all these
conditions. Consider the homomorphism P from (G, ·, e) into (T (H), ∗, I22 )
defined according to the formula (6.6.8). Since hh1 = h for every h, h1 ∈ H,
we must have P (h) = ϕh, i.e., P restricted to (H, ·) must be an isomorphism.
So, (H, ·) and (CH , ∗) are isomorphic. Identifying these two semigroups, it
is easy to show that (P (G), ∗, I22 ) ∈ M(H). Since in the class M(H) the
semigroup (H, ·) is a dense subsemigroup of (G, ·, e), the mapping P is a one-
to-one embedding of (G, ·, e) into (T (H), ∗, I22 ). So, (H, ·), and consequently
(CH , ∗), can be considered in the class M(CH) as a dense subsemigroup of
(P (G), ∗, I22 ). By Theorem 6.6.2, in the class M(CH) a semigroup (CH , ∗) is a
dense subsemigroup of (T (H), ∗, I22 ). Therefore P (G) = T (H). Thus, (G, ·, e)
is isomorphic to (T (H), ∗, I22 ).

Corollary 6.6.4. A semigroup (G, ·) is isomorphic to some semigroup of op-
erations if and only if there exists a left zero semigroup (H, ·) and an element
e ∈ G such that (G, ·, e) ∈M(H) and (H, ·) is a dense subsemigroup of (G, ·, e).

6.7 Algebras of vector-valued functions

Any mapping f : An −→ Am, where n, m are natural numbers and A is a
nonempty set, is called a multiplace vector-valued function (or simply a vector-
valued function) of degree n and rank m. The degree of f is denoted by αf ,
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the rank by βf . The index of f is the difference γf = αf − βf . The set of
all vector-valued functions of degree n and rank m defined on A is denoted by
T (An, Am).
On the set T (A) =

⋃
n,m∈N T (An, Am) we can consider two binary compo-

sitions: serial ◦ and parallel �, which were considered by B. Schweizer and A.
Sklar in [191–193]. These compositions are motivated by the algebraic theory
of automaton. As it is known any automaton with n entrances and m exits can
be characterized by some vector-valued function of degree n and rank m. The
serial composition of automatons can be characterized by serial composition
of the corresponding vector-valued functions. Similarly, the parallel composi-
tion of automatons can be characterized by serial composition of vector-valued
functions (cf. [50] or [145]).

Definition 6.7.1. The serial composition of two vector-valued functions f, g ∈
T (A) is defined by

(f ◦ g)(a1, . . . , ad) = f(b1, . . . , bαf )bαf+1 . . . bd−γg , (6.7.1)

where a1, a2, . . . , ad ∈ A, d = max{αf + γg, αg}, b1, b2, . . . , bd−γg ∈ A and
b1 . . . bd−γg = g(a1, . . . , aαg)aαg+1 . . . ad.

Definition 6.7.2. The parallel composition of two vector-valued functions f, g ∈
T (A) is the vector-valued function f � g defined by

(f � g)(a1, . . . , ad) = f(a1, . . . , aαf )g(a1, . . . , aαg) , (6.7.2)

where a1, . . . , ad ∈ A and d = max{αf, αg}.

It is easy to see that these two compositions are associative operations on
T (A). Putting Δ(x) = I11 (x) = x and F (x, y) = I22 (x, y) = y, we can verify
that

Ini = (F ◦ (F � Δ))n−i ◦ F i−1

for any n ∈ N, 1 � i � n , where f0 = Δ and fn+1 = f ◦ fn for any f ∈ T (A).
Any subset Φ of T (A) containing Δ, F and closed under serial and parallel

compositions, i.e., the system (Φ, ◦, �,Δ, F ), is called an algebra of vector-valued
functions. In the case Φ = T (A) we say that this system is symmetrical.
First, we shall consider the abstract algebra (G, ◦, �, e, f) of type (2, 2, 0, 0)

satisfying the following six axioms:

Axiom 1. (G, ◦) and (G, �) are semigroups and e is the unit of (G, ◦).
Let epi denote the expression (f ◦ (f � e))p−i ◦ f i−1, where p ∈ N, i = 1, . . . , p

and (f ◦ (f � e))0 = f0 = e.

Axiom 2. For each g ∈ G there exist m,n ∈ N such that

g ◦ (ep1 � · · · � epp ) = g , (eq1 � · · · � eqq ) ◦ g = g
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for all natural p � n, q � m, p, q ∈ N and

g ◦ (ep1 � · · · � epp ) �= g , (eq1 � · · · � eqq ) ◦ g �= g

for all p > n, q > m.

The number n is called the degree of g and is denoted by αg. The number
m, denoted by βg, is called the rank of g.

Axiom 3. For any g1, g2 ∈ G the following conditions are true:
(a) αe = βe = βf = 1, αf = 2,
(b) α(g1 � g2) = max{αg1, αg2}, β(g1 � g2) = βg1 + βg2,
(c) α(g1 ◦ g2) = max{αg1 + γg2, αg2}, β(g1 ◦ g2) = max{βg1, βg2 − γg1},
where γg = αg − βg.

Axiom 4. For all g1, g2 ∈ G such that αg1 = αg2 and βg1 = βg2 = 1 we have
f ◦ (g1 � g2) = g2.

Axiom 5. For all g1, g2, g3 ∈ G
(a) g1 ◦ (g2 � g3) = (g1 ◦ g2) � g3, if αg1 � βg2,
(b) (g1 � g2) ◦ g3 = (g1 ◦ g3) � (g2 ◦ g3), if βg3 � min{αg1, αg2}.
Axiom 6. For all g1, g2, g3, g4 ∈ G
(a) (g1 � g2) ◦ (g3 � g4) = (g1 ◦ g3) � (g2 ◦ (g3 � g4)), if αg1 < αg2,

αg1 = βg3, αg2 = β(g3 � g4),

(b) (g1 � g2) ◦ (g3 � g4) = (g1 ◦ (g3 � g4)) � (g2 ◦ g3), if αg1 > αg2,
αg2 = βg3, αg1 = β(g3 � g4).

Any abstract algebra (G, ◦, �, e, f) of type (2, 2, 0, 0) satisfying the above six
axioms is called a v-algebra.

Proposition 6.7.3. In any v-algebra (G, ◦, �, e, f) the following identities take
place:
(a) γ(g1 ◦ g2) = γg1 + γg2,
(b) γ(g1 � g2) = γg1 + γg2 −min{αg1, αg2}.

Proposition 6.7.4. For each n ∈ N and all i = 1, . . . , n we have αeni = n,
βeni = 1.

Proof. Indeed, let g ∈ G be such that βg = 1. Then, by Axiom 3(c) we have
αgn = nαg − n+ 1 and βgn = 1. Further

αeni = α((f ◦ (f � e))n−i ◦ f i−1) = max{α((f ◦ (f � e))n−i) + γf i−1, αf i−1}.

But α(f ◦ (f � e)) = 2 and β(f ◦ (f � e)) = 1, according to Axiom 3. Thus
α((f ◦ (f � e))n−i) = n− i+1, β((f ◦ (f � e))n−i) = 1, αf i−1 = i, βf i−1 = 1.
Hence αeni = max{n, i} = n.
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Similarly we prove βeni = 1.

From the above proposition it follows that the equation

eni ◦ (en1 � · · · � enn) = eni (6.7.3)

is true for all n ∈ N and i = 1, . . . , n.

Proposition 6.7.5. For all g1, . . . , gn ∈ G such that αg1 = . . . = αgn and
βg1 = . . . = βgn = 1, we have

eni ◦ (g1 � · · · � gn) = gi , (6.7.4)

where n ∈ N and i = 1, . . . , n are arbitrary.

Proof. First let n = 2. If i = 2, then, according to Axiom 4, we have

e22 ◦ (g1 � g2) = f ◦ (g1 � g2) = g2 .

If i = 1, then e21 ◦ (g1 � g2) = f ◦ (f � e) ◦ (g1 � g2). Hence, by Axioms 6(b) and
4, we obtain

e21 ◦ (g1 � g2) = f ◦ ((f ◦ (g1 � g2)) � (e ◦ g1)) = f ◦ (g2 � g1) = g1.

Now let n > 2, i = 1, . . . , n. Then

eni ◦ (g1 � · · · � gn) = (e21)
n−i ◦ f i−1 ◦ (g1 � · · · � gn)

= (e21)
n−i ◦ f i−2 ◦ ((f ◦ (g1 � g2)) � g3 � · · · � gn)

= (e21)
n−i ◦ f i−2 ◦ (g2 � · · · � gn).

Repeating this procedure we obtain

eni ◦ (g1 � · · · � gn) = (e21)
n−i ◦ (gi � · · · � gn)

= (e21)
n−i−1 ◦ ((e21 ◦ (gi � gi+1)) � gi+2 � · · · � gn)

= (e21)
n−i−1 ◦ (gi � gi+2 � · · · � gn) = . . .

= e21 ◦ (gi � gn) = gi.

This completes the proof.

Proposition 6.7.6. If n = βx1 + · · · + βxk and m = max{αx1, . . . , αxk} for
some x1, . . . , xk ∈ G, then

eni ◦ (x1 � · · · � xk) = e
βxp
s ◦ xp ◦ (em1 � · · · � emαxp) (6.7.5)

for all i = 1, . . . , n, where
p−1∑
j=1

βxj < i �
p∑

j=1
βxj and s = i−

p−1∑
j=1

βxj.
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Proof. Let ni = βxi for all xi ∈ G, i = 1, . . . , k. By Axiom 3(b) we have
α(x1 � · · · � xk) = max{αx1, . . . , αxk} = m. Applying Axiom 2 we obtain

eni ◦ (x1 � · · · � xk) =
eni ◦ (((e

n1
1 � · · · � en1

n1
) ◦ x1) � · · · � ((enk

1 � · · · � enk
nk
) ◦ xk)) ◦ (en1 � · · · � emm ).

Further, by Axiom 5(b),

eni ◦ (x1 � · · · � xk) = eni ◦ ((e
n1
1 ◦ x1) � · · · � (en1

n1
◦ x1) � · · ·

� (enk
1 ◦ xk) � · · · � (enk

nk
◦ xk)) ◦ (em1 � · · · � emm ) .

This, together with Axiom 6 and Proposition 6.7.5, implies

eni ◦ (x1 � · · · � xk) = eni ◦ ((e
n1
1 ◦ x1 ◦ (em1 � · · · � emαx1)) � · · ·

� (enk
nk
◦ x1 ◦ (em1 � · · · � emαxk

))) = e
βxp
s ◦ xp ◦ (em1 � · · · � emαxp

),

which completes the proof.

Theorem 6.7.7. An algebra (G, ◦, �, e, f) of type (2, 2, 0, 0) is isomorphic to
some algebra of vector-valued functions if and only if it is a v-algebra.

Proof. It is clear that any algebra (G, ◦, �, e, f) of type (2, 2, 0, 0), which is
isomorphic to some algebra of vector-valued functions, satisfies the above six
axioms. To prove the converse statement, assume that some abstract algebra
(G, ◦, �, e, f) of type (2, 2, 0, 0) satisfies these six axioms. Let Gn be the set of
all elements g ∈ G such that αg = n and βg = 1. The set Gn is nonempty
because eni ∈ Gn for every i = 1, . . . , n. Clearly Gn ∩Gm = ∅ for n �= m. Let
G = ×

n∈N
Gn be the Cartesian product of the family (Gn)n∈N.

For every g ∈ G, we define the vector-valued function Pg : G n → Gm, where
n = αg, m = βg, putting Pg(x̄1, . . . , x̄n) = ȳ1 . . . ȳm if and only if

ȳi(k) = emi ◦ g ◦ (x̄1(k) � · · · � x̄n(k)) (6.7.6)

for all i = 1, . . . ,m and k = 1, 2, . . .
Let us show that the mapping P : g �→ Pg is an isomorphism between

(G, ◦, �, e, f) and (Φ, ◦, �,Δ, F ), where Φ = {Pg | g ∈ G}.
First, observe that P (e) = Δ and P (f) = F . Indeed, if Pe(x̄) = ȳ for some

x̄, ȳ ∈ G, then ȳ(k) = e11 ◦ e ◦ x̄(k) = x̄(k) for all k = 1, 2, . . . , because e11 = e
is the unit of (G, ◦). Thus ȳ(k) = x̄(k), k = 1, 2, . . . So, Pe(x̄) = x̄. Hence
Pe = Δ. Similarly, from Axiom 4, we deduce Pf = F .
To prove P (g1 ◦ g2) = P (g1) ◦ P (g2), i.e.,

Pg1◦g2 = Pg1 ◦ Pg2 , (6.7.7)
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let ni = αgi, mi = βgi, i = 1, 2, n = max{n1+γg2, n2} andm = max{m1, m2−
γg1}. Since n = α(g1 ◦ g2), m = β(g1 ◦ g2), by Axiom 3(c), the degree and the
rank of the function Pg1◦g2 are equal n and m, respectively. Let

ȳ1 . . . ȳm = Pg1◦g2(x̄1, . . . , x̄n)

for some x̄1, . . . , x̄n, ȳ1, . . . , ȳm ∈ G. If n1 > m2, then m = m1. Therefore, by
(6.7.6), we have

ȳi(k) = emi ◦ g1 ◦ g2 ◦ (x̄1(k) � · · · � x̄n(k))

for all i = 1, . . . ,m and k = 1, 2, . . . In view of the fact that

n2 = β(x̄1(k) � · · · � x̄n2(k))

and the Axiom 5(a) any ȳi(k) can be written in the form

ȳi(k) = em1
i ◦ g1 ◦ ((g2 ◦ (x̄1(k) � · · · � x̄n2(k))) � x̄n2+1(k) � · · · � x̄n(k)).

From this, by applying Axioms 2 and 6, we obtain

ȳi(k) = em1
i ◦ g1 ◦ (((em2

1 � · · · � em2
m2

) ◦ g2 ◦ (x̄1(k) � · · ·
� x̄n2(k))) � x̄n2+1(k) � · · · � x̄n(k))

= em1
i ◦ g1 ◦ ((em2

1 ◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))) � · · ·
� (em2

m2
◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))) � x̄n2+1(k) � · · · � x̄n(k)).

Let z̄1 . . . z̄m2 = Pg2(x̄1, . . . , x̄n2) , i.e.,

z̄i(k) = em2
i ◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))

for all i = 1, . . . ,m2 and k = 1, 2, . . . Then

ȳi(k) = em1
i ◦ g1 ◦ (z̄1(k) � · · · � z̄m2(k) � x̄n2+1(k) � · · · � x̄n(k))

for all i = 1, . . . ,m1 and k = 1, 2, . . . Thus

ȳ1 . . . ȳm1 = Pg1(z̄1, . . . , z̄m2 , x̄n2+1, . . . , x̄n).

Therefore
ȳ1 . . . ȳm1 = Pg1(Pg2(x̄1, . . . , x̄n2), x̄n2+1, . . . , x̄n),

i.e., ȳ1 . . . ȳm = (Pg1 ◦Pg2)(x̄1, . . . , x̄n). This means that for n1 > m2, m = m1,
condition (6.7.7) is true.
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In the case n1 � m2, we have n = n2 and m = m2 − γg1. Hence

ȳi(k) = emi ◦ g1 ◦ g2 ◦ (x̄1(k) � · · · � x̄n(k))
= emi ◦ g1 ◦ (e

m2
1 � · · · � em2

m2
) ◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))

= emi ◦ g1 ◦ ((e
m2
1 ◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))) � · · ·

� (em2
m2
◦ g2 ◦ (x̄1(k) � · · · � x̄n2(k))))

= emi ◦ g1 ◦ (z̄1(k) � · · · � z̄m2(k))

for all i = 1, . . . ,m, k = 1, 2, . . . Whence, applying Axiom 5(a), we obtain

ȳi(k) = emi ◦ ((g1 ◦ (z̄1(k) � · · · � z̄n1(k))) � z̄n1+1(k) � · · · � z̄m2(k)).

This, according to Proposition 6.7.6, for 1 � i � m1 and k � 1, implies

ȳi(k) = em1
i ◦ g1 ◦ (z̄1(k) � · · · � z̄n1(k)).

Therefore
ȳ1 . . . ȳm1 = Pg1(z̄1, . . . , z̄n1).

For m1 < i � m we have ȳi(k) = z̄i+γg1(k), where k = 1, 2, . . . Whence
ȳm1+1 . . . ȳm = z̄n1+1 . . . z̄m2 . So,

ȳ1 . . . ȳm = Pg1(z̄1, . . . , z̄n1)z̄n1+1 . . . z̄m2 ,

which, by Definition 6.7.1, gives ȳ1 . . . ȳm = (Pg1 ◦ Pg2)(x̄1, . . . , x̄n). Thus

Pg1◦g2(x̄1, . . . , x̄n) = (Pg1 ◦ Pg2)(x̄1, . . . , x̄n)

for all x̄1, . . . , x̄n ∈ G. This completes the proof of (6.7.7).
To prove P (g1 � g2) = P (g1) � P (g2), i.e.,

Pg1� g2 = Pg1 � Pg2 , (6.7.8)

assume that ni = αgi, mi = βgi for i = 1, 2, and n = max{n1, n2}, m =
m1+m2. By Axiom 3(b), we have n = α(g1�g2) = α(Pg1� g2), m = β(g1�g2) =
β(Pg1� g2). Let

ȳ1 . . . ȳm = Pg1� g2(x̄1, . . . , x̄n)

for some x̄1, . . . , x̄n, ȳ1, . . . , ȳm ∈ G. Then, according to (6.7.6),

ȳi(k) = emi ◦ (g1 � g2) ◦ (x̄1(k) � · · · � x̄n(k))

for all i = 1, . . . ,m and k = 1, 2, . . .
If n1 � n2, then n = n2 and the last equation, by Axiom 6, can be written

in the form

ȳi(k) = emi ◦ ((g1 ◦ (x̄1(k) � · · · � x̄n1(k))) � (g2 ◦ (x̄1(k) � · · · � x̄n(k)))),
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whence, for 1 � i � m1, by Proposition 6.7.6, we get

ȳi(k) = em1
i ◦ g1 ◦ (x̄1(k), . . . , x̄n1(k)), k = 1, 2, . . .

Thus, ȳ1 . . . ȳm1 = Pg1(x̄1, . . . , x̄n1).
In the same manner, for m1 < i � m, we obtain

ȳi(k) = em2
i−m1

◦ g2 ◦ (x̄1(k) � · · · � x̄n(k)), k = 1, 2, . . .

and ȳm1+1 . . . ȳm = Pg2(x̄1, . . . , x̄n). So, ȳ1 . . . ȳm = (Pg1 � Pg2)(x̄1, . . . , x̄n).
Hence

Pg1� g2(x̄1, . . . , x̄n) = (Pg1 � Pg2)(x̄1, . . . , x̄n)

for all x̄1, . . . , x̄n ∈ G. This means that in the case n1 � n2 the condition
(6.7.8) is true. For n2 � n1 the proof is similar.
We have so proved that P : g �→ Pg is a homomorphism of a v-algebra

(G, ◦, �, e, f) onto (Φ, ◦, �,Δ, F ), where Φ = {Pg | g ∈ G}.
To prove that it is one-to-one let Pg1 = Pg2 for some g1, g2 ∈ G. Then

αg1 = αg2, βg1 = βg2. Thus

emi ◦ g1 ◦ (x̄1(k) � · · · � x̄n(k)) = emi ◦ g2 ◦ (x̄1(k) � · · · � x̄n(k))

for all 1 � i � m = βg1, x̄1, . . . , x̄n ∈ G, where n = αg1 and k = 1, 2, . . .
This, for x̄i = ēi = (e11, e

2
2, . . . , e

i
i, e

i+1
i , ei+2

i , . . .) ∈ G, i = 1, . . . , n and
k = n, gives us

emi ◦ g1 ◦ (en1 � · · · � enn) = emi ◦ g2 ◦ (en1 � · · · � enn) .

Thus emi ◦ g1 = emi ◦ g2 for all i = 1, . . . ,m. Consequently,

(em1 ◦ g1) � · · · � (emm ◦ g1) = (em1 ◦ g2) � · · · � (emm ◦ g2) ,

i.e., (em1 � · · · � emm) ◦ g1 = (em1 � · · · � emm) ◦ g2. This implies g1 = g2.

Definition 6.7.8. A homomorphism P of a v-algebra (G, ◦, �, e, f) into a v-
algebra (G′, ◦′, �′, e′, f ′) is called a v-homomorphism, if for all g ∈ G and n ∈ N
from g �= g ◦ (en1 � · · · � enn) it follows P (g) �= P (g ◦ (en1 � · · · � enn)).

It is easy to see that a v-homomorphism P keeps the degree and the rank,
i.e., αg = αP (g) and βg = βP (g) for any g ∈ G. The converse is also true:
each homomorphism of v-algebras which keeps the degree and the rank of all
elements is a v-homomorphism.

Definition 6.7.9. A nonempty subset H of a v-algebra (G, ◦, �, e, f) is called
a v-ideal, if emi ◦ x ◦ (h1 � · · · � hn) ∈ H for all x ∈ G and hi ∈ H, where
i = 1, . . . , n = αx, m = βx.
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Generalizing the concept of dense v-subsystems (p. 336), we say that a v-ideal
H of a v-algebra (G, ◦, �, e, f) is dense in this v-algebra, if
(a) any v-homomorphism from (G, ◦, �, e, f) onto other v-algebra which is not

an isomorphism, induces on H a homomorphism which is not an isomor-
phism,

(b) if a v-algebra (G′, ◦′, �′, e′, f ′) contains a v-algebra (G, ◦, �, e, f) as a subal-
gebra, and H is a v-ideal of (G′, ◦′, �′, e′, f ′), then there exists a
v-homomorphism from (G′, ◦′, �′, e′, f ′) onto some v-algebra which is not
an isomorphism, but on H induces an isomorphism.

Theorem 6.7.10. The set CA of all unary operations ϕa ∈ T (A,A), a ∈ A,
such that ϕa(x) = a is a dense v-ideal of the algebra (T (A), ◦, �,Δ, F ).

Proof. Let ψ ∈ T (A), ϕa1 , . . . , ϕan ∈ CA, where n = αψ and a1, . . . , an ∈ A.
Suppose that

ψ(a1, . . . , an) = b1 . . . bm

for some b1, . . . , bm ∈ A, m = βψ. Since Imi (b1, . . . , bm) = bi, we have also
(Imi ◦ ψ)(a1, . . . , an) = bi. Thus

(Imi ◦ ψ)(ϕa1(c), . . . , ϕan(c)) = ϕbi(c),

for all c ∈ A, i.e., (Imi ◦ ψ ◦ (ϕa1 � · · · � ϕan))(c) = ϕbi(c). So,

Imi ◦ ψ ◦ (ϕa1 � · · · � ϕan) = ϕbi ∈ CA.

Therefore CA is a v-ideal of (T (A), ◦, �,Δ, F ).
Now let P be a v-homomorphism of (T (A), ◦, �,Δ, F ) onto another v-algebra

which is not an isomorphism. Hence, there are ψ1, ψ2 ∈ T (A) such that ψ1 �=
ψ2 and P (ψ1) = P (ψ2). The last equation implies αP (ψ1) = αP (ψ2) and
βP (ψ1) = βP (ψ2). Hence αψ1 = αψ2 = n, βψ1 = βψ2 = m. So, there are
a1, . . . , an ∈ A for which

ψ1(a1, . . . , an) �= ψ2(a1, . . . , an).

Let ψ1(a1, . . . , an) = b1 . . . bm and ψ2(a1, . . . , an) = c1 . . . cm. Then bi �= ci,
consequently ϕbi �= ϕci , for some i = 1 . . . ,m. But

P (ϕbi) = P (Imi ◦ ψ1 ◦ (ϕa1 � · · · � ϕan))

= P (Imi ) ◦ P (ψ1) ◦ (P (ϕa1) � · · · � P (ϕan))

= P (Imi ) ◦ P (ψ2) ◦ (P (ϕa1) � · · · � P (ϕan))

= P (Imi ◦ ψ2 ◦ (ϕa1 � · · · � ϕan)) = P (ϕci).

This proves that P restricted to CA is a v-homomorphism which is not an
isomorphism.
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Assume now that a v-algebra (G, ◦, �,Δ, F ) contains a proper subalgebra
(T (A), ◦, �,Δ, F ) and a v-ideal CA. For each element g ∈ G we define λg ∈ T (A)
putting:

b1 . . . bm = λg(a1, . . . , an)←→
m∧
i=1

Imi ◦ g ◦ (ϕa1� · · · � ϕan) = ϕbi ,

where n = αg, m = βg, a1, . . . , an, b1, . . . , bm ∈ A. It is not difficult to see
that the mapping P : g �→ λg is a v-homomorphism of (G, ◦, �,Δ, F ) onto
(T (A), ◦, �,Δ, F ). Since T (A) ⊂ G and T (A) �= G, for g ∈ G \ T (A) we have
g �= P (g) = λg. But directly from the definition of λg we obtain P (λg) = λg.
So, P (g) = P (λg). This means that P is not an isomorphism but P restricted
to CA is an isomorphism.

Theorem 6.7.11. A v-algebra (G, ◦, �, e, f) is isomorphic to some symmetrical
algebra of vector-valued functions if and only if it contains a dense v-ideal H
such that (H, ◦) is a left zero semigroup and αh = βh = 1 for every h ∈ H.

Proof. The necessity of these conditions follows from Theorem 6.7.10. To prove
their sufficiency we consider the mapping P : G→ T (H) defined by the formula

y1 . . . ym = P (g)(x1, . . . , xn)←→
m∧
i=1

yi = emi ◦ g ◦ (x1 � · · · � xn),

where g ∈ G, x1, . . . , xn, y1, . . . , ym ∈ H, n = αg, m = βg. It is not difficult
to verify that P (e) = Δ, P (f) = F and P is a v-homomorphism which induces
on H an isomorphism. But H is a dense v-ideal of (G, ◦, �, e, f), therefore,
according to the condition (a) of the definition of a dense v-ideal, P must be
an isomorphism. Hence, a v-ideal CH is a dense v-ideal of a homomorphic
image of (G, ◦, �, e, f), i.e., (P (G), ◦, �,Δ, F ), because (CH , ◦) is isomorphic to
(H, ◦). But, by Theorem 6.7.10, a v-ideal CH is dense in (T (H), ◦, �,Δ, F ),
therefore P (G) ⊂ T (H) implies P (G) = T (H). This proves that (G, ◦, �, e, f)
and (T (H), ◦, �,Δ, F ) are isomorphic.

6.8 Notes on Chapter 6

Menger systems were introduced by H. Whitlock [258] in order to investigate
compositions of multiplace functions of various arities. Afterwards, in [74]
Ja. V. Hion observed that the set of all multiplace endomorphisms of a univer-
sal algebra forms a Menger system. Based on this observation, E. Redi [147]
proved that a Menger algebra is isomorphic to the system of all multiplace
endomorphisms of a universal algebra if and only if it has a full system of
selectors.
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By defining on Menger systems some additional operations Ja. V. Hion [74]
constructed a new type of algebras which are called m-ary Ω-ringoids or Ω-
systems. Later on, these algebras were used to analyze Menger systems. For
example, using these algebras J. Henno described free Ω-ringoids [63, 64], free
Γ-commutative Menger systems [65], Green relations [57] and densely embed-
ded ideals [59–62]. Group-like Menger systems are described in [58]. Results
obtained by J. Henno are applied by E. Redi [148–151] to the study of polycat-
egory and polyringoids of multiplace functions.
Menger T -systems were introduced in [202] but the first abstract characteri-

zation of ordered Menger T -systems of multiplace functions was given in [257].
Positional algebras were introduced by V. D. Belousov [6] for the study of

functional equations. For this reason, positional algebras isomorphic to algebras
of prequasigroup operations [201] are called Belousov algebras. Properties of
such algebras are described in [201]; representations of positional algebras by
multiplace functions in [242].
The study of iterative and pre-iterative Mal’cev-Post algebras was initiated in

[106] (see also the books [107] and [108]). The system of axioms characterizing
abstract pre-iterative Mal’cev-Post algebras was presented (without proof) by
I. G. Rosenberg [153]. Elementary abstract characterizations of central iterative
and pre-iterative Mal’cev-Post algebras were found by V. S. Trokhimenko in
his papers [234] and [236]. In [234] these algebras are characterized by dense
subsystems (see § 6.4).
Central semigroups of multiplace functions were characterized in [231]. Other

results of § 6.5 have not been published in any journal yet.
Algebras of vector-valued functions were introduced by B. Schweizer and

A. Sklar [191] following some problems in logic (see also [192] and [193]). The
paper [191] contains results on properties of serial and parallel compositions and
indications of possible applications of these results. Some applications in logic
can be found in [198]. A connection between vector-valued semigroups, (m,n)-
formal languages and semigroup automatons are described in [22] and [23].
Binary relations defined on the set of vector-valued operations were character-
ized in [158]; (i, j)-invertible vector-valued operations are described in [159].
Some other results can be found in [241].
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Open problems

7.1 Closure operations

An n-place function f :
n

× P(A) → P(A) is an n-place ∩-transformation of
P(A), if

f(Hi−1
1 , X ∩ Y,Hn

i+1) = f(H i−1
1 , X,Hn

i+1) ∩ f(Hi−1
1 , Y,Hn

i+1)

for all i = 1, . . . , n, X,Y,H1, . . . , Hn ∈ P(A), where Hj
i denotes the sequence

Hi, . . . , Hj for i � j and the empty symbol for i > j. Analogously is defined
an n-place ∪-transformation.
7.1.1. Find an abstract characterization of n-place closure operations of subsets

of A that are ∩-transformations (∪-transformations).
7.1.2. Find a representation of Menger algebras by n-place closure operations

of subsets of A that are ∩-transformations (∪-transformations).

7.2 Menger algebras of functions

Let (A,≺) be an ordered set. Following V. V. Vagner [246], an n-place function
f : An → A is called an n-ary semiopening operation, if
(a) f(a1, . . . , an) ≺ ai,
(b) x ≺ y −→ f(a|ix) ≺ f(a|iy)
holds for all i = 1, . . . , n and a1, . . . , an, x, y ∈ A. A semiopening operation f
with the property f [f . . . f ] = f is called an opening operation.

7.2.1. Describe a Menger algebra of n-place semiopening operations and a
Menger algebra of n-place opening operations.

7.2.2. Describe Menger algebras of extensive n-place functions.

7.2.3. Find a characterization of Menger algebras of extensive n-place functions
of linearly ordered sets.

7.2.4. Describe Menger algebras of n-place closure (opening) operations.

7.2.5. Find the necessary and sufficient conditions under which a semigroup
will be isomorphic to the diagonal semigroup of some Menger algebra of
rank n � 2.
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7.2.6. Characterize Menger algebras of n-place functions generated by idempo-
tent functions.

7.2.7. Describe Menger algebras of rank n � 2 generated by one element.

7.2.8. Describe i-solvable Dicker algebras (see p. 82).

7.3 Menger algebras of relations

7.3.1. Find an abstract characterization of Menger algebras of (n + 1)-ary re-
lations of the form

ρ =
n

×
i=1

Ai ×B,

where A1, . . . , An, B are subsets of the same set.

7.3.2. Find a characterization of a Menger algebra (Φ, O,
n
χΦ) of reversive n-

place functions.

7.3.3. Find an abstract characterization of Menger algebras (Φ, O,
n
ωΦ) and

(Φ, O,
n
ωΦ,

n
χΦ) of n-place (reversive) functions, where

(f1, . . . , fn, g) ∈
n
ωΦ←→ f1 ∩ f2 ∩ · · · ∩ fn ⊂ g,

for f1, . . . , fn, g ∈ Φ. The same for Menger algebras of (n + 1)-ary
relations.

7.3.4. Characterize the relation
n
δΦ on a ∩-Menger algebra of n-place partial

functions.

7.3.5. Find an abstract characterization of Menger algebras (Φ, O,∪, χΦ),
(Φ, O,∪,�), (Φ, O,∩,∪, χΦ), (Φ, O,∩,∪,�) of (reversive) n-place func-
tions.

7.3.6. Describe the subsets of transitive and reflexive (n + 1)-ary relations in
the class of Menger algebras of (n+ 1)-ary relations.

7.3.7. Find an abstract characterization of subtraction Menger algebras
(Φ, O, \, ρ) and (Φ, O, \,∅, ρ) of (reversive) n-place functions, where
ρ ∈ {�, χΦ, ξΦ, πΦ, γΦ,κΦ}.

7.4 (2, n)-semigroups

7.4.1. Find the necessary and sufficient conditions under which the relation
γ will be faithful projection representable for a representable (2, n)-
semigroup. The same for Menger (2, n)-semigroups.
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7.4.2. Find the necessary and sufficient conditions under which the pairs (χ, γ)
and (γ, π) of binary relations will be faithful projection representable for
a representable (2, n)-semigroup. The same for Menger (2, n)-semigroups.

7.4.3. Find the necessary and sufficient conditions under which the triplet
(χ, γ, π) of binary relations will be faithful projection representable for a
representable (2, n)-semigroup. The same for Menger (2, n)-semigroups.

7.4.4. Find an abstract characterization of (2, n)-semigroups of all partial (full)
n-place functions defined on a fixed set. The same for Menger (2, n)-
semigroups.

7.4.5. Find an abstract characterization of (2, n)-semigroups of partial func-
tions closed with respect to one or more of the relations: ∩, ∪, χΦ, �.
The same for Menger (2, n)-semigroups.

7.4.6. Describe automorphisms and congruences of (Menger) (2, n)-semigroups.

7.5 Systems of multiplace functions

7.5.1. Characterize positional algebras (Φ,
1
+,

2
+, · · · ,

n
+, · · · , ζΦ, χΦ) of multi-

place relations with ζΦ, χΦ defined for f ⊂ An × A and g ⊂ Am × A in
the following way:

(f, g) ∈ ζΦ ←→
(
n � m

)
∧ (∀an1 )

(
f〈an1 〉 �= ∅ −→ f(an1 ) = g(am1 )

)
,

(f, g) ∈ χΦ ←→
(
n � m

)
∧ (∀an1 )

(
f〈an1 〉 �= ∅ −→ g〈am1 〉 �= ∅

)
,

where f〈an1 〉 �= ∅ means that (a1, . . . , an, b) ∈ f for some b ∈ A.

7.5.2. Find an axioms system for Mal’cev–Post iterative algebras of partial
multiplace functions.

7.5.3. Find an abstract characterization of Mal’cev–Post iterative algebras of
multiplace relations introduced in [145].
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Index of notations

n+m∧
i=n

Ai conjunction of statements An, An+1, . . . , An+m, 1

P(A) the family of all subsets of a set A, 1

{a | Π(a)} the set of all elements a, having the property Π(a), 1

A1 × . . .×An the Cartesian product of sets A1, . . . , An, 1

ρ〈a〉 the set {b | (a, b) ∈ ρ}, 1

ρ(H) the set
⋃
{ ρ〈a〉 | a ∈ H }, 1

ρ−1 inverse relation, 2

σ ◦ ρ composition of binary relations, 2

pr1ρ first projection of the relation ρ, 3

pr2ρ second projection of the relation ρ, 3

�A identical binary relation on A, 3

ρ[σ1 . . . σn] Menger composition of (n+ 1)-ary relations, 4
n

�A identical n-ary relation on A, 4
∧
ρH H-derived from ρ, 5

T (A,B) the family of all mappings A into B, 6

F(A,B) the family of all partial mappings A into B, 6

R(A,B) the set of all partial one-to-one mappings A into B, 6

T (An, A) the set of all full n-place functions on a set A, 6

F(An, A) the set of all partial n-place functions on a set A, 6

R(An, A) the set of all reversive n-place functions on a set A, 7

f � g restrictive product of functions f and g, 7

ζΦ, ζP , ζ(ε,W ) inclusion, 7, 79, 80

χΦ, χP , χ(ε,W ) inclusion of domains, 7, 79, 80

πΦ, πP , π(ε,W ) equality of domains, 7, 79, 80

γΦ, γP , γ(ε,W ) co-definability, 7, 79, 80

κΦ, κP , κ(ε,W ) connectivity, 7, 79, 80

ξΦ, ξP , ξ(ε,W ) semi-compatibility, 7, 79, 80

Ha
Φ stabilizer of a ∈ A, 7

St(Φ) a stationary subset, 7
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n∏
i=1

fi product fn ◦ . . . ◦ f2 ◦ f1, 11

{f1, f2, . . . , fn}c closure operation generated by f1, f2, . . . , fn, 13

fC(X) fC-closure of X, 15

fR(ρ) reflexive closure of binary relation ρ, 17

ft(ρ) transitive closure of binary relation ρ, 17

fQ(ρ) quasi-order closure of binary relation ρ, 17

fs(ρ) symmetric closure of binary relation ρ, 17

fe(ρ) partially equivalent closure of binary relation ρ, 18

fE(ρ) equivalent closure of binary relation ρ, 18

Tn(G) the set of polynomials of a Menger algebra (G, o), 26

(G∗, o∗) Menger algebra obtained by joining of selectors, 30

εv(H) v -congruence for a set H , 31

εl(H) l -congruence for a set H , 31

εc(H) congruence for a set H , 31

Wv(H) l -ideal for a set H , 31

Wl(H) s-ideal for a set H , 31

Wc(H) sl -ideal for a set H , 31

ε(ρ,A), ε〈ρ,A〉 v -congruences for binary relation ρ and a set A, 32

f(ρ,σ) (ρ, σ)-closure operation, 34, 34

f∗(ρ,σ) (ρ, σ)∗-closure operation, 34, 34

f〈ρ,σ〉 〈ρ, σ〉-closure operation, 35

Am
〈ρ,σ〉(x, y) elementary formula for (x, y) ∈ εm〈ρ, Fm(X)〉, 35

∧
X the strong closure of X, 36

< σ, <π quasi-order relations in Menger algebra, 68

Σn(Φ) the set of transformations for Φ, 69

<Φ quasi-order relation on Φ, 72
∧
PH H-derived representation from P , 77∑

i∈I
Pi sum of the family of representations (Pi)i∈I , 78

(ε,W ) determining pair, 79

P(ε,W ) the simplest representation, 79

(Φ;O, ζΦ, χΦ) f.o.p. Menger algebras of functions, 85

(Φ;O, ζΦ) f.o. Menger algebras of functions, 85

(Φ;O,χΦ) p.q-o. Menger algebras of functions, 85
∧
ζ strong quasi-order, 101

(Φ;O,∩) ∩-Menger algebra of n-place functions, 103
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(Φ;O,∩, χΦ) p.q-o. ∩-Menger algebra of n-place functions, 103

(G; o,�) �-Menger algebra of rank n, 103

(G; o,�, χ) p.q-o. �-Menger algebra of rank n, 103

(Φ;O,
n+1

�A) D-Menger algebra of n-place functions, 110

(Φ;O,∪) ∪-Menger algebra of n-place functions, 112

(G; o,�) �-Menger algebra of rank n, 112

(Φ;O,∩,∪) (∩,∪)-Menger algebra of n-place functions, 116

(G; o,�,�) (�,�)-Menger algebras of rank n, 116

(Φ;O,�) restrictive Menger algebra of functions, 135

(G; o,�) restrictive Menger algebra of rank n, 137

(Φ;O,∩,�) restrictive ∩-Menger algebras of functions, 141, 162

(G, o,�,�) restrictive �-Menger algebra of rank n, 142, 162

(Φ;O,�,
n+1

�A) restrictive D-Menger algebras of functions, 143

(Φ;O,R1, . . . ,Rn) functional Menger system of rank n, 144

C[H] (ρ, χ)∗-closure of H, 155

F [H] 〈ρ, χ〉-closure of H, 159

F 0[H] 〈ρ0, χ〉-closure of H, 162

[X]h (ρh, χ)-closure of X, 180

[X] 0h (ρ0h, χ)-closure of the subset X, 184

[h] 0,δh (ρ0h, δ)-closure of the set {h, h[hn]}, 186

〈X〉h 〈ζ−1 ◦ ζ ∪ θh, χ〉-closure of X, 186

〈h〉0h 〈�G ∪ θh, χ〉-closure of {h, h[hn]}, 187

(Φ;O, ξΦ) transformative Menger algebras of functions, 196

{g0, gm}(ξ,χ) (ξ, χ)-closure of the subset {g0, gm}, 196

{g1, g2}〈ξ, χ〉 〈ξ, χ〉-closure of {g1, g2}, 199

X�
(ρ,σ) (ρ, σ)-closure of X with the condition (4.4.25), 203

{h1, h2}〈ζ−1◦ ζ,χ〉 〈ζ−1 ◦ ζ, χ〉-closure of {h1, h2}, 209

[h1, h2](ζ,χ) (ρ(h1, h2), χ)-closure of the set {h1, h2}, 212

〈X〉 the smallest ζ-strong subset containing X, 217

g (ζ, δ ◦ π ◦ ζ)-closure of the subset {g} , 219

g̃ 〈ζ−1◦ ζ, δ ◦ π ◦ ζ〉-closure of {g}, 222

⊕
1
, . . . ,⊕

n
Mann superpositions, 230

(Φ;⊕
1
, . . . ,⊕

n
) (2, n)-semigroup of n-place functions, 230

(G;⊕
1
, . . . ,⊕

n
) (2, n)-semigroup, 230

x
ik⊕
i1
yk1 abbreviation for (· · · ((x ⊕

i1
y1)⊕

i2
y2) · · · ) ⊕

ik
yk, 231
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(Φ;⊕
1
, . . . ,⊕

n
, χΦ) projection quasi-ordered (2, n)-semigroup, 243

(Φ;O,⊕
1
, . . . ,⊕

n
) Menger (2, n)-semigroup of n-place functions, 248

(G; o,⊕
1
, . . . ,⊕

n
) Menger (2, n)-semigroup, 248

(Φ;O,⊕
1
, . . . ,⊕

n
, ζΦ) f.o. Menger (2, n)-semigroup of functions, 262

(Φ;O,⊕
1
, . . . ,⊕

n
, χΦ) projection quasi-ordered Menger (2, n)-semigroup, 264

χ(π), χ •(π) the least quasi-orders containing π, 280, 285

χ0, χ
•
0 the least quasi-orders, 283, 286

((Tn(A))n∈I ; (On)n∈I) Menger system of full multiplace functions, 288

((Fn(A))n∈I ; (On)n∈I) Menger system of partial multiplace functions, 288

((Gn)n∈I ; (on)n∈I) Menger system of rank I, 289

P (E,W ) the simplest representation of a Menger system, 299

f〈g1 . . . gn〉 composition of functions in Menger T -system, 302

(G;
1
+,

2
+, . . . ,

n
+, . . . ) positional algebra, 310

i
+ positional superposition, 311

(T (A);
1
+,

2
+, . . .) symmetrical positional algebra of operations, 311

(T (A); ∗) semigroup of multiplace functions, 321

(T (A); ζ, τ,Δ,∇, ∗) iterative Mal’cev-Post algebras of operations, 321

(T (A); ζ, τ,Δ, ∗) pre-iterative Mal’ev-Post algebra of operations, 321

T (An, Am) the set of all vector-valued functions, 353

(Φ; ◦, �,Δ, F ) algebra of vector-valued functions, 353

(G; ◦, �, e, f) v-algebra, 354
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Admissible family
for (n+ 1)-relations, 5
for Menger algebra, 76

Algebra, 8
v-algebra, 354
of words, 29
of vector-valued functions, 353

Algebraic system, 8

Binary comitant, 36
rigged, 37
selective, 40

Binary relation, 1
l-cancellative, 265
l-regular, 254, 265
v-negative, 266
v-regular, 254
i-regular, 28
l-cancellative, 28
l-regular, 28, 239
s-regular, 28
v-cancellative, 28
v-negative, 28, 239
v-regular, 28, 239
antisymmetric, 3
homogeneous, 1
identical, 3
inverse, 2
inversely single-valued, 6
one-valued, 5
partially reflexive, 3
reflexive, 3
stable, 28
steady, 28
symmetric, 3
transitive, 3
weakly steady, 28
projection representable, 284
projection representable , 271

stable, 254
Bound

greatest lower, 10
least upper, 10
lower, 10
upper, 10

Closure
fC-closure, 15
equivalent closure, 18
partially equivalent closure, 18
quasi-order closure, 17
reflexive closure, 17
symmetric closure, 17
transitive closure, 17

Closure operation, 10
∪-closure operations, 15
n-ary, 18
generated by f1, f2, . . . , fn, 13
of subsets, 15

Closure system, 15
Composition, 2

Mann superposition, 230
parallel, 353
positional superposition, 311
serial, 353

Congruence, 31
l-congruence, 31
v-congruence, 31

Determining pair
of a (2, n)-semigroup, 239
of a Menger algebra, 79
of a Menger (2, n)-semigroup, 255
of a Menger T -system, 305
of a Menger system, 298
of a positional algebra, 314

Diagonal-commutative elements, 45
Dicker algebra , 82
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Element
inverse for the vector, 42

Elementary translation, 26
Equivalence, 3

partial equivalence, 3
permissible, 314

Factor set, 3
Function, 5

full, 5
n-ary, 6
n-place, 6
one-to-one, 6
reversive, 6
semi-compatible, 117
vector-valued, 352

Functional Menger �-algebra, 151

Group, 9
main rigged, 296

Groupoid, 8

Homomorphism, 8
of a Menger T -system, 303
of a Menger system, 289
strong, 312

Ideal
l-ideal, 255
i-ideal, 27
l-ideal, 27
s-ideal, 27
sl-ideal, 27
v-ideal, 27
right, 37

Idempotent, 8
commute idempotents, 8

Identity, 9
Isomorphic algebraic systems, 8
Isomorphism

of Menger systems, 289

Lattice, 9
complete, 10
distributive, 9

Mal’cev-Post algebra
v ′-subsystem, 341
v-subsystem, 336

dense, 336
central, 322
iterative, 321
pre-iterative, 322

Mapping, 5
partial mapping, 5

Menger (2, n)-semigroup, 248
fundamentally ordered, 263
unitary, 248
unitary extension, 253

Menger T -system
of full multiplace functions, 302
of partial multiplace functions, 302
of rank I, 302
unitary, 303

Menger algebra, 21
(∩,∪)-Menger algebra, 116
(�,�)-Menger algebra, 116
∩-Menger algebra, 103
∪-Menger algebra, 112
�-Menger algebra, 112
�-Menger algebra, 103
D-Menger algebra, 110
restrictive, 143

i-solvable, 50
v-regular, 42
antisymmetric, 69
compatible, 117
difference, 120
f.o., 85
f.o.p., 85
fundamentally ordered, 85, 91
fundamentally ordered projection,

85, 91
group-like, 57
inverse, 45
fundamental, 94

obtained by external adjoining the
full set of selectors, 30

of n-place functions, 24
of all n-place functions, 24
of all full n-place functions, 24
of full n-place functions, 24
p.q-o., 85
projection quasi-ordered, 85, 91
reductive, 72
restrictive, 135
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∩-Menger algebra, 162
�-Menger algebra, 162
special, 140
strong, 141

strong, 96
subtraction, 120
transformative, 196
unitary, 24
well-antisymmetric, 69

Menger composition, 4
Menger semigroup, 39
Menger system, 288

functional, 144
fundamentally ordered, 299
group-like, 295
obtained by addition a complete

collection of selectors, 294
of rank I, 289
symmetric, 288
unitary, 289

n-ary groupoid, 8
n-ary projector, 7
n-ary quasigroup, 7
n-ary relation, 3

H-derived, 5
l-regular, 226
v-negative, 226
homogeneous, 3
inclusion of domains , 225
reflexive , 5
semiadjacency relation , 225
transitive , 5

n-operation, 6
n-place transformation

extensive, 18
idempotent, 18
isotone, 18

n-quasi-order, 5
n-quasigroup

partial n-ary quasigroup, 7
Neutral element, 9
Normal v-complex, 27
Normal v
-complex, 168

Order, 3
Ordered set, 10

linearly ordered, 10

Partition, 3
Polynomials, 26
Positional algebra, 310

of multiplace functions, 312
of operations, 311
symmetrical, 311
unitary extension, 312

Projection
first, 3
second, 3

Pseudo-commutative vectors, 42

Quasi-equivalence, 3
Quasi-order, 3

strong, 102
Quasi-ordered set, 10
Quotient set, 3

Relation
co-definability, 7
connectivity, 7
equality of domains, 7
inclusion, 7
inclusion of domains, 7
right regular, 37
semi-compatibility, 7

Representation, 76
H-derived, 77
canonical, 76
faithful, 76
similar, 76
the simplest, 79
simplest, 241
the simplest, 258, 299

Restriction, 7
Restrictive product, 7

Selectors, 24, 289, 303
complete collection, 289, 303

Semiclosure operation, 10
n-ary, 18

Semigroup, 8
(2, n)-semigroup, 230
unitary, 231
unitary extension, 237

diagonal, 21
difference, 119
inverse, 8
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regular, 8
rigged diagonal, 55
selective, 41
subtraction, 119
central of operations, 349
diagonal, 294
fundamentally ordered projection of

multiplace functions, 346
normed, 343
of multiplace functions, 321
of operations, 321, 349
of partial multiplace functions, 342

Semilattice, 9
Signature, 8
Stabilizer, 7

of Menger algebra, 153
reversive, 153

Subgroup
LT -subgroup, 63
T -subgroup, 63

Subset
stationary, 7
(ρ, σ)-closed, 34
(ρ, σ)∗-closed, 34∧

-closed, 13
�-quasi-stable, 190
�-stable, 174
〈ρ, σ〉-closed, 35
ρ-closed, 33

ρ-saturated, 2
ρ∗-closed, 33
ζ-strong, 217
fC-closed, 15
l-unitary, 27
v-unitary, 27
quasi-stable, 26
stable, 26
stationary, 180
strong, 27
strong closure, 36

Sum of representations, 78
Superassociativity, 21, 289, 302

Transformation, 6
∩-transformation, 15
∪-transformation, 15
extensive, 10
idempotent, 10
isotone, 10

Type of algebraic system, 8

Union of representations, 80
Unit

diagonal, 21
right diagonal, 21

Vector
v-regular, 42
idempotent, 42
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